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Introduction

The study of waves constitutes one of most important research field of mathematics
and physics. One can find this kind of model in description of the study of propagation
of sound and light, in the analysis of sea waves, in the transmission of signals or in

earthquakes.

In this thesis we study some problems related to linear and semi-linear wave equa-
tions with some damping terms: Klein-Gordon equation with a classical damping term
and wave equation with a visco-elastic damping term. We can use these equation to
describe some natural phenomena. For example, if we study the propagation of sound
in different media, then we have an external damping. If we study the movement of

some visco-elastic material, then a structural or visco-elastic damping appears.

To threat both cases the first step is the study of linear problems. Applying par-
tial Fourier transformation one gets a representation formula of the solution in the
phase space. With this strategy we obtain results about well-posedness, propagation

of singularities and behaviour of classical energy and energies of higher order as well.

An important tool to study both models is the definition of a suitable energy.
For the damped Klein-Gordon model we choose the classical Klein-Gordon energy. It
consists of the elastic, kinetic and potential energy. For visco-elastic damped models we
choose the classical wave energy, it means, the kinetic and elastic energy. We estimate

these quantities and, consequently, we use these estimates to study semi-linear model.



Our semi-linear models contain sources of different types of power non-linearity.
As power non-linearity we consider |ulP, |us|P and ||D|%|P for the visco-elastic damped
wave model and |u|P for the damped Klein-Gordon model. In particular ||D]%|P is a

pseudo-differential non-linearity so it is not local.

Local existence in time is more or less clear even for large data. More interesting
is the question about globally in time small data solutions. Such results could be used

for proving stability results of the zero solution as steady state solution.

The strategy concerns in to define a suitable function space and to define on this
space an operator N such that the solution we are trying to find is the unique fixed
point of . For this reason we use Banach’s fixed point theorem. The operator N is
defined in integral form by using Duhamel’s principle. To prove that NV is a contraction
mapping, we have to estimate the non-linear term. For this purpose we will use some
inequalities as Gagliardo-Nirenberg inequality in a generalized form which we get from

[6], and some superposition results from [8].
This thesis is organized as follows:

In the first chapter we study the damped Klein-Gordon model. We estimate the

energy and obtain exponential decay if we suppose L? regularity of initial data.

In Chapter 2 we study the visco-elastic damped wave model. We observe that only
L? regularity for the data is not sufficient to obtain decay. So we ask for additional
re-gularity, it means L? N L' regularity. Under these assumptions we study decay

estimates even for higher order derivatives of the solution. We obtain potential decay.

In Chapter 3 we study visco-elastic damped wave models with power non-linearity
|u[P.  Results about these model are already known by [2]. In order to generalize
such results in chapters 4,5 and 6, we prove here global existence result for admissible

exponents and small initial data in (H*>N L') x (L* N L').

In Chapter 4 we study damped Klein-Gordon models with power non-linearity
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|u[P. We obtain globally (in time) existence of small data solutions for all exponents
p > 1. For this model it is sufficient to suppose initial data in H' x L? because of the

exponential decay.

In Chapter 5 we focus our attention on visco-elastic damped wave models with
power non-linearity |u:|?. We ask for (H* N L') x (H*~2 N L') regularity of initial data
with a sufficiently large s. Under these assumptions we prove global (in time) existence

of small data solutions for all exponents p > s.

Finally, Chapter 6 is devoted to visco-elastic damped wave models with power non-
linearity ||D|*|P, where a € (0,2). First we ask for (H?> N L') x (L? N L') regularity of
initial data. With this regularity we obtain global existence of solutions but with some
restrictions to a and to the dimension n. So we ask more regularity for initial data, it
means (H* N LY) x (H*~2N L') with s large. In this way we find global solutions for

small initial data for all exponents p > s.



Introduzione

Lo studio delle onde rappresenta uno dei pitt importanti campi di ricerca nella mate-
matica e nella fisica. Si possono trovare questo tipo di modelli nello studio della
propagazione del suono e della luce, nell’analisi delle onde marine, nella trasmissione

dei segnali o nella descrizione dei terremoti.

In questa tesi abbiamo studio alcuni problemi lineari e semi-lineari relativi all’equa-
zione delle onde con certi termini di smorzamento: l’equazione di Klein-Gordon con
termine di smorzamento classico e I’equazione delle onde con termine di smorzamento
visco-elastico. Anche queste equazioni descrivono fenomeni naturali: per esempio se
studiamo la propagazione del suono in mezzi differenti abbiamo uno smorzamento
classico, se studiamo il movimento di alcuni materiali visco-elastici allora appare uno

smorzamento strutturale o visco-elastico.

Per trattare entrambi i casi il primo passo € lo studio dei problemi lineari. Ap-
plicando la trasformata di Fourier si ottiene una formula di rappresentazione della
soluzione nello spazio delle fasi. Con questa strategia abbiamo risultati di buona posi-
tura, propagazione delle singolarita e comportamento dell’energia classica e di ordine

superiore,

Uno strumento importante per studiare entrambi i modelli ¢ definire opportuna-
mente l'energia. Per il modello Klein-Gordon con smorzamento classico abbiamo la
stessa energia del modello classico Klein-Gordon cioé energia elastica, cinetica e poten-

ziale. Per il modello con smorzamento visco-elastico abbiamo definito ’energia nello
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stesso modo del modello classico delle onde ovvero energia cinetica ed elastica. Abbi-
amo stimato queste quantita e abbiamo utilizzato queste stime nello studio del modello

semi-lineare.

I modelli semi-lineari contengono tipi differenti di non-linearita. Abbiamo consider-
ato le non-linearita di tipo |ul?, |u|P e ||D|*u|P per 'equazione delle onde con smorza-
mento visco-elastico e |u|P per 'equazione di Klein-Gordon con smorzamento classico.

In particolare ||D|*u|? ¢ una non-linearita pseudo-differenziale e quindi non-locale.

L’esistenza locale ¢ abbastanza chiara. Pil interessante ¢ interrogarsi sull’esistenza
di soluzioni globali nella variabile temporale, per dati iniziali piccoli. Questi risultati
possono essere usati per provare la stabilita della soluzione nulla come soluzione dello

stato stazionario.

La strategia consiste nel definire un opportuno spazio di funzioni e definire su tale
spazio un operatore N tale che la soluzione che cerchiamo sia I'unico punto fisso di V.
Per questa ragione usiamo il teorema di punto fisso di Banach. L’operatore N ¢ definito
in forma integrale mediante il principio di Duhamel. Per provare la contrattivita di N
va stimato il termine non-lineare. A tale scopo vengono in aiuto le disuguaglianze di
tipo Gagliardo-Nirenberg, in particolare una forma generalizzata che proviene da [6], e

alcune varianti da [8].
Questa tesi ¢ organizzata nel seguente modo:

Nel primo capitolo abbiamo studiato ’equazione di Klein-Gordon con smorzamento
classico. Abbiamo stimato ’energia e ottenuto uno decadimento esponenziale se sup-

poniamo regolaritd L? per i dati iniziali.

Nel capitolo 2 abbiamo studiato 1’equazione delle onde con smorzamento visco-
elastico. Abbiamo osservato che la sola regolaritd L? dei dati non ¢ sufficiente per
ottenere decadimento. Allora abbiamo chiesto ulteriore regolarita ovvero L?NL!. Sotto
queste ipotesi abbiamo studiato il decadimento anche per derivate di ordine superiore

della soluzione. Abbiamo ottenuto decadimento di tipo polinomiale.
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Introduction

Nel capitolo 3 abbiamo studiato l'’equazione delle onde con smorzamento visco-
elastico non-lineare con non-linearita di tipo |ulP. I risultati circa questo modello sono
gia noti da [2]. Al fine di generalizzare questi risultati nei capitoli 4,5 e 6 abbiamo
provato risultati di esistenza globale per alcuni esponenti ammissibili e per dati iniziali

nello spazio (H*> N L') x (L* N LY).

Nel capitolo 4 abbiamo studiato 1’equazione di Klein-Gordon con smorzamento e
non-linearita di tipo |u[P. Abbiamo ottenuto esistenza globale, nella variabile tempo-
rale, per tutti gli esponenti p > 1 e per dati iniziali piccoli, in virtu del decadimento

esponenziale. Per questo modello ¢ sufficiente supporre i dati iniziali in H' x L2.

Nel capitolo 5 ci siamo concentrati sull’equazione delle onde con smorzamento visco-
elastico e non-linearita di tipo |u|?. Abbiamo chiesto i dati iniziali in (H* N L) x
(H*=2 N L') con s grande. Sotto queste ipotesi abbiamo provato esistenza globale,
nella variabile temporale, della soluzione per dati iniziali piccoli e per ogni esponente

p > s.

Infine, nel capitolo 6 abbiamo studiato 1’equazione delle onde con smorzamento
visco-elastico e non-linearita del tipo ||D|*u|P’ con a € (0,2). Inizialmente abbiamo
chiesto regolarita (H? N L') x (L? N L') per i dati iniziali. Con questa regolarita
abbiamo ottenuto esistenza globale, nella variabile temporale, ma con alcune restrizioni
su a e sulla dimensione n. Allora abbiamo chiesto piu regolarita dei dati iniziali, cioé
(H*N LYY x (H*?N L") con s grande. Sotto queste ipotesi abbiamo trovato esistenza

globale della soluzione per ogni esponente p > s.



Chapter 1

Wave models with mass and damping

terms.

1.1 Linear theory

Let us consider the Cauchy problem for a wave model with mass and damping term
Uy — Au+mu + buy = 0, u(0,2) = p(z), u:(0,7) = Y(z). (1.1)

We assume that m? and b are two positive constants. In this chapter we want to
prove well-posedness in Sobolev spaces and study the long time behaviour of suitable
energies. We are also interested to understand what happens if m? is fixed and b — 0,
that is, we have the classical Klein-Gordon equation or if b is fixed and m? — 0, that

is, we have the classical damped wave model.

We introduce the function
w(t,x) = e%tu(t, ).

If u satisfies the first equation, then w satisfies the partial differential equation of
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Klein-Gordon type, but eventually with a negative mass term,

b? b
wy — Aw + (m? = = Jw =0, w(0,2) = o(a), w(0,2) = So(x) + ¥(a)
Formal application of partial Fourier transformation gives the following ordinary dif-
ferential equation for v = v(t,§) = Foe(w(t, x))(t, €) depending on parameter |£|:
2

ot (167 + (m? = 22) ) =0, 0(0.) = w(©), 0(0.6) = (&),

where (&) = F(g)(€) and ua(€) = 2 F(g)(€) + F()(6)

We put

Now we can distinguish three cases.
First Case: m? — % > 0
We recognize the Klein- Gordon equation (positive mass term). We know its properties

(Section 8.4 of [7]). The solution is given by

sin (W t)
\/W U1 (f)

0(t,€) = cos(VIEP + a? t)u(€) +

Second Case: m?* — % <0

We have a negative mass term. We know its property by the study of the classic
damped wave equation (Section 12.2 of [7]).

On the set {£ : |¢] > a} we have

0(t,€) = cos(VIEP = a t)uo(¢) +

on the set {£ : || < a} we have

2 2/’ —eP 2 2y/a [P
= vp(&) cosh(VaQ — |§|2t) + 2]21—(6) sinh< a? — |§|2t>
«

— ¢

ot g):(w@_ o (§) > /—a2_|§2t+<uo(§)+ o (€) ) J
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Third Case m? — % =0
The equation becomes a classic wave equation (Section 11.3 of [7]). The solution is
given by

v(t, &) = cos(|§|t)v0(§) + Sme‘f’t)Ul(f).

Taking into consideration that for regularity results only the behavior for large frequen-
cies is of importance, we may conclude from the above representations the following

result.

Theorem 1.1.1.
Let the data ¢ € H*(R™) and ¢p € H*"Y(R"), s € R, n > 1, be given for the Cauchy
problem

uy — Au+m*u+ by, = 0, u(0,2) = o(x), u(0,z) = ¥(x).
Then for all T > 0 there exists a unique distributional solution v € C([0,T], H*(R™))N
CH[0,T], H*"Y(R™)) . If s > 0, then u is a Sobolev solution; if s > 1, then u is an

energy solution; if s > 5 + 2, then u is even a classical solution.

Remark 1.
This result is independent of the dimension n. It shows that there is no loss of regularity
of solution in comparison with the data. Finally, we see, that mass or dissipation have

no influence on the well-posedness in H® spaces.

In the next step we introduce the total energy.

Definition 1.1.2.
We define the total energy

1

Bca(u)t) = [ (IVault )P + fut. o) + mlu(t,)?) da.

where u € C([0,00), H'(R™)) N C'([0, 00), L*(R™)).

