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Curvature conditions for a metric
Kulkarni-Nomizu product: ph ? hqijkl � 2hkrihjsl

Constant sectional curvature: Riem � � κ
npn�1qph ? hq.

Einstein equation (Einstein tensor, G � Ric � 1
2shh):

Ric � 1
n sh � 0

Geometric

ðñ G � n�2
2n κh � 0

Physical

Constant scalar curvature: s � trh Ric � κ is constant.

Beltrami Theorem
A metric has constant sectional curvature ðñ it is projectively flat.

Goal: study similar hierarchies
for statistical structures and, more generally,
coupling a metric to a tensor with prescribed symmetries and
satisfying certain auxiliary PDEs.
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Statistical structures

Statistical structure: p∇, hq such that ∇rihjsk � 0.

statistical ðñ trilinear form Lijk � ∇ihjk symmetric.
Special if ∇ det h � 0 ðñ Lijk � ∇ihjk trace-free.
∇̄ � ∇� Lij

k generates with h conjugate special statistical structure
p∇̄, hq having trilinear form L̄ijk � �Lijk .
Self-conjugate ðñ ∇ is Levi-Civita of h.

Terminology “statistical” comes from a geometric approach to parametric
statistics due to Amari-Chentsov-Lauritzen-others but for a geometer the
most natural appearance of such structures is:

A cooriented nondegenerate hypersurface in flat affine space acquires a pair
of conjugate special statistical structures, one of which is projectively flat.
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“Conformal” statistical structures
pr∇s, rhsq is an AH (affine hypersurface) structure if for each ∇ P r∇s and
each h P rhs there is a one-form γi such that ∇rihjsk � 2γrihjsk .

Given a projective structure r∇s and a conformal structure rhs on Mn

there is a unique ∇ P r∇s that is aligned with respect to rhs, meaning:

hpq∇ihpq � nhpq∇phqi (alignment condition).

Equivalently H ij � | det h|1{nhij is divergence free: ∇pH ip � 0.

Identify pr∇s, rhsq with p∇, rhsq, where ∇ P r∇s is aligned representative.

Locally statistical structure: pr∇s, rhsq such that every p P M contained in
an open U � M on which there are ∇ P r∇s (not necessarily aligned) and
h P rhs such that p∇, hq is a statistical structure on U.

Lemma: pr∇s, rhsq is locally statistical ðñ pr∇s, rhsq is AH.
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AH structures vs. statistical structures

Fij � �dγij , where γi � 1
2nhpq∇ihpq, does not depend on h.

AH structure closed if F � 0.
AH structure exact if there is h P rhs for which γ � 0.

The aligned representative of the AH structure pr∇s, rhsq generated by the
statistical structure p∇, hq is ∇̃ � ∇� 2σpiδjq

k , where σi � 1
n�2hpq∇ihpq.

In particular, the following are equivalent:
∇ is the aligned representative of pr∇s, rhsq.
The statistical structure p∇, hq is special.
The AH structure pr∇s, rhsq is exact.

A closed AH structure is locally statistical for the aligned ∇ P r∇s.
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Conjugacy and construction of AH structures

AH structure pr∇s, rhsq and h P rhs with Faraday primitive γi :
Trilinear form Lijk � ∇ihjk � 2γihjk symmetric, trace-free.
Cubic torsion Lij

k � hkpLijp independent of h P rhs.
∇̄ � ∇� Lij

k generates with rhs the conjugate AH structure,
for which ∇̄ is aligned and having cubic torsion L̄ij

k � �Lij
k .

Self-conjugate AH structures � Weyl structures.

Metric h, one-form γi , symmetric trace-free Lijk � Lpijkq, t P R ùñ
∇ � D � tLijphpk � 2γpiδjq

k � hijhkpγp (D � Levi-Civita of h)
generates with rhs an AH structure having aligned representative ∇,
cubic torsion �2tLij

k , and Faraday primitive γi .

Conjugacy corresponds with t Ø �t.
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Affine hypersurfaces
An�1 � flat affine space with parallel volume Ψ.

For locally convex Mn � An�1, affine normal at p is the tangent to the
curve formed by barycenters of slices of M by parallel translates of TpM.

A different definition is needed in nonconvex case.

