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Chapter 1

Rings and ideals

In these notes a ring A := (A, +, -) will always represent a commutative ring with unit 14, which
is the neutral element for the product. The neutral element for the sum will be denoted by 04.
We will drop the subscript when understood from the context. We will denote by £ a field, i.e. a
ring where every element by zero has a multiplicative inverse.

1.1 General theory of rings and ideals

1.1.1 Basic definitions
Definition 1. A subset I C A is an ideal if

e 0c/
o Forevery f,gel,itis f—gel
o Forevery fel,a€ A, itisaf €1
or, equivalently,
e 0c/
o Forevery f,gel,a,be A, itisaf +bgel

Given a subset ¥ C A, we denote the ideal generated by ¥ by (3), which is equal to the
finite linear combinations of elements in ¥ with coefficients in A:

E)={aifi+ - Faufn : a; €A, f; €T}

We will call principal ideals to those ideals generated by a single element f € A, and will be
denoted by (f). In particular, (0) is an ideal, just the element zero, and (14) = A is the total
ring.

We can perform different operations with ideals. Given ideals I, J C A, we define:
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Sum: I +J={f+g : fel,geJ}
Product: IJ=1-J:={figi+ -+ fugn : fi€I1,9; € J}
Intersection: INJ={fe€A: fel felJ}

Definition 2. We define the subset of units of a ring A as those elements with a multiplicative
muverse:

UA):={ac A : Jbe Ajab=ba =1}
Note that, if A is a field, U(A) = A\{0}.
Definition 3. We define the subset of zero divisors of a ring A as:
Div(A):=={a€ A : a#0,Fb€ A,b#0,ab=ba =0}

Definition 4. We will say that a ring A is an integral domain (or a domain, for short), if it
has no zero divisors, i.e. Div(A) = ().

For a domain A, we can construct its field of fractions:

A < TFrac(A) ={% :abeAb#0}

S (1.1)

1
which contains A as a subring.

Definition 5. We say that an element a € A is nilpotent if there exists an integer n € N such
that a™ = 0.

Exercise 1. Show that, if a is nilpotent, then 1 — a is a unit. Deduce that the sum of a nilpotent
and a unit 1s a unit.

Definition 6. We say that an element a € A is idempotent if a*> = a.

If a € A is idempotent, then a(l —a) = 0 every € A decomposes uniquely as x =
za + x(1 — a), hence the ring splits as A = Aa @ A(1 — a).

Definition 7. Given rings A and B an application between them ¢ : A — B is a ring homo-
morphism if

e For every ay,as € A, p(a; + az) = ¢(ar) + ¢(as)
o For every ay,as € A, p(ay - az) = ¢(ay) - p(az)
° go(lA) =1g

A ring homomorphism which is injective is called a ring monomorphism. A ring homomorphism
which is surjective is called a ring epimorphism. A ring homomorphism which is both injective
and surjective is called a ring isomorphism.
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Let f: A — B be a ring homomorphism, and let I C A, J C B be ideals. It can be shown
that f~'(J) C A is an ideal. In particular, Ker f = f~1((0)) = f~'(0) is an ideal. However,
im(/) C B and im ¢ C B are subrings but, in general, they are not ideals. To convert them into

ideals we need to multiply by the ring B. Hence, this defines a correspondence between ideals of
A and B:

each ideal I C A gives an ideal f(I)B C B called the extension of I and denoted by e([) ,
(1.2)
each ideal J C B gives an ideal f~!(J) C A called the restriction of J and denoted by r(.J) .

Exercise 2. Show that I C r(e(I)) and e(r(J)) C J, but equalities do not hold in general. Show
that there is a bijection between ideals I C A such that I = r(e(I)) and ideals J C B such that
e(r(J)) =J.

Ideals in ring theory have a similar role as normal subgroups in group theory, they provide
quotient rings. Given a ring A and an ideal I C A, we have the equivalence relation in A given
by a ~;yb< a—b € I. Then we can construct the quotient ring

A/I = {[a]v+? }

where each equivalence class is given by [a] = a + I. We have the surjective homomorphism
¢ : A — A/I whose kernel is Ker p = I.

There exists a bijective correspondence between ideals I, J of A with I C J and ideals J/I
of the quotient A/I:

(I cJc A}y <S5 {J/Ic A/ (1.3)
Theorem 1. We have the following three isomorphism theorems for rings:

(1) Given a ring homomorphism ¢ : A — B, it induces a ring isomorphism @ : A/ Ker ¢ — im .

(2) Given ideals I C J C A, we have the ring isomorphism % — A/ J.