Repeating the proof of Theorem 31 of [7], one can show the following result:



1.1. LINEAR THEORY

Theorem 1.1.3.
Let u € C([0,00), HY(R™)) N C ([0, 00), L*(R™)) be a Sobolev solution of

U — AU, + mQU + but = 07 U(O,I) = @(ﬁ), ut(O,x) = ¢($>a

where ¢ € H' and ¢ € L. Then it holds

1
Exa(u)(t) < Bxa(u)(0) = 5 (IVellze + 1912 + m*[[¢lz:) - for all t > 0.

Remark 2.

The previous theorem shows that Fxg(u)(t) is a decreasing function but it doesn’t

give us any information about eventual decay. We expect, in general, exponential type

decay of Exg(u)(t). On the contrary we will observe a potential type decay of wave

energy Fre(u)(t) if m = 0 and, finally, we have energy conservation of Exq(u)(t) for

b=0.

Theorem 1.1.4.
Let uw € C([0,00), HY(R™)) N C*(]0, 00), L*(R™)) be the solution of the Cauchy problem

Ut — Au + m2u + but = 07 U(O,I) = QO(:E)? ut(07'r> - @Z)([E)

with data @ € H' and v € L?. The coefficients m? and b are supposed to be positive.
Then for any t > 0 it holds

[ult, )z S

(

e=5 (|l + [[¥llz) ifm? — 2 >0,

e 3t (1 +1) (lpllm + [Wllze)  if m? =% =0; (1.2)
e el +le) i m? - <0,

(=5 (lllan + 14]122) fm?— 250,

ifm?2 -2 =0; (1.3)

e (Il + 1 l72) 1

m? _ ‘ 2
e )T 2l + 1Wllze)  if m? =5 <0
(

_b .
e 2" ([l + [[¥]l2) ifm?— Y > 0;

e 2 (L+t) ([ollm + I0llz2) — ifm? =¥ =0; (1.4)

_m? _ . 2
e )T el + 1¥llze)  if m® =5 <0
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Consequently, the energy satisfies

(gl + 911) it = >0,
b . 2
Bxa(u)(®) 5 { e+ (el + 9122 Fm-g o0 (1)
1 2m2 .
(1 m?) e el + 10I) i =% <0

Proof.
After using the dissipative transformation w(t, z) = e3'u(t, z), we know that w satisfies

the partial differential equation

Wy — Aw + (m2 - %)w =0, w(0,x) = p(z), w(0,z) = ggo(:v) + Y (z).

Moreover, for any a,b € R we have that (a + b)? < 2(a® + b*). We will often use this

inequality.

2
.m2_%>0

By using partial Fourier Transform and Plancherel’s theorem we have that
Jult, e = e e, e S e [ co? (VP €) (P d
R”
sin2< 1€]? + a2 t>
co
" 1§17 + o

S | @ + (€ de < ™ (el + 1911:) -

|U1(§)’2 d§

In a very similar way one can prove that

IVu(t, Iz < e (el + 1el72) ;

lue(t, )17 < e (lellzn + Il72) -

More details can be found in the proof of the next case.

2
0m2—bz:O

By using Fourier representation formula and remembering the fact that for a

5
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small « it holds sizoz < (' we notice that

) 2

w(t, )| dz S / [cos([&[t)vo(€)]” + #m(&) d¢
R R
2
< ) sin(|¢]t)
S [ w@rdes [ IFeEmie)
+) s, 0 g
[€]>¢ €] '

2
St (lellze + 19172) -
By using the fact that for any ¢t > 0, t2e7% < (1 +t)%2e~", we have
Jut, B 5 (1 02 (ol + 10132,

Let us estimate the elastic energy. By using Fourier inversion formula we have

that
IVt )32 = e Hlelott, I
et ([ e cost (o) la@)Pde + [ s (el on(e) P )
S (el + o).

Finally let us estimate the kinetic energy. We have that

au(t.6) = 4 | (il sindlee) — 5 coslel) ) wo(©) + (coslleh) — 31 ) (o)

Then in a very similar way to the previous case, we have that

e (8,172 = It )12 < 6_“/ (1€ + D)lvo(€)[*de + e_bt/ (1 + %) [v1(6)[*dg
Rn

Rn
S e A+ (lellzn + [191172)-

2
om2—bz<0

Let us estimate the potential energy m?(|u(t,-)||%..
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Let @ be the Fourier transform of u, so & = ety By Fourier inversion formula we know
that ||u(t, )| 2 = Ja(t, )| 2 = e*%tHv(t, )|l 2. We notice that 0 < a = 4/ If —m? < g
because 0 < m? < %. We will distinguish several cases:

First Case {£: || > a}

We notice that

sin(y/]€]2 — a?t) 1 if [¢] > 2a,

By using Fourier representation formula we have that

it gy < (|

t if a <€ <2a.

wo(€)[2 de + / o (€)[2 de

E>a [€]>2a
sin? (v/[¢]? — a?t) , ,
d
+/a<|s|<za Ty (] de)

<C

S+ [ O + (@) de

Second Case {€ : |§| < a}

We divide the interval (0, a) in two subintervals.
@

a) 3 <[l <a

By using Fourier representation formula we get

sinh ( a? — |§|2t)

N _b _b
[t )] < ™5 up(€)] |eosh (v/a? = €PE) | +e 5" 2 t{[u(6)]
o7 [Pt
<cosh @t
( : ) Sthosh(@t)
b .
But a < 5 S0 We notice that
V3 V3 V3
Y VBb N s et e e, e
te 2" cosh| —1) =te™2" ——— =te" 2" 4 " ———
4 2 2
< te\/§4_2bt < L

with d € (0, 272\/3). It follows

/ it &) dé < Ce / 00(€)? + [u1 (6) 2 de.
2<lé)< R”»

2

7



1.1. LINEAR THEORY

b) 0< <3
We remember that for 0 < ¢ < 1 it holds

2

q
vl—q2=1—5+0(q2),

b
so by using the fact that 0 < a < 3 we can conclude that

b b |§\2 m? ¢
2 2< < _bhL 1.

As in the proof of Theorem 34 of |7] we notice that

/ \ﬁ(t,f)\z d¢ g/ <‘UO(§)’2 + ’7)1({)‘2> (e—bt+\/a2—‘§|2t_i_e—bt—«/oﬁ—‘ﬂ?t) d¢
l€1<3 lEl<5

(R =
se‘%bm/n < o t+1> (loo(©)* + [v1(&)?) .

Summarizing we proved that

_2m?
m?||u(t, |72 S mPe b (llelin + 1vll72)-

Let us estimate the elastic energy. By using Fourier inversion formula we have that

[Vau(t, M2 = e 2 l|Elo(t,€)] -

In a very similar way to the previous case and by using a similar approach for proving

Theorem 34 of [7] we can show that
[ JerlatoPae s e [ eP©F + (@) de
>a n

/ €L a(t, € de < e / €€ + Jn(€) de (L.7)
5 <lél<a R7

with § € (0, 2 \/3) Let us focus on small frequencies. If || < §, then by using the
inequality (1.6) as in the proof of Theorem 34 of |7]

2la(t, &) de < e 2 2 2\@1( )I J
[ et o des e [ (e + e EE) o

o i >\ g
e /5|<3('“0<5>'2 ) efe5=" e

8




1.1. LINEAR THEORY

By using the norm inequality ||-||z2 < ||‘||zec||-||z2 for large t we get for the second

integral of the right-hand side of the last inequality

Sy BN (IR o

2 2 %t :
<e Y Me_% / <’v0(£)|g + W;(é)’) it

l¢l<gt>1 @
_eam? v v (§)?
< t= 2 YIS T
Se % t/n(wo(s)! + ) de.

Summarizing we have shown for small frequencies and for large ¢
[ JePtaor as e [P + o€ + n(©)Ps
l6l<$ ti

Of course for small ¢t and small frequencies it holds

elf\< 1

N1t
m2
By using the fact that 2m < b we have that e™% < e~ 23t and so we can conclude

,Mt

(&
IVut, )z < (lelizn + lllZ2)-

1+t

Let us estimate the kinetic energy. By using Fourier inversion formula we have that

e (t, )l 22 = [lae(, )l 2
On the set {|{| > a} we have that

bsin( 1€]2 — 2 t)
5 \/|£|2——Oé2 ’Ul(f)

+ cos (VIEP — o t)u1(€) - VIEP — oZsin (V€ — o t)vo@)].

w(t,€) = e 5t [—Scos( €12 — a2 t)vo(f) —

On the set {|{| < a} we have that

) P b bsmh( — &2 t)
u(t,6) = e 2t[—2005h< —1¢]? t)vo(f) 2 ol iR v1(€

+ cosh( a? — €2 t>v1(§) + Va2 — ]{]%inh( a? — [€]? t)”o(é)]-
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By using the inequality

sinh (\/042 - |§]2t>
Ve =P

each term can be estimated with a similar approach of the elastic energy. We can

VaZ e sinh (/o 6P < (1€ +1)

conclude
2m?
e b
lu(t, )7 S a H)Q(HwII?p + [[9l[72)-
Summarizing we completed our proof. O
Remark 3.

As we explained at the beginning we are interested to understand what happens if

e m? is fixed and b — 0;

e b is fixed and m? — 0.

2
In the first case we may assume that m? — T > 0, so we may use the first line of (1.5).

We expect that the solution has a similar behaviour to the solution of the classical
Klein-Gordon equation, i.e., a result about conservation of energy. In fact, if b — 0,
then the dissipative transformation is meaningless. We notice that e — 1, so we lose

the decay.

2
Let us consider the second case. We may assume that m? — 1 < 0 so we may use the

third line of (1.5). We know that

1

_2m?
B® S (T + ) 4 el + 1013,

If m? — 0, then we see that the energy decay is of potential type and not of exponential

type.

10



Chapter 2

Wave models with visco-elastic

damping.

2.1 Linear theory

Let us consider the Cauchy problem for a wave model with structural (visco-elastic)
damping
uy — Au — Auy = 0, u(0,2) = (), u(0,x) = (x). (2.1)

The principal part of the partial differential operator in the last equation is Awu;, but
we can interpret this term as a visco-elastic damping term to the wave equation. Let

us calculate the characteristic equation of this operator. We have that:

—7? + ¢ — il¢Pr— = 0.

Calculating the characteristic roots, we can consider this model as a "hyperbolic like"

model. Formal application of partial Fourier transformation gives the following ordi-
nary differential equation for v = v(t,&) = Fy_¢(u(t, x))(t,€) depending on parameter
<l:

Ve + [€[2ve + €70 = 0, 0(0,€) = v(€), v:(0,€) = 0 (8),

11



2.1. LINEAR THEORY

where vg(€) := F(p)(§) and v1(€) := F(¢)(&). The solution is given
on the set {& : [¢] > 2} by

U@@y:a%?[ (VP =T+ 1) +2000) gy,
20elV/1eP — 4
o© (IEVIEP =2 = [¢*) = 201(8) oy,
ANV o ]
_eJ%lm%a>+%1 i (mVﬁF_‘>

€lVIeR -4
S =]

and on the set {{ : [¢| < 2} by

ot f)ze_sg%l|a2m<s)+zm<5> Sin(wt) Y COS(!&\\/ \sy—2>]
| VEE 2

In a very similar way of the proof to Theorem 32 of |7] we can prove the following

well-posedness theorem (here we choose data (p,v) € H*(R") x H*"}(R") as in the

classical wave case):

Theorem 2.1.1.
Let the data ¢ € H*(R") and v € H*'(R"), s € R, n > 1 be given for the Cauchy
problem

— Au— Auy =0, u(0,2) = ¢(x), u(0, ) = (x).
Then there exists a uniquely determined distributional solution v € C([0,T], H*(R™))N
CH[0,T), H*"YR™)). If s > 0, then u is a Sobolev solution; if s > 1, then u is an

energy solution; if s > 5 + 3, then w is a classical solution.

Remark 4. If we consider Theorem 1.1.1 we notice that in that case we have a classical
solution for s > % + 1 and now we need s > 7 + 1 to obtain a classical solution. This
difference comes out because in the first case the principal part of the operator is Au

but now the principal part of the operator is Auy.

12



2.1. LINEAR THEORY

Now let us introduce the total energy.

Definition 2.1.2.
We define the total wave type energy

1

Bw()(®)i= 5 [ (IValult. o) + fult,2) ) do

for all u € C([0,00), HY(R™)) N C*(]0, 00), L*(R™)).

Repeating the proof of Theorem 31 of |7] one can show the following result:

Theorem 2.1.3.
Let u € C(]0,00), H*(R™)) N C ([0, 00), H'(R™)) be a Sobolev solution of

uy — Au — Auy = 0, u(0,2) = (), u (0, x) = ¥(x),
where ¢ € H? and ¢p € H'. Then it holds

Ew(u)(t) < Ew (u)(0) = 5 (IVelz: + [¢llz2)  for allt > 0.