Cooriented nondegenerate hypersurface in pAn�1, Ψq acquires a pair of
conjugate special statistical structures p∇, hq and p∇̄, hq.

Second fundamental form � coorientation ùñ rhs.
volh � volume induced by Ψ selects equiaffine metric h P rhs.
Affine normal induces an affine connection ∇.
Codazzi equations ùñ ∇rihjsk � 0.
Flat projective structure r∇̄s via pullback by the conormal Gauss
map M Ñ P�pA�q generates exact AH conjugate to pr∇s, rhsq.
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Curvature of AH and statistical structures

Curvature of AH pr∇s, rhsq means curvature of aligned ∇ P r∇s.
Curvature of statistical p∇, hq means curvature of ∇.

Rijkl � Rijk
phpl curvature of ∇. R̄ijkl � R̄ijk

phpl curvature of ∇̄.

Conjugate projectively flat exact ðñ locally an affine hypersurface.

flat statistical structure � Kähler affine (in sense of Cheng-Yau).
Often called Hessian, but better to use Hessian for when h � ∇dF for
a global potential F , so Kähler affine structures are locally Hessian.
Locally Kähler affine ðñ projectively flat AH.
Flat special Hessian � solution of WDVV or associativity equations.
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Curvature of special statistical structures
Codazzi operator: CpLq � 2DriLjskl , Divergence: δpLq � DpLij

p

�2Rijpklq � 2∇ri∇jshkl � 2∇riLjskl � 2DriLjskl � CpLqijkl ,

ùñ R̄ijkl � Rijkl � 2∇riLjskl � �Rijlk ,

ùñ Rip
p

j � ρpR̄qij ùñ trh ρpRq � trh ρpR̄q.

Lemma: R̄ � R � CpLq and ρpR̄q � ρpRq � δpLq.
Curvature is self-conjugate ðñ L is Codazzi.
Ricci curvature is self-conjugate ðñ L is divergence free.

Curvature tensor of h: Riem � R � 1
4L ? L� 1

2CpLq,
Ricci curvature of h: Ric � ρpRq � 1

4 ρpL ? Lq � 1
2δpLq.
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Curvature equations for special statistical structures
Special statistical has constant curvature if R � αh ? h for α P R.

Constant curvature ðñ projectively flat and self-conjugate curvature.

Key point is R � αh ? h ùñ R̄ � αh ? h ùñ L Codazzi.

“Natural” notion of Einstein
A special statistical structure is Einstein if:

(Naive Einstein) ρpRq and ρpR̄q are multiples of h.
(Conservation) Scalar curvature s � trh ρpRq � trh ρpR̄q is constant.

Recovers usual Einstein equations if ∇ � D.
If Weyl curvature is self-conjugate, naive Einstein ùñ conservation.
If L is Codazzi, constancy of s follows from naive Einstein condition.

More restrictive notion
Einstein � self-conjugate curvature.
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Example: naive Einstein not Einstein

There exist naive Einstein structures that are not Einstein.

h � °3
i�1 dx i b dx i Euclidean with Levi-Civita connection D.

dx ijk � °σPS3
dxσpiq b dxσpjq b dxσpkq.

L � px1 � x3qdx112 � px1 � x3qdx123 � px1 � x3qdx233

L is trace-free and divergence-free.
∇ � D � L7 where hpL7pu, vq, wq � Lpu, v , wq.
p∇, hq is naive Einstein special statistical but not Einstein.
Scalar curvature is a multiple of x2

1 � x2
3 .
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Generalizing constant scalar curvature
AH structure p∇, rhsq on Mn. For h P rhs and s � hijRicp∇qij , the
one-forms dsi � 2sγi and hpq∇pdγqi rescale under change of h, and

LabcRipabcq � n�2
n pdsi � 2sγi � nhpq∇pdγqiq

� hiahpq �∇̄pS̄q
a �∇pSq

a�� 2γppSip � S̄ipq
� 1

2δpT qi � 2�n
2n Li

abδpLqab � 1
nLi

abpS̄ab � Sabq,

where Sij � Rpijq � s
nhij and Tij � Lip

qLjq
p � 1

2 |L|2gij .

Proof: Adaptation of the usual argument showing the Einstein tensor
Rij � 1

2shij is divergence free by tracing 2∇riRjsk � ∇pRijk
p.