(8) Given an extension of rings A C B and an ideal J C B, we have the ring isomorphism

AJANJ — A+ J/J.

1.1.2 Prime and maximal ideals

Definition 8. A subset S C A is a multiplicative set if 1, € S and for every f,g € S, it is
fges.

Definition 9. An ideal p C A is called a prime tideal if for every ideals I,J C A such that
I-J Cp, then either I C p or J C p.

Exercise 3. Prove that p C A is a prime ideal if and only if A\p is a multiplicative set if and
only if A/p is a domain.

Given a prime ideal p C A with denote by k(p) = Frac(A/p) the residue field of p.
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Definition 10. An ideal m C A is a mazximal ideal if there is no other ideal I C A with
mCIlCA

Exercise 4. Prove that every mazimal ideal is a prime ideal.
Exercise 5. Prove that if m C A is a mazimal ideal then A/m is a field.

Definition 11. Define the prime spectrum (or just the spectrum) of a ring A as the set of
prime ideals
SpecA={p C A : pisa prime ideal}.

Define the mazximal spectrum of a ring A as the set of mazximal ideals
Specmax A = {m C A : m is a mazimal ideal}

Let us show the existence of prime and maximal ideals in any ring A.

Let ¥ = (3, <) be a partially ordered set. For a subset A C X we say that u € 3 is an upper
bound of A if [ < u for every [ € A. We say that w € ¥ is maximal if there does not exists an
element v € ¥ with w < uw and w # u. We say that A C ¥ is a totally ordered set if for every
I,meA, wehave l < morm <|I.

Lemma 1 (Zorn). Let 3 # @& be a partially ordered set such that every totally ordered subset A
of ¥ has an upper bound in X. Then ¥ has a mazimal element.

Proof. Zorn’s lemma is equivalent to the axiom of choice and to the principle of well-ordering (or
Zermelo theorem) in set theory. O

Proposition 1. Let S be a multiplicative set in a ring A, and let I C A be an ideal disjoint with
S. Then, there exists a prime ideal p containing I and disjoint with S.

Proof. Define the set ¥ :={J D1 : JNS =0} of ideals containing I and disjoint from S. This
set is non-empty because [ itself belongs to X, and is partially-ordered with the inclusion. Let
A C X be a totally ordered subset. Then K := UJieA J;i is an ideal which is an upper bound of A.
By Zorn’s Lemma 1 there exists a maximal element p € 3.

Let us show that p is a prime ideal by showing that if f, g & p, then fg & p. Suppose that
there are elements f,g € A such that f,g € p. Then, p T p+(f), p  p+ (9) and, by maximality
of p, these two bigger ideals intersect S in elements of the form p + af, ¢ + bg, with p,q € p,
a,b € A. Being S multiplicative, their product (p + af) - (¢ + bg) € S, and

(p+af)-(q+0bg) =pq+pbg+qaf +abfyg

where pg + pbg + qaf € p. Given that p NS = (), it is abfg & p, then fg &€ p, completing the
proof. O

Proposition 2. Let I C A be an ideal. Then, there exists a mazimal ideal m containing I.

Proof. The proof is a similar application of Zorn’s Lemma 1 as in Proposition 1, by considering

the set X :={I C J C A}. O
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Exercise 6. Complete the details of the proof of Proposition 2.
Corollary 1. Every ring is a disjoint union of its units and its mazimal ideals, A = U(A) | | (Um).
Proof. Exercise. O
Let us define the radical and the nilradical of an ideal.
Definition 12. Let I C A be an ideal. We define the radical of I as
VI:={feA:3dneN, f"ell}.
We say that I is a radical ideal if I = 1.

Exercise 7. Prove that the radical of an ideal is also an ideal.

Proposition 3. We have VI = N p.

pESpec A, ICp

Proof. First, note that (1.3) respect primes, i.e., there is a bijective correspondence between
prime ideals p containing I and prime ideals ¢ € A/I, where A = ¢~ Y(A/I). Let f € v/I and
let p = ¢7'(q) C A a prime ideal containing I. There exists a natural n such that f* € I, then
o(f") =0¢€ A/I, hence p(f™) = ¢(f)" € q for every prime ideal q C A/I. Therefore, f™ € p for
every prime ideal p C A.

Conversely, let f & /1. If f* & I for any n, then S = {1, f, f%, f3,...} is a multiplicative
set disjoint from I. By Proposition 1 there exists a prime ideal p which contains [ and is disjoint
with S, hence f ¢ p. m

Definition 13. The nilradical of a ring A, denoted by nilrad A is the set of nilpotent elements
of A. We say that A is reduced if nilradA = 0.