N | —

Let u be the solution of the Cauchy problem
Uy — Au— Auy = 0, u(0,2) = (), u(0, ) = P(x)

with data ¢ € H' and ¢ € L?. In the following we are interested to apply phase
space analysis (similar to Section 1) to estimate the energy under the before proposed

regularity of data.

Estimate of the elastic energy

We will distinguish several cases.

Case 1 {&:[¢] > 2}

We divide the interval (2, +00) in two subintervals.

a) 4<[ <400

13



2.1. LINEAR THEORY

1
By using the fact that \/¢2 — 1 < ¢ — o0 for ¢ > 1 we can estimate as follows:
q

2 = € 2

2_ 7
g <|51\/\5|—2 - 4t> igne o YTy oo
e cosh —

e, laViEr=a, 14 eIV -4t
2 2 . <

2 ~ ~Y Y

and, obviously, it holds

2, 2— 4t
e sinh (@) Se .

So, we have

€L o(t,€)Pde < e / P Joo(6)Pde

1€]>4

€Nt ) [22eny = /

|€]>4

o Lﬂz 2 & 2 24
e /§|>4 |§|4_4|§‘2|Ul<5>’ + ‘§|4—4|£|2’£‘ [vo(§)[7dg

S [ u(©F + ePlun(©) P

b) 2< € <4

By Weierestrass theorem, by using the continuity of function szﬂ

, We may estimate
as follows:

1Elo(t Ol aererony = /Ig eIt e 5 e / €Puol€)de

<|¢|<4

SW(H §|24t> e
we [ O ) — g e

N J/
-~

sinh22 o <C
«a

St [ o€ + Jvo(8)[PdE.
R

Case 2 {£: €] <2}

We divide the interval (0,2) in two subintervals.

14



2.1. LINEAR THEORY

0) 1<lg<2
We have
2 _ 20(t, €)|2dE < et 2 2
€Tt )22 1ceen) [wJaMmﬂs e[wJaM@|
sin? (gl—”i_gpt> )
et [ @R + Fm©OP) S E ge

. S

g
@

sine <o
st [ u©F + (e e

b) [€] <1

On this subinterval we notice that

lefe €] [ 1Elv/A = (€1 €| /2 = €2
e 2 |¢|lv(t, &)] < [€]vo(€)] [\/?W sm(Tt) + cos (#L)]

2 (ldva—TeP
+| 1(5)|\/W ( 9 t)
< (lello(©)l + [n(©)1).

So, for large t we have

WW@M@WQSAQ€MW%MW%+/ P o (62 de

el<1
1

Sy s (egpee) [
t |€]<1,t>1 |€

1
N 1—HHU0H%2 + [|v1]|32.

WMW%+/ fon (6)2de

<1 lg1<1

Of course for small ¢ and for small frequencies we simply use

e lEPt < .

Y1+t
Summarizing we have shown that
1
IVu(t, )l S (X + )2 lella + [[¢]lze.

15



2.1. LINEAR THEORY

Estimate of kinetic energy

As in the estimate of elastic energy we can transfer the energy into the phase space,
indeed [Jus(t,-)[[72 = [[ve(, )17

Case 1 {&: & > 2}

We have

vy (t f):e_gljt! 1(€ cosh<‘§’W>_|§|vl()m’s (Ié!W )]

Repeating the reasoning to estimate the elastic energy gives

b Mgy < (14 )2 [ for(©) + ol6)lde.

Case 2 {&: €| < 2}
We have

ot €) = e 5 1 (6) cos |€|\/W &)+ 20©) €I P,
N Vi e? 2 '

We divide the interval (0, 2) in two subintervals.
a) 1<¢l<2

Repeating the reasoning to estimate the elastic energy we get
utNMsgagen S [ @)
1<|gl<2
_ g
s [ @ + () e
1<|él<2
et [ (@ + ()P

b) gl <1
On this subinterval we notice that
g§’@§N<W([w%MV W2>+£iwsm0“4gﬁﬁﬂ
2] . [ 1ElV/4 = |€2
@kﬂmfm< : t)SHM@MHm@L

Repeating the reasoning to estimate the elastic energy gives

+ ‘Uo

lon(t ) 2eerery S (148 llolZe + 1012

16



2.1. LINEAR THEORY

Summarizing we proved that

la(t, Mize S A +D72 @l + ]2

We should notice that with the supposed regularity of initial data ¢ € H' and v € L? we lose
the decay of the wave energy. Let us try to understand what happens if we assume additional

regularity of the data. Let us suppose additional L' regularity for the data, that is,
pe H'NLY, and ¢y e L2NL!
Estimating the small frequencies part we see that

ettt €122 g1y S /M e P+ 0 /Ig P

_|£12 1el2
< [00(&) iz ge<uy / €767 dE 1 [[01(€)% ]| Lo gre<apy / e et ge
§1<1 €]<1

Let us estimate the integrals on the right-hand sides of the last inequality. By using polar

coordinates for large t, for a > 0 we have

1
a —|§\2td _ C/ —r2t atn—=17. / —r t \/ n—14 2.9
(& € r r = 7‘ r .
[ e stae=c | C s 0 (22

n+a \/E n+—a
<Cct "2 / e % 5" ds S(1+ t)_%
0

For small ¢ we can also obtain the previous inequality, indeed for |£| < 1 it holds

1

o167t R —
~ (14t

By using the fact that ||'U0(£)2||Loo{|§<1‘} < ||’U0||%OO(Rn) by Riemann - Lebesgue Theorem we
have

Hel(t O 2eqgery S 1 +87 " [0l20 + (1 + )73 [0]2,.

Combining this with the strong decay estimate in the zone |£| > 1, under the above assumption

for the regularity of data we may conclude

_nt2 _n
[Vu(t, )z £ A+ llellginp + (L +1) "4 [l 2nL-

In a very similar way one can show that with the supposed regularity of data (p,v) €

(H'NLY) x (L2N L') it holds
_nt2 _n
Jue(t )2 S A+ 7 el + @+ 1) 3 [l 2L

17



2.1. LINEAR THEORY

This means, that the wave energy decays. Summarizing we have derived the two estimates

_1
[(Vu, u) (8, )z S (1 + )7 2llellm + 1] 22,
_n+t2 _n
[(Vu,ue) (e S A+ )+ lellmap + (1 +8) 5[l z2nr

Interpolating both inequalities we may expect for m € (1,2) the estimate

—m) 1 _n@=m)
1(Vayue)(t )z S L +0)7" 50 2 llpllmnm + (1467 =

Now we prove such estimates. Let m’ be the conjugate exponent to m. Estimating the zone

of small frequencies by using Hélder’s inequality and Hausdorff-Young inequality, we see that

IIIEU(t,£)|I2L2{|g|<1}5/ e P (€l wo () + o1 (€)[*) de

l€l<1
2—m

_ 2 m m o 2
< Jlvoll2 ( A | (g t)*mdf) + o]} ( /|£ G
<

2—m

< loll2,. 2,16l 2m g o 2 =) T_
<ol </|£ _ leretey: f) IR (/K e g)

Let us only estimate the last integrals on the right-hand side. By using polar coordinates for

2-—m
m

large t we have

/ P
el<1

tm

n/2
= ’ e_TQQt—Lmrnfldr = C<2 — m) /2m se~ % ds
0 mt 0
—n/2
< 1+mt .
~\2—-m

In a very similar way to the case m = 1 this inequality holds even for small ¢. Hence, it holds

_n 2=m_q _n 2-m
1+mt) > ™ 14+mt) > ™
et )22 q<ry < <m> ol + ( 2m> 11

Combining with a stronger result for large frequencies, we can conclude that with the supposed

regularity of data it holds

2—m _ 1 2—m

T4mt\ 1w 2 14+mt\ 4 m
vt e 5 (5 ) lellnee+ (5o ) 7 Tl

2 — 2

In a very similar way one get the desired estimate for the kinetic energy.

18



2.1. LINEAR THEORY

Due to its utility in the semi-linear model we want to estimate the L? norm of the solution.
By Plancherel theorem we know that ||u(t, )|z = ||v(¢,-)|| 2. After the division of phase

space into several zones a very similar way to the previous cases we get
2 2 — 2 2
o6y < P [ O + (@) ds

[o(t, 7 2p1<igj<ay S e /Rn|vl(5)\2 + |vo (&) de.

Let us focus to small frequencies. If we suppose || < 1, then we have

, 4 2 2 112
ot 122 ey < / s [m [wo(©)F + o1 (€)| Sin2<|§r¢2W t)] i«

€ [§12(4 = [€]%)
—i—/ 67|§‘2t|vo(§)’2(3082 lElva - el |§’2t dg.
el<1 2

If we assume only H! x L? regularity for the data as in the previous case we lose decay. In
fact, we can only estimate
2
[o(t, N 2e1<13 5/
lgl<1
2 211,112
S llellze + e [1lz.-

e (162 4 1) uo (€) 2 d + / eI g (6)2de

l€l<1

So, summarizing we showed that

Jut, )z < Nl + el e

Let us ask for corresponding estimates under additional regularity for the data, for example,

(H'NLY) x (L2N LY). Let us distinguish two cases:

e if n > 3, by using polar coordinates we obtain

1 2 2
—r2¢T +4—r n—1

2 2 -
IOl gy S ool | e =t ar

1
2 —r?t 1 -1
+ HUIHOO\/O‘ e T mrn dr

1 1
Slhlle [ et ar 4l [ et ar
0 0
Proceeding as (2.2), one has

n—24+2a

1
/0 e byt 20, S+t 2. (2.3)

19



2.1. LINEAR THEORY

Taking o = 0, 1, it follows that
_n _n=2
ot 122 ey S (1+ 73 ool + (14575 o |2,

If n = 2, by using polar coordinates we obtain

1 1 —r2t / 2
2 _ 2t 2 e .92 T 4 —Tr
(&, O T2qe/<1y S ||U0H<>o/0 e trdr+ ||U1Hoo/0 P22y <2t> rdr.

The first integral on the right-hand can be controlled by using (2.3) Let us focus on the

second one. For any t > 1, we put

1 —r2t 2
4 —
= [ s (Vt> ra,
o T

(4—r2 2
1 —r2t 2
- e .o frVvVd—1
II = [ m S (2t> rdr.
t
Now let us separately deal with these two terms. In the first term we notice that rt < 1,
SO
4 — 2
sin <T2Tt> Srvd—rit St (2.4)
then

1 2
Ig/t ()" <,
0

r

Now let us estimate the second term. We notice

ne [T g [ g I ﬂﬁ o [ s 1og(s) d
S, r=/, s = (log(s)e s e 2se og(s) ds.
t t t

T S

Let us evaluate the integral in the right hand side. We have that:

\/z 2 1 2 \/z 2
/\{z 2se”* log(s) ds = /ﬁ 2se”* log(s) ds—l—/1 2se”* log(s) ds

~

+o0 5
< / 2se” " log(s) ds = C.
1

And so
1
IT < log(t)e™ —log <t> et +1 < log(e + t).

So, summarizing the estimates for ¢t > 1 we get

1 —r2t 2
Vi —
/ 267) sin? <Ht> rdr < log(e +t).
o T

(4—r2 2
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2.1. LINEAR THEORY

If we now suppose t < 1 then rt < 1. By using (2.4) we have that

1 —r2t 2
_2 € . r 4—r
/Oer msn < ) d </ *d?"<1<10g(€+t)

Therefore by using Riemann-Lebesgue theorem we proved that

A+ @lmng + A+ [lpap ifn>3;

(L4872 lollinpe +logle + )¢l 2nze ifn=2.

Ju(t, ez S

Finally, we suppose ¢ € H' N L™ and v € L?> N L™ with m € (1,2). By using Holder’s

inequality in a very similar way to the previous case one can prove that

<1+mt>—%
2_
u(t, )2 S "

14+mt
2—m

We can resume all the results in the following theorem:

2— nm—4m+42

T TAE-m) .
el grinpm + (éﬁ:f) N 2anm if n > 3;

1—m
(2—m) .
Ilmnze + (52) 7 log(e + )|l o i n =2

3

4“3
[ V)
S‘s S‘

Theorem 2.1.4.
Let u be the solution of the Cauchy problem

uy — Au — Auy = 0, U(O,JJ) - W(m)7 ut(oﬁx) = w(.%')

with data p € H' N L™ and ¢ € L?> N L™, where m € [1,2). Then for any t > 0 the following

estimates are valid:

n 2—m nm—4m+2
e ~Ti@m) .
e < 4 ) T bz + () Wl iz
ull, - )llL2 & _n.2-m
(52 5 g + (52) 7 tog(e 4 Ol zegm 7 n =2
(2.5)
1 " _n 2-m_ 1 1 " _n 2=-m
_|_m 4 m 2 _|_m 4 m
IVt e 5 (5 ) lellmoze + (55 ) 7 Wl 20
n 2-m_ 1 n 2-m
1+mt\ 1 m 2 1+mt\ 1 m
ot e < (5 ) lellmoz + (5o ) " Wl @D
Therefore, the wave type energy satisfies
_n.2-m
I+mt) > ™
B (u)(1) S ( L m) (e - (28)
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2.1. LINEAR THEORY

If m =2, then for any t > 0 the following estimates hold:

lult, ez S lellgr + 1+ )[4l L2; (2.9)
_1

IVu(t, )l S X+ )72l + (192 (2.10)
_1

Jue(t, )2 S (L)@l + 9]l 2- (2.11)

Consequently, the wave type energy satisfies

Ew()(t) < (el + [91172). (2.12)

We can generalize the previous result to energies of higher order.