If n ¡ 2: self-conjugate curvature and vanishing of Sij � S̄ij ùñ

0 � dsi � 2sγi � nhpq∇pdγqi .(�)

D. Calderbank: (�) as definition of Einstein for 2-D Weyl structures.
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Einstein AH structures

An AH structure p∇, rhsq with conjugate p∇̄, rhsq is:
naive Einstein if for any h P rhs, Rpijq � s

nhij � R̄pijq.
Einstein if it is naive Einstein and for every h P rhs with associated
one-form γi and scalar curvature s, there holds

0 � dsi � 2sγi � nhpq∇pdγqi .(�)

Recovers usual notion of Einstein-Weyl.
By definition, p∇, rhsq is Einstein if and only if p∇̄, rhsq is Einstein.
When n ¡ 2, self-conjugate curvature � naive Einstein ùñ Einstein.
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Aside: Bach tensor
Bach tensor Oij of Weyl structure pr∇s, rhsq is trace-free symmetric tensor

Oij � ∇pWpij �W pqWpijq � 1
3�n∇p∇qWpijq �W pqWpijq.

When n � 4:
Oij is divergence free, arises as first variation of

�
M |W |2.

Oij � 0 for closed Einstein Weyl and ASD conformal structures.

An AH structure is normal if it has self-conjugate Weyl curvature and
self-conjugate generalized Cotton tensor (definition omitted).

There is a Bach tensor for AH structures. When n � 4 and the curvature
is normal it has the properties:

Symmetric, divergence-free, and self-conjugate.
For a closed Einstein AH structure with normal curvature, Oij � 0.
For a projectively flat AH structure with normal curvature, Oij � 0.
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Einstein field equations

Data: metric h on n-manifold with some auxiliary fields Ψ.
Einstein tensor G � Ric � 1

2shh is divergence-free.

Einstein field equations with cosmological constant Λ and
divergence-free symmetric stress-energy tensor T :

G � Λh � T .

T determined by some auxiliary fields Ψ.

Equivalently Ric � T � κh, where

κ � s � trh T � 2pn�1q
n s � nΛ

is constant provided n ¡ 2.

Geometric Einstein equations correspond with vacuum case T � 0.
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Example: Einstein-Maxwell equations

Electromagnetic 2-form F .
Quadratic expressions: pF � F qij � Fi

pFjp. |F |2 � hikhjlFijFkl .
Einstein-Maxwell equations:

dF � 0 � d � F , Ric � F � F � 1
n ps � |F |2qh.

Equivalently:

dF � 0 � d � F , G � Λh � T , Λ � 2�n
2n

�
s � n�4

2pn�2q |F |2
	

.

T � F � F � 1
4 |F |2h is stress-energy tensor.

δpGq � 0 and δpT q � 0 ùñ constancy of Λ.

Is there a projective flatness condition that traces to give EM equations?
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Coupled equations for p-forms
For a p-form Fija1...ap�2 � FijA:

pF � F qijkl � 2
3pFkri

AFjslA � Fij
AFklAq, ρpF � F qij � Fi

qAFjqA.

Stress-energy tensor: T � ρpF � F q � 1
2p |F |2h.

hpX , δpT qq � hpιpX qF , δpF qq � 1
p hpιpX qdF , F q pBaird ‘08q.

Coupled projective flatness:

dF � 0 � d � F , Riem � ϵpF � F q � � κ
npn�1qh ? h, ϵ P t�1u

Coupled Einstein equations:

dF � 0 � d � F , G � Λh � ϵT , ðñ Ric � ϵ ρpF � F q � κ
n h,

dF � 0 � d � F and constancy of Λ � n�2
2n

�
s � ϵ n�2p

ppn�2q |F |2
	

.
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Einstein-Maxwell couplings: examples
ph, Jq a Kähler structure with Kähler form ωp � , � q � hpJ � , � q.

(E. Flaherty ‘78, C. Lebrun ‘10) If n � 4 and ph, Jq has constant
scalar curvature, taking the primitive part of the Ricci form,

F � ω � 1
2pρ�1

4sωq, ρp � , � q � RicpJ � , � q,

ph, F q solves the Einstein-Maxwell equations.

ph, Jq has constant holomorphic sectional curvature 4κ if and only if

Riem � 3κpω � ωq � �κph ? hq pκ � s{24q.