Theorem 2.1.5.
Let u be the solution of the Cauchy problem

uy — Au — Aug = 0, u(0,2) = (), u (0, x) = P(z)

with data ¢ € HAT' A L™ and ¢ € H? N L™, where 8> 0 and m € [1,2). Then for anyt >0

the following estimates are satisfied:

T 1 me\ " 2
m -m m —m
Pt e < (5 ) lellassanzn + (5 llsnsns
(2.13)
14+ mt _%262&_% 14+ mt _#2&
m —m m —m
IDPut e < (5o ) lellssnnsn + (5o .
(2.14)
If m = 2, then for any t > 0 the following estimates are satisfied:
B+1 < —E41 -5 .
DI u(t, Mz S (A48 2 lellgens + (L +8) 72 |9 s (2.15)
_fB+1 _B
Dt Y2 S (L + 8777 ll@llgeer + (14872 [l o (2.16)

Proof.
Let us first consider the case m = 2. As in the previous cases we transfer the energy into the

phase space, so we have
DI ut, e = 11617 ot e, IIDPuelt, e = 1€ vt )l 2
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2.1. LINEAR THEORY

Estimates of elastic energies of higher order
Case 1 {[¢| > 2}
By using the same arguments to derive estimates for the classical elastic energy one can show
that
el u(t, )22y <t /]R € (€ + €27 wo (&) Pde.
Case 2 {{: €| <2}

We divide the interval [0, 2) in two subintervals.

a) 1<[El <2
We have
HEV* ot ) 1211 cecny = / €72 |u(t, €)de S e / 11272 |wo (&)
1<|€]<2 1<lgl<2
2ot / (1€ 1 (O + €172 00 (6)P) —grrareme— 4
1<)€|<2 T4
e <o
Stte /]R €122 o1 (€)% + €172 [uo (&) [2de.
b) ¢l <1

As for the zero order energy we have for large ¢

|H§|ﬁ+1v(t7S)H%Q{|§\<1} §/|£|<1 e|§2t|§‘25+2‘v0(§)|2d€+/5 e*|§|2t|€’2ﬁ’v1(£)‘2 d¢

|€|<1

1 g2
S o (P e[ o

l€]<1,t>1 l€|<1

1 2y8+1) ,—léP? 2
Frr o () e [

[€]<1,t>1
1 2 1 2
S WH@HHBH + mHWMﬂ

As in the previous it is evident that this inequality holds even for small t. Summarizing we

have shown that for any ¢ > 0 it holds

DI+ u(t, iz 1 +8)7F @llmses + (1+ )72 [l gs.
In a very similar way one can see that

NDPus(t, Mizz S (1475 el + (L +175 [l o
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2.1. LINEAR THEORY

Now let us consider m € [1,2). By using the same approach of the proof of inequality (2.6)
and (2.7) one can prove (2.13) and (2.14) and this completes our proof. O

Remark 5. Previous theorem says that wave equation with visco-elastic damping shows a

parabolic effect holds; higher order energies have a faster decay.

Until now we suppose that the initial data (p, 1) € (H**! x H®) with eventually additional
regularity. We will see that this kind of regularity is not enough for semi-linear models. So
we will suppose (¢,v) € (H*t? x H?®) with eventually additional regularity. In such a case

the energy estimates of Theorem 2.1.5 will be modified as in the following;:

Theorem 2.1.6.
Let u be the solution of the Cauchy problem
uy — Au— Auy = 0, u(0,z) = p(2), w(0,2) = P(z)

with data p € HAY2NL™ andy € HP N L™, where 3> 0 and m € [1,2). Then for anyt > 0

the following estimates are satisfied:

n+2(B8+1) _m 1 _n4+2(B+1) m
4

14+mt\~ & zom 3 1+mt T
1|D1P*2u(t, )| < (2_m) ol gosanrm + (2_m> 1Yl asnLm;
(2.17)
1+ mt — o428 m % 14 mt —24p8 om
m —m m —m
IDPue e < (5 ) Iellssanse + (5o ) [l (218)
If m =2, then for any t > 0 the following estimates are satisfied:
_ 842 _B+1
D17 2u(t, Yze S (L +)77= [l mare + 1+ = 9] (2.19)
_B+2 _B+1
D ue(t, ez S A+ lelmose + (L +6)7 "= ¢l s (2.20)

In this way the parabolic effect holds, that is, higher order energies have a faster decay.
Proof.
We will proceed as before. We know that
D17 2u(t, )22 = 1€1°2o(t, )l 23
11D ue(t, g2 = 1€ vet, )l 2

Let us estimate the term |£|%T2v(t, ¢). By using representation formula of the solution, with

a similar reasoning to the Theorem 2.1.5, we can estimate as follow:
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2.1. LINEAR THEORY

o if [¢] >2

B2t &) < e 2 | |¢]PF2 €/ +1> 4+ |¢]PF2 2 ]
11720t )] S e [a (m = ) O et ©)
S e 6P 2ug(©)] + ¢l (€)1

o if [¢] <2

le|2¢
2

2
161201, )] < e [W“( <l +1> oo(€)] + [€]7+2

E1V/1€1* — 4
&2t

Sem (167 2@l + 167 @)l -

2
KIEW—ngﬂ

We can do the same reasoning to estimate |¢[Pvy(t, €), it means
o if [¢] >2

lePun(t €] S e [r§ﬁ¢|§|'§%‘_4\vo<s>| + gl (wg‘f'—_él + 1) m@r]

S €78 I o(©)] + 1€ 1 (€)1 ;
o if |{] <2

§Put el s e [rf\Qé{f—‘_m@r 3k (wf‘f'—_él + 1) |v1<§>r]

(€17 o (€)] + ¢ lor (©)]]

2
5 o |§\2 t
With the same strategy of the proof of Theorems 2.1.4 and 2.1.5 we can conclude this
proof.

a

Remark 6. Let us consider initial data (¢,v) € H**? x H® and u the solution to (2.1) with
initial condition (,). We consider {p;} € C§° and {tx} € C§° such that ¢ — ¢ in H5+2
and 1 — 1 in H®. If uy, is the solution to (2.1) with initial condition (pg,¥x), by Theorem
2.1.1 we have that wug is a classical solution and . By using inequalities of Theorem 2.1.6 I

have that ux, — u, so u € C([0, T], H*T2(R™)) N C([0, T], H*(R™)).
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Chapter 3

Semi-linear visco-elastic damped wave

models with source term.

3.1 Main tools

Now we study the Cauchy problem for the semi-linear visco-elastic damped wave model with
source term. This problem has already been treated in [2]. We will show some methods and
some approach for the study of semi-linear problem and we expect to use this methods to

study some other semi-linear problems in next chapters.
We consider the Cauchy problem
u — Au — Auy = |ulP, w(0,2) = ¢(x), u(0,x) = (x). (3.1)
We will assume some regularity for the data. So we give the following definition:

Definition 3.1.1.

Let m € [1,2] and k > 0. We define:
Dk, = (HE ™ ALY) x (LA LY,

m

with the norm

[1(vo, v1)llpk, = llvollr =+ llvoll i + llvrllpr + [oal|zm.
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3.1. MAIN TOOLS

Our aim is to prove global (in time) existence results.

Our main tools are Duhamel’s principle, Gagliardo-Nirenberg inequality and Banach’s

fixed-point theorem. Since we are dealing with semi-linear visco-elastic damped waves with

constant coefficients in the linear part the application of Duhamel’s principle leads to the

following: Let us consider the linear problem
(win )t — A(win) — Alwin)e = 0, (win)(0,2) = ©(2), (win)i(0,z) = (z).

According with Chapter 2 one has

(ulin)(tvl‘) = GO(tvl‘) *x 90($) + Gl(tax) *x ﬂ)(x),

being
24
e*mz €] sinh IE\Wt + cosh mmt if [§] > 2;
Go(t, ) Ve
z—£Y0 2
L \/4|£_|T|2 sin(lgl@t> +cos<Wt>] if €] < 2.
(3.2)
and 2
_ g7t —
o sinh<|£||§\/§7ﬂ2t> if [¢] > 2
FooseGh(t,€) = 2

§lv/4=I¢l?

Using Duhamel’s principle any solution to (3.1) satisfies

g2 —
2T 7 sin(|§]|€\/§|§|2t) if [¢] < 2

u(t,r) = Go(x,t) *(z) o(x) + G1(x,t) %) (= / Gi(t — 8,7) *(y lu(s,z)[Pds.  (3.4)

Having in mind Theorems 2.1.4 and 2.1.6, with m = 1, we define for all £ > 0
X(t) = (0,1, H*) n C*([0,1], L?),

with the norm

2

lwllxe = sup (Z

k=0
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3.1. MAIN TOOLS

We notice that we are changing regularity of data with respect to Theorem 2.1.5 and 2.1.6.

More precisely, if n = 2, then we have

2
_ n—242k n
lwllx ) = S <(10g(6 + 1) lwllpe + Y (14 7) w2 4+ (1+7)4 IthllLa)
<r< _

but the term (log(e 4 t)) " brings no additional difficulties so we will ignore it. It is easy to
prove that (X(t), H'Hx(t)) is a Banach space. We also define

2
2+2
lwllxo) = sup (Z(l +7) ||V me) : (3.6)

STt \k=0

Our aim is to prove that for any data (¢,%) in a certain space A the operator N which is

defined for any w € X (t) by
N: w = Nw:= Go(z,t) ) p(x) + G1(z,t) %) Y (x) / G1(t — 5,7) %y [w(s,z)|Pds
satisfies the following estimates:
INullxy S e 0)lla+ llull, ) (3.7)
|Nu = Nollxq S llu = vllxo (el + 101% () (3.8)

uniformly with respect to ¢ > 0. By (3.7) it follows that for small initial data N maps X ()
into itself and by (3.8) we can deduce that N has a unique fixed point u which is also the

unique solution of (3.1). One can see [2| for more details.

Since all of the constants are independent of ¢ we can take ¢t — 400 and we gain a local

and a global existence result simultaneously.

Finally, we see that the definition of X (¢) is chosen in an appropriate way to obtain the

decay estimates for the solution to the semi-linear problem, too.

During the proof a special role shall play different applications of Gagliardo-Nirenberg
inequality to control suitable L?-norms of non-linear terms. In particular, we will use the

following:

Theorem 3.1.2 (Gagliardo-Nirenberg inequality).
Let w € H*. Then
(s, iza S Nuls, ) DR, )52, (3.9)
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3.2. GLOBAL EXISTENCE AND DECAY BEHAVIOUR

where k = 1,2 and

1 1 9 < g< 2n
2 q)’ _q_n—Qk“

For the proof one can see [5].

3.2 Global existence and decay behaviour

Theorem 3.2.1.
Let A:= (H?>NLY) < (L>NLY), n > 2 and let

p € [2,n/(n —4)] be such that p > 1+ % (3.10)

Then there exists € > 0 such that for any (¢,v) € A with ||(p,)||a < € there exists a unique
solution u € C([0,00), H?) N C1([0,00), L?) to (3.1).

Moreover the solution, its first derivative in time and its derivatives in space up to the

second order satisfy the decay estimates satisfies the following estimates:
_n=2 _
L+ 7 [(e)a fn=3
log(e +1)[[(p,¥)lla  ifn=2;
IVu(t, )z S 1 +1) "1 (0, 9)]]a3
_n42
IV2u(t, lze S (L +6)7 (@ )]s

et )lz2 S (L4077 (0,94

[ult, )2 S

Proof.

We give an idea of this proof. For the complete proof one can see [2].

As we said before we just need to prove (3.7) and (3.8). Let us prove (3.7). By using (2.5)

we have that

_n—2 t _n—2
[Nu(t, )z S (1 +t)" 3 \I(so,w)\pg+/0(1+t—s) T (s, )Pl zenpads. (3.11)

Let us estimate the derivative of Nu. We will distinguish the cases s € [0,t/2] and s € [t/2,{]
to control the integral in (3.11). In particular we will use the (L? N L') — L? estimates (2.6),
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3.2. GLOBAL EXISTENCE AND DECAY BEHAVIOUR

(2.7) and (2.17) if s € [0,/2] and the L? — L? estimates (2.10), (2.11) and (2.19) if s € [t/2, ].
So we have for (7, |a|) € {(1,0);(0,1);(0,2)} the estimates

n+2(j+|al-1)

10/ Nult, )2 S (L +6)" 12, )l e

t/2 nt2(j+lal—1)
+/’<1+t_@—J4MMa»muMUm
0

t e
*l@“+t—@-lemm&»WMM& (3.12)

We estimate

s, WPl z2nzr < Nuls, Iz + luls, 72,

s, )Pllz2 < lluls, )2

Then by using (3.9) for ¢ = p, ¢ = 2p and k = 2 we obtain

_p(n=1)—n
lu(s, P llrzne S lullf, @ +s)" 2, (3.13)
_pn=1)—-n/2
lus, )Pllre S llullf, (1 +5) . (3.14)

We notice that to obtain the previous two estimates, it is essential (3.10).
Taking account of
(I+t—s)=(1+t)ifs€[0,t/2]; (1+s)=(1+1)ifse][t/2,1] (3.15)
after using (3.13) and (3.15) we may estimate (3.11) as follows:

INu(t, g2 S(L+1) fw%wm@

t/2 (n—1)—n
gy (1 + £ /0 (14 5)~ """ g

t
1)71'1, n—
gy (1 + 6 /t/2(1 Ft— ) s,

p(n—1

Due to (3.10) the term (1 + s)~ 2" s integrable. But we have some difficulties for the

treatment of the integral ftt/Q If n < 6 this term is not integrable. Any way we have that

(1 —i—t)_wﬂ_%ﬂ

t n—2
/ (I+t—s)" 7 ds~ "
t/2 (1+1t)"

30

if n <5,

p(n— 1) n

(1+1¢t)”
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3.2. GLOBAL EXISTENCE AND DECAY BEHAVIOUR

In both cases we obtain the decay thanks to (3.10). Otherwise, if n > 7 the term (1—i—t—s)7nT72
is integrable. By using the fact that p > 2 we obtain the decay.

We notice that we can not use directly L? — L? estimates because we do not have in general

a good decay estimate.

Let us estimate (3.12). By using again (3.15) we have that

_n42@t[a[-1)
4

10705 Nu(t, )| 2 < (1 +1) 1p, )l e

7;0(77.71)771,

nt2G+lal-y  [1/?
gy (14 )~ 2 / (14 ) """ ds

(n-1)-ns2 [1/2 ol -
Tl oy (1 + )~ /0 (1+5)" 25 as
for (4, |a|) € {(1,0);(0,1);(0,2)}.

_p(n=1)-—n

Due to (3.10) the term (1 + s) 2 is integrable. Moreover, (j + |a| —1)/2 < 1, so

we can also estimate

_ nd2(i+lal-1)
4 .

n—1)—n t/2 j+ || — n—1)—n j+ || —
(1+t)‘p( ) /2/ (1+S)_J+\2| 1d8%(1+t)_p< Yon/2 g itleld <141
0
So the proof of (3.7) is done. Now we prove (3.8). We have that

¢
INu = Nvlx = ‘ /O G1(t = s,2) () (luls, 2)[" —[v(s, 2)|") ds

X(t)‘

So we use the fact that
lulP —[oP| S fu— o] (JulP~ + oP7). (3.16)
By Hélder’s inequality we obtain
s, P = oo, P le S N, ) = (s, e (I, "+ llots, )"
[luls, )P = lv(s, )Pllz S lluls, ) —v(s, )l L2 (IIU(& M + llu(s, -)IIZEpl) -

In a very similar way to the previous case we divide the interval [0,¢] in two parts [0,¢/2] and
[t/2,t]. We repeat the same argument of the previous case to estimate these two parts and

after application of Gagliardo-Nirenberg inequality to the terms
lu(s, <) =v(s, )L, luls, Mze,  [lols, )l La,

with ¢ = p and ¢ = 2p, we conclude our proof. d
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3.2. GLOBAL EXISTENCE AND DECAY BEHAVIOUR

Remark 7.

One can expect that the more natural space for initial data is D%. But we can not repeat the
above presented arguments with D3 regularity. In fact if we suppose (p,1) € DI, then we
have that the exponent given by Gagliardo-Niremberg inequality is such that 61(q) > 02(q),
it means that we lose decay. For this reason we need H? instead H'! regularity for the initial

datum ¢.
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Chapter 4

Semi-linear wave models with mass,

damping and source terms.

4.1 Main tools

Now we devote to the following Cauchy problem:
ugr — Au+mPu 4 buy = [ulP, w(0,z) = o(x), (0, ) = ¥(z), (4.1)
where m? and b are two positive constants and (p,1) € H' x L.

Our aim is to prove a global (in time) existence result.

The approach to deal with (4.1) is very similar to the one which we used in the previous

chapter to treat (3.1). One tool is again Duhamel’s principle, as following:
Let us consider the linear problem

(win)tt — A(win) + m* (Win) + b(win)e = 0, (win)(0,2) = (), (win)i(0,2) = ¥(z).

2
2 | one has

According with Chapter 1, if we put o? := |m
(win)(t, 2) = Go(t, ) *5 o(z) + G1(L, @) *z P(2);
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4.1. MAIN TOOLS

being
. b2 .
cos< €% + a2 t) if m? — % > 0;
FyeGo(t,€) = cos< €2 — a2 t) if m? — & <0 and [¢] > o
cosh( mayIP t) it m? — 2 < 0and |¢] < a.
and
sin(4/]&]2+a? ¢
M if m2 — % > 0;

V€2 +a?
/1€12—a2 ¢
Fx%{Gl(taé) = (\/% ) if m2 _ % < 0 and |§| >

h 2|12 ¢t
Sm( ° H > ifm2—%<0and|§|<a.

Using Duhamel’s principle any solution to (4.1) satisfies

u(t,r) = Go(x,t) *(z) p(7) + G1(7,1) *(5) (2 / Gi(t — 8,7) *(y [u(s, z)[Pds.  (4.2)

Having in mind Theorem 1.1.3 we define for all £ > 0
X(t) = ([0, ¢, H') n ([0, 1], L?)

with the norm

b .
e2” ([wllzz + [Vwllzz + [lwellz2) it m? 2 50,

lollxw = sup € es™((1+ ) wle + Vel + (1 +7) w) i m? =5 =0,
Tl + (YTl + (1 ) i m? - B <o,
(4.3)
We also define
e3" (w2 + ||Vl 2) if m? — % >0,
w0 == Oiulit €37 (14 7) Hwlpe + |[Vwllzz)  ifm?—% =0, (4.4)

e (lwllz2 + (14 7)YVl ) if m? =5 <0,

As in the previous case we want to prove that for any small data (¢,1) in the space

A:= H' x L? the operator N which is defined for any w € X (¢) by

N: w— Nw:= Go(x,t) %) p(x) + G1(2,t) *(5) ¥ / Gi(t — 5,7) *(y) |w(s,x)|Pds
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4.2. GLOBAL EXISTENCE AND DECAY BEHAVIOUR

satisfies the following estimates:

INullxy < N )z + lullyy (4.5)

|Nu = Nollxq S llu = vllxo (el + 10126 (4.6)

uniformly with respect to ¢ > 0. As in the previous case from (4.5) and (4.6) it follows that
for small initial data N maps X (¢) into itself and that N has a unique fixed point u which
is also the unique solution to (4.1). For this aim we will use Gagliardo-Nirenberg inequality

from Theorem 3.1.2.

Finally we notice that due to the definition of X (¢) is chosen in an appropriate way to

obtain the decay estimates for the solution to the semi-linear problem, too.

4.2 Global existence and decay behaviour

Theorem 4.2.1.

Let A:= H' x L', n > 2 and let p € (1, n/(n—2)]. Then there exists ¢ > 0 such that for any
(p,) € H' x L? with ||(¢, V)| gixr2 < € there exists a unique solution u € C([0,00), H) N
C1(]0,00), L?) to (3.1).

Moreover the solution, its first derivatives in space and its first derivative in time satisfy

the decay estimates (1.2), (1.3) and (1.4).

Proof.
As we explained before we just need to prove (4.5) and (4.6). We should distinguish three
cases m? — % >0, m? — % =0 and m? — % < 0. But the treatment of the first and second
cases is very similar to the third one. So, henceforth, we will restrict ourselves to the case

2 _ b2
m —Z<0.

35



4.2. GLOBAL EXISTENCE AND DECAY BEHAVIOUR

Let us prove (4.5). By using (1.2), (1.3) and (1.4) we have that
INu(t, e S et ) lmze + /0 I s, e (4
IVNut, e S (1 + 8246, ) e
+ /0t<1 Tt = 5) V2 H I [lu(s, )P ods; (4.8)
10Nt Nz S (L4675 (0, )l

t m2
+/ (L4t —s5)""e 5 Ju(s, )P L2ds. (4.9)
0

In a very similar way to the previous case and by using (3.9) with ¢ = 2p and k£ = 1 we can

conclude that

m2 6(2p) m?2 n(p—1)
luts, ) Pllze S Ml e P20 +8)7 2 S lullf e ™ 1+s)" 7 . (4.10)

In the integral we can estimate as follows:

2 n(p—1)

t [e3 m m2
/ (14+t—s)"2e 5 (1 45)7 "7 e P %s
0

~

'm2 a t/2 n( - ) m2
Se wil+t) 2 / (14 5) "5 0P s
0

. (4.11)

m2 a « n(p—1)—2«a m2
+e B i(1+t)72 / (L+t—s) 3(1+s)" 1 el s

t/2
2 t p—1)— 20 m2
< e_mTt(l + t)_% / (1+ s)_%e(l_p)Tsds,
0

where a =0, 1, 2.

2

n(p—1)—2a o m
But p > 1. So we have that (1+s)~ PR o (1on) s g integrable. The proof to show

(4.5) is completed.

Let us derive (4.6). We notice that

t
INu— Nollx < H /0 Gr(t — 5,2) %) (Ju(s, )P — [o(s, ) P) ds
X (1)

Thanks to (1.2), (1.3) and (1.4) we can estimate as follow:

VIO G (t — s, 2)%() (|u(s, 2)[P — |v(s,2)P)| 2

m?

e TN 4t — 5) 5 |[fuls, 1) — |v(s, )Pl pds,  (4.12)
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4.2. GLOBAL EXISTENCE AND DECAY BEHAVIOUR

where £+ j = 0,1. By using (3.16) and Holder’s inequality one can estimate as follows:

s, P = fos, Pz S s, ) = (s, Ve (lats, s + ot )4 )

Analogously to the proof of (4.5) we apply Gagliardo-Nirenberg inequality and obtain

_m? _np-1
u(s, ) —v(s,)llpze S e °(1+8) * 7 |lu—vlx,0

(p—1)2

1 —m - -1
s, Mz < e 520D (1 4 5)7 Il o)

Summarizing brings
~1 ~1 _n(p—1) —m2 s
fu(s.) = (s, Vzan S = vl (el + 01l ) (1) F6 e 50 (413)
So, if j+1= 0,1, then due to (4.13) it holds, by using the same reasoning of (4.11) we obtain
IV70F (Nu — Nv)| 2
< p—1 —m?y _i —np—1) ™2 (1_p)s
S = vllxoey (Halle ey + oWty ) € <1 +t—8) "R (1) TN
_m? _J
S flu = vum (hullhy + oWty ) €514 )75,

and this concludes the proof of (4.6). O

Remark 8.

In this model we need only L? — L? estimates because of the exponential decay estimates
for the linear model. If m — 0, then we lose the exponential decay. In this case one needs
L?N L' — L? estimates to obtain a suitable decay. This model has already been studied in [1]

where the damping coeffincient b can depends also on time.
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Chapter 5

Visco-elastic damped wave models

with power non-linearity |u:|P.

5.1 Main tools

Now we study the Cauchy problem for the semi-linear visco-elastic damped wave model of
the form

U — Au — Ay = |ut‘p> U(O,ﬂj‘) = 80(1")7 ut(07x) = w(ff), (51)
where (¢,v) € (HS N LY) x (H5=2N L) for a certain s that we will specify later.
Our aim is to prove a global (in time) existence result.

The approach to deal (5.1) is similar to the one which we used to treat (3.1) and (4.1).