If κ ¡ 0, F � ?
3κω, ph, F q is coupled projectively flat with ϵ � 1.

If κ   0, F � ?�3κω, ph, F q is coupled projectively flat with ϵ � �1.

Perhaps interesting question: are there any other solutions?
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Auxiliary field data

Opnq-irreducible module W determines module of trace-free
tensors with prescribed symmetries.
Example: Ø Weyl curvature tensors.

Symmetric Opnq-module map ϕ : W�WÑMC.
Normalization: trh ρpϕpω, ωqq � |ω|2.
Stress-energy tensor: T pωq � ρpϕpω, ωqq � 1

2r |ω|2h.
Generalized gradients A1, . . . , AN , symbols σAi pX qpωq.

Dω �
 

i
Aipωq

Definition

, hpX , δpT qq �
Ņ

i�1
βihpσAi pX qpωq, Aipωqq

Compatibility relation

With minor modifications can include spinors.
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General scheme

Coupled projective flatness:

Aipωq � 0, 1 ¤ i ¤ N, Riem � ϵϕpω, ωq � � κ
npn�1qh ? h, ϵ P t�1u.

Coupled Einstein equations:

Aipωq � 0, 1 ¤ i ¤ N, G � Λh � ϵT ðñ Ric � ϵ ρpϕpω, ωqq � κ
n h.

Constant generalized scalar curvature:

Aipωq � 0, 1 ¤ i ¤ N, and constancy of Λ � n�2
2n

�
s � ϵ n�2r

rpn�2q |ω|2
	

.

The existence and behavior of solutions depends strongly on the sign ϵ.
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Example: p3p � 1q-dimensional supergravity
The conditions Aipωq � 0 can be relaxed.

Data: pseudo-Riemannian pMn, hq, p-form F .
Suppose n � 1 � 3p (e.g. pp, nq � p2, 5q, p3, 8q, p4, 11q, etc.)
dF � 0 and d � F � cF ^ F , constant c ùñ δT � 0.

Coupled projective flatness:

dF � 0, d � F � cF ^ F , Riem � ϵpF � F q � � κ
npn�1qh ? h.

Variant of supergravity equations:

dF � 0, d � F � cF ^ F ,

G � Λh � ϵT ðñ Ric � ϵ ρpF � F q � Λh.

(For specific c generalizes usual 11-D supergravity equations.)

dF � 0, d � F � cF ^ F , constancy of Λ � n�2
2n

�
s � ϵ n�2p

ppn�2q |F |2
	

.
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Generalized gradients for trace-free Codazzi tensors

Data: Trace-free, symmetric ωi1...ik � ωpi1...ikq.

b

Dω

�

L

�

K

�

δ

Kpωq, Lpωq trace-free parts of CpωqijA � DriωjsA and Dpi1ωi2...ik�1q.
Divergence: δpωqi1...ik�1 � Dpωpi1...ik�1 .
Conformal Codazzi operator:

Kpωqiji1...ik�1 � Cpωqiji1...ik�1 � 1
n�k�3

k�1̧

s�1
his riδpωqjsi1...̂is ...ik�1

.

Conformal Killing operator:
Lpωqi1...ik�1 � Dpi1ωi2...ik�1q � k

n�2pk�1qhpi1i2δpωqi3...ik�1q.
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Stress-energy tensors for Codazzi tensors
Data: Trace-free, symmetric ωi1...ik � ωpi1...ikq.

Generalized Kulkarni-Nomizu product and its Ricci trace:

pω ? ωqijkl � 2ωkri
AωjslA, ρpω ? ωqij � pω ? ωqpij

p � ωi
AωjA.

When trh ω � 0, Cpωq � 0 ùñ δpωq � 0.

TCodpωq � ρpω ? ωq � 1
2 |ω|2h, TKilpωq � ρpω ? ωq � 1

2k |ω|2h.

Divergence identities for stress-energy tensors

hpX , δpTCodpωqqq � �2hpω, ιpX qCpωqq � hpιpX qω, δpωqq,
� �2hpιpX qKpωq, ωq � n�2

n�k�3hpιpX qω, δpωqq,
hpX , δpTKilpωqqq � k�1

k hpιpX qLpωq, ωq � n�2k
n�2pk�1qhpιpX qω, δpωqq.