One tool is again Duhamel’s principle, as following:

Let us consider the linear problem
(win)te — Auiin) — Alwin)e = 0, (win)(0,2) = ©(x), (win)(0,z) = Y().
According with Chapter 2 one has
(win) (t, @) = Go(t, @) * p(2) + G1(t, ) *2 P(2);
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being Gy defined by (3.2) and G; defined by (3.3).
Using Duhamel’s principle any solution to (5.1) satisfies
u(t, z) = Gol £) %) 9() + Ca(z, 1) / Gt — ) %oy us(r, 2)Pdr. (5.2)

Having in mind Theorem 2.1.4 for a certain s > 0 which will be specified later we define for

all ¢ > 0 the function space
X(t) := C([0,8], H*) N C([0, ], H*?)

with the norm

n—2 n+2(s—1) n
lwllxe) = Oiugt((l +7) T flwllpp + (A7) wllze + (14 7)% Jwe| 22
ST

n+2(s

nt+2(s—2) Ss—
(1) D 2w e ) (5.3)

More precisely, as in the previous case, if n = 2, then we have

_ n+2(s—1) n
lwllx == sup ((log(6+t)) Hlwlpe + (L +7) 3 [IDPwlrz + (1 +7)% Jwll 2

0<7<t¢
n+2( s—

+ (14 7) T DE e ),

the term (log(e + ¢)) ™" brings no additional difficulties so we will ignore it. It is easy to prove

that (X (¢), |||l x()) is a Banach space.

Our aim is to prove that for any data (¢, 1) from the space A := (HS N Ll) X (HS_2 N Ll)
the operator N which is defined for any w € X(¢) by

N:w = Nw:=Go(z,t) *z) p() + G1(z, ) %) P (2 / Gi(t — 7,2) *(z) |wi(7, ) [PdT
satisfies the following estimates:

INullx < 6, 9)lla + Tl (5.4)
|Nw— Nollxq S llu - ollxq (Hu\lﬁ{(; + el (5.5)

uniformly with respect to ¢ > 0. As we explained before, after showing (5.4) and (5.5) we

may conclude that for small initial data the operator IV has a unique fixed point which is also
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the unique solution of (5.1). Finally we notice that due to the definition of X () is chosen in
an appropriate way to obtain the decay estimates for the solution to the semi-linear problem,

too.

The strategy is quite similar to the proof of Theorem 3.2.1 but we need some others tools.
As in the proof of Theorem 3.2.1 we will use Gagliardo-Nirenberg inequality. Nevertheless
Theorem 3.1.2 is not sufficient for our approach. For this reason we introduce the following

results:

Theorem 5.1.1 (Generalized Gagliardo-Nirenberg inequality).
Let a € [0,0). Then for all w € H>™we have the following results for m € (1,00):

ea,o' ) 1_90,,0 El

11Dl o < DI ul| o @™ flua] 0, (5.6)
a n (1 1 a nm

where — < 045(q,m) <1, and 0, 5(q,m)=—| —— -+ — |, hencem < ¢ < ————.
o ’ ’ o\m q n n+m(a— o)

For the proof one can see [6] and [3].

We will also use a superposition result from [8].

Proposition 5.1.2.
Letp>1 and v € H>™, where s € (n,p). Then the following estimate holds:
p

-1
o l[gsm < ol zsm ol oo (5.7)

We use the following corollary from Proposition 5.1.2.

Corollary 5.1.3.
Under the assumptions of Proposition 5.1.2 it holds

—1
01l s S 0l om0l oo - (5.8)

For the proof one can see [3].
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5.2 Global existence and decay behaviour

Theorem 5.2.1.
Let A:= (H*"2N L) x (H*NL'). Let us consider the Cauchy problem (5.1) with initial data
(p ) € A. Let

s>2+ g, where n > 2. (5.9)

Then for any p > s there exists a uniquely determined global (in time) small data solution

belonging to C([0,00), H*) N C([0,00), H*~2).

Moreover u, ug, |D|*u and |D|*~2u; satisfy the following decay estimates:

A+8)7F (@w)la ifn>3;

log(e +t)ll(@,¥)lla ifn=2;

[ult, ) 2

N

lua(t, e S (1467 % [[(0,9)lla
11D 2u(t, )2 S (1+8) ““uw )]
Dt Yz S A +57"5 [0, 8)]]a-

Proof.
Our aim is to prove the two inequalities (5.4) and (5.5). Let us prove the first inequality. Now

we estimate the L2 norm of Nu. Thanks to Theorems 2.1.4 and 2.1.6 we have that

Nutt ez £ @+ 07T U+ | [ 61— 70) 20 |
L

<A+ )4+ /0<1+t—r> T e (7, 2)P | 20

We have ||[us(7, 2)[P|lp2nrr S lluellfp 4 [Jug]/}2,. To estimate [Jugl?,,, k& = 1,2, we use (5.6)

with a =0, 0 =s— 2, ¢ = kp and m = 2. We get
el oo < N1DI a5 gl 5242, (5.10)

1 1
where 6y _2(kp,2) = L ( — > € [0,1) as in Corollary 5.1.3, that is

s—2\2 kp

9 <kp< 2" 2<kp if — 1 <1
—_— Or 1 —_— .

=S o 9) =P 959 =
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5.2. GLOBAL EXISTENCE AND DECAY BEHAVIOUR

Because of (5.9) we have < 1 and so it is sufficient to choose p > 2.

n
2(s —2)

Since 6y s—2(p, 2) < Op,s—2(2p,2) by using (2.7) and (2.18) with m =2 and f = s — 2 we
have that

n+2(s—2)

e (7, 2)Pll z2nzrdr S ullf oy (1+7)" P14 ) a0

N HUHI)?((T)(l + T)ig(pil)y

where 6§ = 6y s_2(p,2). By using (3.15) we can conclude that
t/2

t B n_ n
/ (1 —|—t—T)_T2H|ut(7',x)\pHLsz1dT < Hqu((t)((l—i—t)_ﬁ/ (1+T)_§(p_1)d7'
0 0

t
+/ 1+t—7)""T (1 +T)—%<p—1>d7).
t/2

Let us examine the integral fot/2. Due to (5.9) and p > s we have %(p —1) > 1. Here we
exclude n = 1. The term (1 + T)fg(pfl) is integrable. For the integral ftt/z one can repeat
the reasoning for estimating Nu in the semi-linear visco-elastic model with source term and

then we may conclude that

(148 [Nu(t, )2 S (0,9l + llul% - (5.11)

Let us estimate the term 9, Nu. We will divide the interval [0, t] in two sub-intervals [0,¢/2]
and [t/2,t]. In the first one we need L? N L! — L? estimates and in the second one we need
L?—L? estimates. We will use inequalities (2.7) and (2.18) for the first interval and inequalities

(2.11) and (2.20) for the second one. Then in a very similar way to the previous case
N t/2 i o
10 Nu(t, )2 S+ [(0,9)lla + llull, (/0 (A+t—7)"F(1+7) 30 Vgr

t
+ / (1+7)7 4@ Nar).
t/2

To treat the integral f(f /% e repeat the approach of the previous case. Due to p > s and (5.9)

we have

/ (I4+t—7)"i(1+7)" 2P Vdr < (141¢)77.
0

For the integral ftt/z we estimate as follows:

t t
/(1+T)Z(2p1)d7§(1+t)2/ (1+7) 30 Vdr < (1445,
t/2 t/2
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Summarizing we proved that

(1403 0:Nu(t, )2 S (e, ) la + llullf - (5.12)

Now let us estimate the term ||0;|D|*"2Nul| ;2. We will proceed as above. We will divide the
interval [0,¢] in two sub-intervals [0,¢/2] and [t/2,t]. We will use L2 N L! — L? estimates for
the first sub-interval and L? — L? estimates for the second one. So by using (2.18) and (2.20)

we have

n+2(s—2)
|

10| DI 2 Nu(t, g2 S (L +1)” (2,9)la

t/2 _ n+2(s—2)
—i—/ (14+t—71) + ||uwe|P|| gs—2npadr
0

t

s—2

+ / (L+t—7)" 2 |[|ugf?| grs—2dr

t)2
_ n+2(s—2)

SA+)7 T (e, )l a

t/2 _ n+2(s—2) p p
+/O A+t=7)" (el llpznpr + luel?ll a-z) dr

t s—2
+ //2(1 +t=71)7 7 ([uel?llzz + ue(r, )Pl jge-2) dr.
t

The integrals with |||u¢|P|| z2~pt or |||we|P]|z2 will be handled as before if we apply p > s and
(5.9). Let us estimate the term |||u¢|P|| ;.—2. Then by Proposition 5.1.2 we have

—1 —1 -1
el (7, W ez S el gro-elluel e S Nuell gre-e luellie < el gra-e (luellzz + luells)"
_ n+2(s—2)

—T=\ =/ _n/i._ _n+250 _
N ”UHI))((T)O"‘T) 4 ((1 +7) (=1 4 (147)" 1 (p 1))

np+2(s—2)

— _nt2(s=2)
Sl (A +7) ™57 4 ()= )

_ np+2(s—2)

S HUHI))((t)(l +7) 4 ) (5.13)

where s — 2 > 59 > g Using (5.9) and p > s implies %(3_2) > 1. Hence, it holds

t/2 n+2(s—2) n+2(s—2) t/2 np+2(s—2)
[t Pl e € 407 R [
0 0

_ n+2(s—2)
S (1+1) 4 ||UHI))((t)-

~

In an analogous way we estimate

_ n+2(s—2)

t - t .
| @t bl adr S 05l [ @t-n) T @)
t/2 t/2

n(p—1)
1

dr.

43
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On [t/2,t] we have that

s—2 n(p—1) _n(p—=1)+2(s—2)

(I+t—7)" 2 (1+7) 7 S(A+t-1) i
and due to (5.9) and p > s we conclude w > 1. Summarizing we have shown that
n+2(s—2) 5—2 < p
(48 a DI Nu(t, )l e < 1@, ¥)lla + llullx - (5.14)

By using the same approach one can prove that

n+2(s—1)

L+t IDPNu(t, e S e ¥)lla + llull - (5.15)

Summarizing (5.12), (5.11), (5.14) and (5.15) we have proved (5.4).

Let us prove (5.5). We will use the same approach as in the previous case. We know that

t
INu— Nollx < H /0 Gr(t — 5,2) #(a) (a5, )P — ur(s, 2)P) ds

X (1)

Hence, by using (2.5) we have
¢ n—2
[Nu(t,-) = No(t, )l S / L+t —7)" 3 [ue(r, 2)|” = [oe(7, ) [Pl| 21
0
Due to (3.16) it holds
-1 -1
H|Ut(7'7 )|p - |Ut(7—7 ')‘pHLl S ”ut(Tv ) - Ut(Tv ')HL” <”ut(7—7 )Hllip + Hvt(Tﬂ )sz/p ) ;
—1 ~1
e (7, )P = Joe(7, )Pl e S Nue (7o) = w7, ) | 2 (Hut(Tv Wiz + llve(r, ')llin) :

By using Gagliardo-Nirenberg inequality we have that

lue(, ) = ve(7, )| e S NDP e = (DI 20r| T llue — vell 2%,
L

— Ss— O(p—1 1-6 —1
e (ry Eed S DP9 g |0 O

Lkp ~5 L2 L2 )
n 1 1 . .
where 6 = 6y s_2(kp,2) = P <2 - kp> and k = 1,2. So we obtain the estimates
(T, -) = ve(r, Mpie S NJw = vl x(ry (1 + ) "2 P71, (5.16)
e (7, ) r S Nl (ry (1 4 7) "2k B2~ D=, (5.17)
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5.2. GLOBAL EXISTENCE AND DECAY BEHAVIOUR

Consequently,
e (r, )P = Jor(r, )Pl e S Nl = vllx iy (Tl + lol5s ) (04 7) 2D (5.18)
() (7)
Since 0y s—2(p,2) < 0y s—2(2p,2) we may conclude

t
_n—=2 N
INw = Nollze S llu = vllxq (el + 013 /0 (1+t—7)"F (14 7) 30 Vgr,

We should estimate the integral but we have already estimated this term when we proved

(5.11). So we may conclude
_n=2 1
@+ INu(t, )~ No(t ez = ol (Rl + o) (619

Let us estimate the term 0;(Nu — Nv). We will divide the interval [0, ] in two sub-intervals
[0,#/2] and [t/2,t]. In the first one we need L? N L' — L? estimates and in the second one
we need L2 — L? estimates. We will use inequalities (2.7) and (2.18) for the first interval and

inequalities (2.11) and (2.20) for the second one. As above by using (5.18) we have
t/2 .
10:(Nu = Nv)[r2 S / (Lt = 7) 7% ue (7, 2) 7 = [or(7, ) Pl L2 prd
0
t
+// [t (7, 2) [ = |ve (7, 2) || 2 d7
t/2

t/2 . e
S = wllxy (lullieg + ol ) [ /0 (1+t =) (1+7)730 Var

t
+ / (14 7)5CDgr .
t/2

To estimate the integrals we repeat the reasoning of the proof of (5.12). So we may conclude
_n —1 -1
(465 0(Nu — No)(r, Yoz £ llu ol (el + o) (5:20)

Now we estimate the term 9;|D|*~2(Nu — Nv). We will divide the interval [0,¢] in two sub-
intervals [0,¢/2] and [t/2,]. In the first one we need L? N L! — L? estimates and in the second

one we need L? — L? estimates. By using a similar approach to the proof of (5.4) we have

n+2(9 2)

t/2
18:DI* 2 (Nu — Nl 2 S /O (I+t—7)" [|ue (7, 2) [P = |voe(7, @) [P || srs—2nprdr

t —_
+ / (1+t— 7)772 ||ue (7, ) |P — v (7, ) |P|| grs—2d.
t/2
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Taking account of
Nue (T, )P = v (7, )Pl a-2nnr S Mlue(r, )P = |oe(r )Pl goee + e (r, ) = Jou(7, )Pl L2nL,
[we(r, )P = Jve (7, )Pl ra=2 S Mwe (7, )P = Joe( )Pl gra-e + e (7, )P = foe(7, ) [P 22

The integrals with |||us (7, -)|P — |ve(7, ) [P|| 2L o |||ue(T, ) [P —|ve(T, -)|P|| L2 will be handled as before.
Now let us estimate the integrals with |||us(7,)[P — |v¢(7, )|P|| gs—=. By using (3.16) and (5.8) we have
that

e, )P = ou(r WPl s S e = wnll o (el + ol 22

S e = el gre-a (luells + el 23

where s — 2 > s > 5 By using the same reasoning as in the previous case implies

+2(5 2)

lue(r.) = 0elr, Mo S A+ 1) ulr, ) = o(r Y, (5.21)
e (Yt S e %L+ e, B S (1 7) 30D L. (5.22)

Due to (5.21) and (5.22) we estimate

t/2 nt2(e=2) »
/0 (1+t—7)" [[we (7, )P = |oe (7, ) [P || gro—adT

n+2(s—2)
4

- t/2 _npt+2(s—2)
S+ ol (Il + Wiy [ 1=,

and

t
// (L4t =) e ()P — Joe(r, )Pl gosadr
t/2

nt2(s— n(p—1)

_s=2 _
% u = vllxqo (Il + Il // Lt —m) T (L) ar.

S(A+1)”

Due to (5.9), p > s and summarizing the estimates for the two integrals gives

n+2(q 2)

(1+10) 10 D12 (N = No)(t, e S llu = ollxco (lullech + Iolls) (5.23)

Applying the same approach one can prove

n42(s—1) s
(146 S NDP (Vu = No)(t ez S e — vl (Il + 0l5g) - (529

Summarizing (5.19), (5.20), (5.23) and (5.24) we have proved (5.5) and this completes the proof. O
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Chapter 6

Visco-elastic damped wave models
with power non-linearity ||D|%ulP and

a € (0,2).

6.1 Main tools

Now we study the Cauchy problem for another semi-linear visco-elastic damped wave model

of the form

uy — Au — Aug = || D|*ulP, u(0,2) = ¢(x), u(0,x) = ¥(x), (6.1)
where (¢,%) € (HSNLY) x (H*=2N L) for a certain s > 2 and a € (0, 2).
Our aim is to prove a global (in time) existence result.

We will distinguish two cases. In the first one we will suppose low regularity of data, we
choose s = 2. In the second case we will discuss the model with high regularity of data, so

we will choose a suitable large s.

We will see that for s = 2 we need more restrictions to the exponent p, to a and to the

spatial dimension n. In the second case we shall obtain global existence of small data solutions
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6.1. MAIN TOOLS

for all p > s and with a certain s > 2 which we specify later.

In both cases the approach to deal (6.1) is similar to the one which we used to treat (5.1).

One tool is again Duhamel’s principle, as following:
Let us consider the linear problem
(win)te — Auiin) — Alwin)e = 0, (win)(0,2) = ©(x), (win)e(0,z) = ¥ ().
According with Chapter 2 one has

(ulin)(tv .CC) = GO(tv .%') *z QO(.%') + Gl(ta .T) *y ¢(33)7
being Gg defined by (3.2) and G; defined by (3.3).

Using Duhamel’s principle any solution to (5.1) satisfies

t
u(t, ) = Go(x,1) *(z) ¢(x) + G1(x, 1) %oy Y() —i—/o G1(t — 5,7) *(g) || D|u(s, z)[Pds. (6.2)

We introduce for all ¢ > 0 the function space
X(t) := C([0, 8], H*) N C*([0, ], H*™?)

with the norm

n—2 n+2(s—1) n
lwllx = sup <(1+T) Tlwlz + A7) IDPwllpz + (14 7) 7 w22

0<r<t (6.3)

n+2(s—2

)
(L) 1D 2 ).

More precisely, if n = 2, then we introduce the norm

_ n+2(s—1) n
Juwllxo = sup ((ogle+ )™ fwllza + (1 +7) 5 [IDPwlga + (14 1)
ST

n+2(s—

2) _
+ (L4 7) D w2 ).

the term (log(e + t))_1 brings no additional difficulties so we will ignore it. It is easy to prove

that (X(t), ||-||X(t)) is a Banach space. We also define

n+2(s—1)

n—2
Jollxo == sup (1475 flwllgs + (1+7) 5 [IDFw]z2) - (6.4)
0<r<t
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6.2. GLOBAL EXISTENCE AND DECAY BEHAVIOUR

Our aim is to prove that for any data (¢,) from the space A := (HS N Ll) X (HS_2 N Ll)
the operator N which is defined for any w € X(t) by

t
N: w — Nw:=Go(z,t) *z) p(r) + G1(,1) %) P(T) +/ G1(t —5,7) %o || D|"w(s, z)[Pds
0
satisfies the following estimates:

INullx S 1608)La+ lull - (6.5)

INu = Nollxq S llu = vllxq (el + 10l%)) (6.6)

uniformly with respect to ¢ > 0. As we explained before, we may conclude that for small
initial data the operator N has a unique fixed point which is also the unique solution of (6.1).
Finally we notice that due to the definition of X (¢) is chosen in an appropriate way to obtain

the decay estimates for the solution to the semi-linear problem, too.

As we said the strategy is quite similar to the proof of Theorem 5.2.1. We will use a
generalized Gagliardo-Nirenberg inequality which we have already introduced in Theorem

5.1.1.

In the case with low regular data we shall see that the range of admissible p is upper-
bounded and this bring more restrictions to the dimension n and to a. To avoid such re-
strictions we assume more regularity for the data. This regularity is in some sense related
to the Gagliardo-Nirenberg inequality. In this way, for large s we just need p > s and no

upper-bound appears for p.

6.2 Global existence and decay behaviour

We will distinguish two cases. In the first case we suppose s = 2.

Theorem 6.2.1.
Let A:= (H?>NLY) x (L>NLY), n>2 and a € (0,2). Let

n 24 n
9, " hthat p> ——" .
pe[’n+2(a—2)} such that p = o T (6.7)
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6.2. GLOBAL EXISTENCE AND DECAY BEHAVIOUR

Then there exists € > 0 such that for any (¢,1) € A with ||(p,9)||a < € there exists a unique
solution u € C([0,00), H*)NC([0,00), L?) to (6.1). Moreover, the solution, its first derivative

wn time and its derivatives in space up to the second order satisfy the following decay estimates:
_n=2 .
I+t 7 [[(e)la ifn=>3;

logle +8)[l(p, V)4 ifn=2;

et )2 S (L4870, 8) a3

[ult, )2 S

_n42
IIDPu(t, e S A+ 1 [[(e,9)]a-
Remark 9.
Under these assumptions we need
n
2gng7andae(0,2—ﬂ, (6.8)

otherwise the interval [2, m} is empty. Moreover, under these assumptions we see that
24n n

condition (6.7) is reasonable, that is, we have TR <= 30— 9)

Proof.
As in the previous cases we will prove (6.5) and (6.6). Let us prove the first one. Firstly, we

estimate the L2 norm of Nu. Thanks to Theorems 2.1.4 and 2.1.6 we have that

t
_n—2 a
[INu(t, )2 S (L+18)" 7 H(%WM+H/O Gt = 7,2) %) ||DI*u(r, 2)["dr ||
L

_n-2 t _n-2
S+t \I(so,w)\\A+/0(1+t—T) T IDI u(r, 2)[P|| 2 prdT.

We have [[|D|u(r,2)Pl|zzrps S [1DIullh, + [1DI%u[s,. To estimate |[D|*ullZ,, k = 1,2,

we use (5.6) with 0 =2, ¢ = kp and m = 2. In this way we get

0a,2(kp,2 1—-04,2(kp,2
1Dl < NPl 352 fuf 12, (6.9)
n (1 1 a a . .
where 0, 2(kp,2) = -z ——+—) € [—, 1) as in Corollary 5.1.3, that is,
’ 2\2 kp n n
2 < kp< — 2" 2<kp if — <1
or 1 —— .
P22 —a) TR

It means:
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e if n >4, then we have _n <1 formnoa € (0,2),

2(a—2)

o if n =3, thenwehaveLSIforae (0,1],

2(a —2)

o if n =2, then we have " _<lforac (0,1].

2(a —2)

Since 0,2(p,2) < 04,2(2p,2) by using (2.5) and (2.17) with m = 2 and 8 = 0 we have that

_nt2 _n=2,01_¢9

DI u(r, @) Pl e S lul ) (1 +7) " TP (1L 4 7) = P00
__kp(nta-1)—n
< Huux(t T

where 6 = 6, 2(p,2). By using (3.15) we can conclude that

p(n+a—1)—n

t n_ Wy [1/2
[t E D Pur ) Pladr <l (075 [ @0 e
0 0
t
n— p(nt+a—1)—n
+/ (L4t =n) T (14 7) ™ ar),
t/2
Let us examine the integral fgm. Due to (6.7) we have w > 1. Hence, the term (1 +
_p(nta-1)—-n

T) 2 is integrable. For the integral ftt/Q one can repeat the reasoning for estimating

Nu in the semi-linear visco-elastic model with source term. In this way we may conclude

(1465 [ Nu(t, )2 < (0,9 14+ [l < 100 )l + llull - (6.10)

Let us estimate the term 8{|D\kNu, where (j.k) € {(1,0);(0,2)}. We will divide the interval
[0,%] in two sub-intervals [0,#/2] and [t/2,t]. In the first one we need L? N L' — L? estimates
and in the second one we need L? — L? estimates. We will use inequalities (2.5) and (2.17)
for the first interval and inequalities (2.9) and (2.19) for the second interval. Then in a very
similar way to the previous case

+2<J+

167 IDI* Nu(t, )l 2 S+ 1) e )la

t/2 n+2(j+k—1) (n+a—1)—n
T lulfy, (/0 R e T

t .
— (nta—1)—n
[ @rto @) T ),
t/2

For the integral f(f/ ? we repeat our approach from the previous case. Due to (6.7) we have

n+2(itk—1)
4 .

t/2 n j — n+a— n
/ (+t—7) 2 k1) (147)" p(nta1)- dr < (1+1)"
0
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6.2. GLOBAL EXISTENCE AND DECAY BEHAVIOUR

For the integral ftt/Q we estimate as follows:

t

j+k— (nta—1)—n

/ (L4t—r) " (L) 5 dr

t/2
t

n+2(j+k—1) j+k—1 2p(nta—1)—2n—2(j+k—1)
5(14—75)_]4/ S T e

t/2
S A6
Summarizing we proved
(14 OF faNu(t, Moo S N b)lla+ lull ) < Mo+ Nl (612)
n+2
(L+8) T (IDPNu(t, )2 S e ) la+ ullf, oy S 10 0)lla + Nl (6.12)

Combining (6.10), (6.11) and (6.12) we completed the proof of (6.5).