Dan Fox (UPM) July 10, 2023 22 / 33



Coupled equations for trace-free Codazzi tensors

Data: Trace-free, symmetric ωi1...ik � ωpi1...ikq.

Coupled projective flatness:

Kpωq � 0, δpωq � 0, Riem � ϵpω ? ωq � � κ
npn�1qph ? hq ϵ P t�1u.

Coupled Einstein equations:

Kpωq � 0, δpωq � 0, G � Λh � ϵT pωq ðñ Ric � ϵ ρpω ? ωq � κ
n h.

Coupled constraint equations:

Kpωq � 0, δpωq � 0, constancy of Λ � n�2
2n ps � ϵ|ω|2q � n�2

2n κ.
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Hierarchy for special statistical structures
Theorem (Fox): A special statistical structure p∇, hq with trilinear form L
and scalar curvature r has

constant curvature ðñ ph, Lq solves coupled projectively flat
equations with c � 1

4 and κ � r ;
self-conjugate curvature and is Einstein ðñ ph, Lq solves coupled
Einstein equations with c � 1

4 and κ � r ;
self-conjugate curvature and constant scalar curvature ðñ ph, Lq
solves coupled constraint equations with c � 1

4 and κ � r .

Proof follows from:
Cubic form is trace-free Codazzi if and only if the special statistical
structure has self-conjugate curvature.
For a special statistical structure with self-conjugate curvature:

Rijkl � 1
4pL ? Lq � Rijkl , Rij � 1

4 ρpL ? Lqij � Rij , s � 1
4 |L|2 � r .
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Examples from submanifold geometry

k � 2, coupled projectively flat
If h and Π are the induced metric and second fundamental form of a mean
curvature zero nondegenerate hypersurface in a pseudo-Riemannian space
form, then ph, Πq is coupled projectively flat.

k � 3, coupled projectively flat
If h and Π are the induced metric and twisted second fundamental form of
a mean curvature zero nondegenerate Lagrangian immersion in a
(para/pseudo)-Kähler manifold of constant (para)-holomorphic sectional
curvature, then ph, Πq is coupled projectively flat.

Sign ϵ depends on the geometric data - signature, para/pseudo, etc.
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Algebraic solutions on a flat background
k = 3, h flat
If h flat, ωijk means it is the trilinear form of a metrized commutative
nonassociative algebra. Unique isomorphism class of coupled projectively
flat solutions for each n ¥ 2, while coupled Einstein solutions abound.

Hypersurface Σ � Sn is isoparametric if has constant principal cur-
vatures. Σ is a level set of a polynomial P : Rn Ñ R homogeneous
of degree g P t1, 2, 3, 6u and solving, for mi � mi�2 (indices m 6),

|dP|2 � g2|x |2pg�1q, ∆P � m2�m1
2 g2|x |g�2.(�)

Isoparametric polynomials
The trace-free part ωi1...ig of polarization of P solving (�) and Euclidean h
solve coupled Einstein equations but are not coupled projectively flat.
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Algebraic solutions on nonflat background

G a connected compact simple Lie group with Killing form BG   0.
Biinvariant metric h � �BG on G .
ωi1...ik P Skpg�q the polarization of a harmonic homogeneous
G-invariant polyonomial P of degree k ¥ 3.

The pair ph, ωq solves the coupled Einstein equations on G .

Proof: G invariance decouples the equations.
G-invariance implies ωi1...ik is parallel, so Codazzi.
G-invariance implies ρpω ? ωq is G-invariant, so is a multiple of h.
For same reason h is Einstein in usual sense.

In general these solutions not coupled projectively flat. Can be shown
for G � SUpnq, k � 3.
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No other examples on compact Lie groups

Theorem (Follows from results of H. T. Laquer, H. Naitoh)
A compact simple Lie group G admits a unique biinvariant exact AH
structure pD, r�BG sq unless G has type An, n ¥ 2, in which case there is a
unique one-parameter family p∇t , r�BG sq of biinvariant exact AH
structures. These are Einstein but not constant curvature.

There is a similar theorem for Riemannian symmetric spaces, with
exceptional examples on certain symmetric spaces.