Let us prove (6.6). We will use the same approach as before. We know that

t
INu — Nollx < H /0 Gr(t — s,2) ) (| D[“u(r, )P — || D|"0(s, 2) ) dr

X(t)

Hence, after using (2.5) we have

t
_n-2
[(Nu— Nv)(t, )| 2 N/O (L+t—7)" T [[|I[D|*u(r, 2)[" — |[D|*v(7,2)|"|| L2 L1 dT

Due to (3.16) and by Hoélder’s inequality it holds

D" u(r, )P = [ D[*o (7, ©)["|| 1

S P (T, ) = |D[*o(s, )|l Lev (HIDI“ (7, ) e + D10, )IIW>7

where k = 1,2. Applying generalized Gagliardo-Nirenberg inequality gives

11D|%u(r, ) = |D*0(7, )| i S |I|D[Pu |D\QU||L2||U — o157,
1 1-6 1
1D u(r, ) Er S 1D Pl 28D ) @

1 1
where 6 = 6, 2(kp,2) = n < -—+ Z) and k = 1,2. So we have the estimates

2\2 kp
IIDI"u(r, ) = DI (r, Y e S |t — vl ry (1 + 7) B FPn=dt)=m) (6.13)
a kp(n—14a)—n
11D1%u(r, YEE < Ml (1 + 7)~ 5w (L) =n) (6.14)
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and, finally,

- - -k n—1+a)—n
DI utr, )P = 1D, @)/Pl i < = vllxcoy (el — Nolliy ) (14 7)~setrtn-t40-m,

(6.15)
For this reason, in a very similar way to the previous cases we may conclude the following
estimates:
n—2 _
(14 7) T (Vu = No) (1)l S = olley (lullfegh + 10l%q) (6.16)
n —1
(L4 ) F 0 (Nu = No) (8, )z S llw = olly (ulliegh + ol (6.17)
nt2 _
(1+7) DRV = No)(t, )z S llw = vllqy (Iullieg + 1015 - (6.15)
Combining (6.16), (6.17) and (6.18) we proved (6.6) and this completes the proof. |
Remark 10.

In Theorem 6.2.1 we have some restrictions to the exponent a and to the dimension n. If we
want to avoid such restrictions we should require more regularity for the data. This will be

done in the next statement.

Theorem 6.2.2.
Let A= (H™2NLY) x (H*NLY). Let us consider the Cauchy problem (6.1) with initial data
(p,9) € A and a € (0,2). Let

n n+8}. (6.19)

> —
S max{a—i— 2 1 2a

Then there exists € > 0 such that for any (p,v) € A with ||(p,¥)||a < € and for any p > s

there exists a unique solution u € C([0,00), H®) N CY([0,00), H5"2) to (6.1). Moreover u, uy,
|D|*u and |D|*2u; satisfy the following decay estimates:

A+ (2 0)|a ifn>3;
log(e +t)[|(v, )|l if n = 2;

et )z S (L4077 (0,8)]a

[ult, )2 S

_n+2(5+1)
IDP 2t e S @ +67 1 [(,9)]la;
_n42s
IDPue(t, )z S A+~ 4 [[(@,9)]la

53



6.2. GLOBAL EXISTENCE AND DECAY BEHAVIOUR

Proof.
Our goal is to prove (6.5) and (6.6). Let us prove the first one. First step is the estimate of
the L?-norm of Nu. Thanks to Theorems 2.1.4 and 2.1.6 we have

INott ez £ @+ 87T Ul + | [ 6= 70 w0 D utraar|
L
— t n—2
SA+07 T e+ [ G+ t=n T NDPUr ) s
We have [1IDu(r, )Pl s S 11Dl + 1D, To estimate [IDIulE, k= 1,2
we use (5.6) with 0 = s, ¢ = kp and m = 2. Then we get

D[ g < ([ D)0 %P2 | 1O 522,

(6.20)

1 1
where 0, s(kp,2) = % (2 — o + Z) [%, 1) as in Corollary 5.1.3, that is,

or 2<kp if — <1

2(s—a) — "’

< 1and p > 2. By using (2.5) and (2.17) with m = 2 and

2
2<kp< (n

n—2(s—a)
but due to (6.19) we have
8 = s — 2 we have that

2(s —a)

_nt2(s—1) _n—2 1
D[ ulr, )Pl pee S Nl iy (L+7)7 3 (1 4 7)~ " Pd=0)

kp(nt+a—1)—n

< ull gy (1 )~ 5

where 6 = 6, s(kp,2). Since 8, 5(p, 2) < 0,4,5(2p,2) and by using (3.15) we can conclude that

p(n+a—1)—n

t I " _n—2 t/2 _p(
[ st =n Dt )Pl dr <fulf (140757 [0 n)

t —_ n+a n
+/ (L+t—7) T (1 +7) 5 ar).

t/2

Let us examine the integral fg/Q. Due to (6.19) for any p > s we have w > 1.
(n+a—1)—n

Consequently, the term (1 + T)_p 2 is integrable. For the integral ftt/2 one can repeat

the reasoning for estimating Nw in the semi-linear visco-elastic model with source term, and

then we may conclude

n—2
(A +8) T [[Nu(t, )z < (e ¥)lla+ lulls - (6.21)
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6.2. GLOBAL EXISTENCE AND DECAY BEHAVIOUR

Let us estimate the term 9;Nu . We will divide the interval [0,¢] in two sub-intervals [0, ¢/2]
and [t/2,t]. In the first one we need L? N L! — L? estimates and in the second one we need
L?— L? estimates. We will use inequalities (2.5) and (2.17) in the first interval and inequalities

(2.9) and (2.19) in the second part. Then in a very similar way to the previous case we obtain

10:Nu(t, )2 SA+8) 750,914

_ p(nta—1)—n

t/2 .
g (/ (Lt t—7) 3 (147
0
t
nta—1)—n
+/ 1+ T)—Q””fldf).
t/2
For the integral fOt/Q we repeat the approach of previous case. Due to (6.19) for all p > s we
have

_pnta—-1)—n

t/2 ” n
/ I+t—7)"4(1+7)" =z dr<(1+1t) 4.
0

For the integral ftt/Q we estimate as follows:

¢ ¢
nta—1)—n n nt+a—1)—2n
[ aen e g [y e
t/2 t/2
S(L+1)71.
Summarizing we proved that
L+ 0 [aNult, Ve S e w)lla+ [l (6.22)

Now let us estimate the term |||D|*Nu| z2. We will proceed as above. We will divide the
interval [0,t] in two sub-intervals [0,¢/2] and [t/2,t]. We will use L? N L' — L? estimates for
the first sub-interval and L? — L? estimates for the second one. So by using (2.18) and (2.20)
we have

n+2(

IIDPNu(t, Y|z S A +875 (9, 9)][a

t/2 _ n42(s—1) o
+ / (14t — 1) =22 Dl u(r, 2) || gemzpr dr
0

t g —
+/ (1+t—7)_b21||||D|“u(7,m)|p|\Hsf2dT
t

/2
 n42(s—1)
SA+)7 T (e, ¥)la

t/2 n+2(s—1)
[t D un ) o + 1D ulr, )Pl ) dr
0

t
_s—1 a a
+//2(1+t—f) = (D" ulr, 2) Pl 2 + DI ulr, 2)[P|| o) d-
t
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6.2. GLOBAL EXISTENCE AND DECAY BEHAVIOUR

The integrals with ||||D|%u|P||p2qr1 or ||||D|*ul?| 2 will be handled as before if we apply (6.19). Let
us estimate the term ||||D|*u|P|| 7.—.. Then by Proposition 5.1.2 it follows
1
DI, Pl a2 S NPV ull graa DI ull2 S DIl -2 1D]ul g
_ p—1
S D2l e (1D ul p2 + 1D ullz2) "

where s —a > so > % We shall estimate the terms |||D|*%=2ul| 2, ||| D|%u|| 2 and ||| D|*0T%u]| 2.

After using Gagliardo-Nirenberg inequality it follows

sta— — nt2s+2a-6
1D 2u(r, )2 S (1 +7) l[ull o (r)»
_n+2a
D" u(r, )Lz S (1 +7) el o)
sota _ n+42a+2sg—2
D[ u(r, )2 S (1 +7) T ullx
Hence,
“ _ p(nt20-2)42(s=2)
DI u(r, Yl s S (14 7) 2R e (6.23)
If s > =5, then p(n+2a_i)+2(s_2) > 1 is valid for any p > s. But (6.19) gives s > 25t > 5 for
all @ € (0,2) and n > 2. Then due to (6.23), it holds
t/2 nt2(em1) "
| @t =) D ) s
t)2
n+2( _ p(n+2a—2)42(s—2)
S O A
A+l
In an analogous way we estimate
t s—1
/ (1+t— 1)~ 2 D [*ur, 2) P jyoodr
t)2
t
S L e L e
t/2
On [t/2,t] we have
(1 e 7)7% (1 n T)ip(n+2a—2)+2(i—2)—n—2(s—1) S (1 e T)ip(n+2a—2)4—n+2(s—2) .
Due to (6.19) we have p(n+2a_2)4_n+2(s_2) > 1forall p > s. So, (1 +7—)_w is integrable.
Summarizing we proved that
n42(s—1) s <
(L+8) 7 [[IDIPNu(t,)llrz < (e, ¥)lla + lull - (6.24)
In the same way one can show that
n+2( s—
(1+1) 210D Nu(t, ) 12 < [l(.9) 4+ lull% - (6.25)
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6.2. GLOBAL EXISTENCE AND DECAY BEHAVIOUR

Combining (6.21), (6.22), (6.24) and (6.25) the proof of (6.5) is completed.

Finally, let us prove (6.6). We will use the same approach of the previous case. We know that

t
INu — N’UHX(t) < H/o G1(t —5,2) *(a) (||D|“u(7',x)|p — \|D|“v(s,:17)|p)d7'

X(t).

Hence, by using (2.5) we have that

t
n—2
[(Nu = Nv)(t, )| > 5/ A+t —7)" 7 [[[DI"u(r, z)[" = [[D|*v(7, )" 2 L2 dT.
0
Due to (3.16) and by Holder’s inequality it holds
DI u(r, z)[” = ||D|*v(r, 2)|"|| Lx
S DI u(r, ) = 1D10(r, Yee (I1DIutr, ) + WD (r, )3
where k = 1,2. By using Gagliardo-Nirenberg inequality we have that
I1D[*u(r,-) = [D|*0(s, )l prr S I1D*u = [D[*0]| 2 flu = v|2°,
a s -1 (1-6)(p—1
11D u(r, Mo S DD ul &Y,

1 1
where 0 = 0, s(kp,2) = L (2 . + a> and k = 1,2. So we may conclude the estimates
s D n
IIDI"u(r, ) = D0 (r, Mzws S lu = vllx (e (1 4+ )~ mEpimre=m), (6.26)
e (7, s < Ml ry (14 7)~ B (p(n=2ba)=m), (6.27)

and, finally,
a a — o n—1+4a)—n
DI u(r, )P = DI o(r, P lLze S = vlley (ullech + Nollih ) (1 )~ Gren=t40=m. (6.2
For this reason, in a very similar way to the previous case we may conclude
(14077 (N = No)(t )z S = vl (bl + ol ) (6:29)
(1+ )% [10:(Nu = No)(t, )|z S llw = vllx ) (Ilullq) + 05 (6.30)
(t) (t)

Now we estimate the term |D|*(Nu— Nv). We will divide the interval [0, ¢] in two sub-intervals [0, ¢/2]
and [t/2,t]. In the first one we need L? N L' — L? estimates and in the second one we need L? — L?

estimates. By using a similar approach to the proof of (6.5) we have

[1DI*(Nu = Nv)(t, )| >

t/2 +2(5 1) o o
S [t n) DR )P~ Do ) e sedr
0

t
+ / (1+t — )= [|||D|u(r, )|P — || D|*v(r, 2) ||| o2 dr.
t/2
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6.2. GLOBAL EXISTENCE AND DECAY BEHAVIOUR

We have

HIDI*u(r, ) ~ D1, VPl sro-2nie
S IIDIu(r, P = 11D, P s + IIDJu(r, P = [ DI(r, )P 2z
for k = 1,2. The integrals with || [ D|*u(r, )" [ D|v(r, )" 2nzs o [|Dl*u(r, ) ~ || DI*o(r, 7|

will be handled as before. Now let us estimate ||||D|*u(7,-)|” — ||D|*v(7,-)|| gs—=. By using (3.16)
and (5.8) we have that

HIDIeu(r, )P = D10, WPl s S DI = (DI s (DIl + DI

< IDI%u = |DI0l oo (IIDI*ulfzs + 11Dl )

n
where s —a > sg > 5 By using Gagliardo-Nirenberg inequality in a similar way as for the previous

cases gives

n+25+2a 6

I1D|%u(T,-) = DI*o(7, )| o2 S (L +7)7 lu(T,-) = o(7, )l x (7, (6.31)

a 1 a —1 a —1
DI u(r, )preo S I1DI"w(T, )1, + I1D1"u(r, )72

o (6.32)
SA+7)"5

20,1 1
=Dl

Then we may conclude

D[ () = 1DI*0(7, )Pl o
SA+7)”

p(n+2a—2)42(s—2)
4

lu=vllxir) (Il + ol ) - (6:33)

By using the same arguments as before we derive

n+2(s

(140D (Nu(t, ) = Nott Dllze S = vllxe (e + lellid) . (630

n+2(s

(1 6) 5520 DP2(Nu(t, ) = No(t, Dllze S = ol (Jullid + Iol5d) - (6:35)

Combining (6.29), (6.30), (6.34) and (6.35) we prove (6.6). In this way the proof is completed. O
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