Theorem (Follows from results of H. T. Laquer, H. Naitoh)
Each of the irreducible Riemannian symmetric spaces

SUpnq{SOpnq pSUpnq � SUpnqq{SUpnq SUp2nq{Sppnq E6{F4
n ¥ 3 n ¥ 3 n ¥ 3
R C H O

admits a 1-parameter family of solutions of the k � 3 coupled Einstein
equations. These solutions are not coupled projectively flat.
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Einstein special statistical structures and affine spheres

Affine sphere: A nondegenerate hypersurface Mn � An�1 whose affine
normals meet in a point (its center) or are parallel (center at infinity).

For nondegenerate cooriented Mn � An�1 with induced conjugate special
statistical structures p∇, hq and p∇̄, hq the following are equivalent:

M is an affine sphere.
p∇, hq and p∇̄, hq have self-conjugate curvature.
p∇, hq and p∇̄, hq are Einstein.

These conditions imply and, if n ¡ 2, are implied by
p∇, hq and p∇̄, hq are projectively flat.

Yields lots of solutions of the coupled projectively flat equations.
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Existence of affine spheres
M a convex affine sphere with complete equiaffine metric h.
(Blaschke-Deicke-Calabi) M elliptic ùñ M ellipsoid.
(Jörgens-Calabi-Cheng-Yau) M parabolic ùñ M elliptic paraboloid.
(Calabi) M hyperbolic ùñ h has nonpositive Ricci curvature.

Theorem (Cheng-Yau ‘86): The interior of a nonempty pointed closed
convex cone is foliated in a unique way by complete hyperbolic affine
spheres asymptotic to its boundary and having center at its vertex.

(Klartag, 2018): over a bounded convex domain Ω there is a (necessarily
incomplete) elliptic affine sphere with center at the Santaló point of Ω.

Many examples of nonconvex affine spheres from: conditions on cubic
form (Dillen, Z. Hu, H. Li, Vrancken), level sets of real forms of relative
invariants of irreducible prehomogeneous vector spaces (Fox),
nonassociative algebras (Fox, R. Hildebrand).
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Cheng-Yau metric

Corollary: a properly convex flat projective manifold carries a canonical
homothety class of metrics that constitute with its projective structure an
exact AH structure having constant negative curvature.

Proof (Following J. Loftin, 2001): descend the equiaffine metric of
an affine sphere asymptotic to the cone over its universal cover.

Yields abundance of nontrivial compact Riemannian Einstein AH.
This is like Kähler-Einstein metric in negative Chern class case.
Analogues of zero and positive Chern class need to be formulated.
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Einstein-Weyl structures on bundles

Theorem (Pedersen-Swann, 1991)
Kähler-Einstein manifold M with scalar curvature s � 0.
N Ñ M principal S1-bundle with principal connection whose
curvature is a multiple of the Kähler form.

N admits a one-parameter family of Einstein-Weyl structures that are
Riemannian if s ¡ 0 and Lorentzian if s   0.

Simplest examples are perturbations of Levi-Civitas of Berger metrics
on total space of Hopf fibration S3 Ñ S2.
Special case of a more general result yielding Einstein-Weyl structures
on total spaces of torus bundles over products of Kähler-Einstein
manifolds having nonzero first Chern classes.

Negative Chern class case extends to surfaces with a convex flat real
projective structure in place of a Kähler-Einstein metric.
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Curved cone picture
Theorem (Fox, 2021)
Given an oriented, compact surface M of genus g ¥ 2 equipped with a
properly convex flat projective structure r∇s having Cheng-Yau metric g
and aligned representative ∇, and an integer k such that
|k| ¤ 2pg � 1q � �χpMq, there are a principal S1-bundle ρ : N Ñ M with
Euler number epNq � k, a principal connection β, and a torsion-free
connection D̂ on N that together with the Lorentzian metric
G � β b β � ρ�pgq satisfy:

pD̂, rGsq is Einstein AH with aligned representative D̂.
ρ : pN, Gq Ñ pM,�gq is a metric submersion with timelike and
D̂-totally geodesic fibers.
∇X Y � TρpD̂X̂ Ŷ q is aligned representative of r∇s (X̂ is β-lift).
If epNq � �χpMq, p∇, gq is a constant curvature Riemannian metric
and its Levi-Civita if and only pD̂, rGsq is closed.

(Note p∇, gq is special statistical with negative constant curvature.)
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