Observe that the nilradical of a ring A is the radical of its zero ideal, nilrad A = 1/(0).
Proposition 4. We have nilrad A= ] p.

pESpec A
Proof. This is a consequence of Proposition 3, by taking I = (0). O
Definition 14. We define the Jacobson radical of a ring A, denoted by R, as R = N m.

meESpecmax A

Exercise 8. Prove that a € R if and only if 1 —ab € U(A), for every b € A.

We finish the section with the definition of local ring, a notion which will be further explored
later in the course to study local geometric properties.

Definition 15. A local ring is a ring A which has a unique mazimal ideal m. We will often
denote a local ring as (A, m). We will denote by k = A/m its residue field.

By Corollary 1 a ring is local if all the non-units form a maximal ideal, i.e. (A,m) =

U(A) | m.
Exercise 9. Prove that if (A, m) is a local ring, then 1 +m C U(A).

8
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1.2 Classes of domains

In this section we are going to recall the relevant classes of domains for the rest of the text. For
this section A will always denote an integral domain.

1.2.1 ED, PID and UFD’s

Let us begin by recalling the definition of prime and irreducible element Given two elements
a,b € A, we say that a divides b, denoted by a | b if there exists an element ¢ € A such that ac = b.

Definition 16. An element a € A, a # 0 is said to be reducible if there exist elements b,c €
A\U(A) with a = be. We say that a is irreducible if a ¢ U(A) and a is not reducible.

Definition 17. An element a € A is said to be prime if a ¢ U(A) and a|bc implies a|b or a|c.
Remark 1. Observe that if a is a prime element then (a) is a prime ideal.
Proposition 5. Let A be a domain. If a € A is prime, then a is irreducible.

Proof. By definition a ¢ U(A). Suppose that a is reducible, then there exist elements b, c ¢ U(A)
with a = be. Then be € (a), which is a prime ideal, therefore, for example, b € (a) (or ¢ € (a)). In
this case, there exists d € A such that b = ad, then a = bc = adc, then a(1 — dc) = 0. Being A a
domain, we get 1 = dc, hence c is a unit, contradiction. n

We start with the definitions of Euclidean and Principal Ideal Domains.

Definition 18. We say that a domain A is an Euclidean Domain (ED) if there ezist an
application d : A\{0} — N, called degree such that

e For every a,b € A\{0}, d(a) < d(ab).

e For every a,b € A, b# 0, there exists q,r € A (called quotient and remainder, respectively),
with a = qb+ 1 and either r =0 or r # 0 and d(r) < d(b).

Definition 19. We say that a domain A is a Principal Ideal Domain (PID) if every ideal
I C A is a principal ideal, i.e. I = (a), a € A.

Proposition 6. If A is a PID and a € A,a # 0 is irreducible, then (a) is mazimal. Therefore (a)
18 prime and a 1S prime.

Proof. Suppose that there exists an ideal (a) € (b) € A. Then a,b & U(A) and there exist an
element ¢ € A such that a = be, ¢ € U(A), hence a is reducible, contradiction. H

Now we define the notion of Unique Factorization Domain.

Definition 20. We say that a domain A is a Unique Factorization Domain (UFD) if every
element a € A, factors as a = b][, p;", with b € U(A) and p; irreducible elements such that p;

does not divide p; for i # j, and this decomposition is unique up to units.

9
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Theorem 2. Let A be an integral domain.

(a) If A is an ED, then A is a PID.

(b) If A is a PID, then A is a UFD.

Proof. (a) Let d : A\{0} — N be the degree function. Let 0 # I C A be an ideal. Consider

the set M = {d(a) : a € I\{0}}, which is non-empty, therefore it has a mininum b € I and
(b) C I. Let us show that, indeed, (b) = I. Let a € I C A, which is an ED, then there exists
q,r € Awitha=¢b+r withr=0o0rr # 0 and d(r) < d(b). But r =a —bq € I and d(b)
is the minimum of M, then r =0, a = ¢b and a € (b). Therefore I = (b) is principal and A
is a PID.

Let A be a PID, which is Noetherian. Consider the set
M:={0#a€cA : agU(A),a is not a finite product of irreducible elements}

and suppose that M is non-empty. Let ¥ := {(a) : a € S}, which has a maximal
element by Proposition 8, say J = (b), with b € M not being a finite product of irreducible
elements, then b is reducible. Let ¢, co & U(A) such that b = ¢1¢o. Then, J = (b) C (¢q),
J = (b) € (ca), hence ¢y, co € M and ¢, ¢y are products of irreducible elements, therefore b is
a product of irreducible elements, which is a contradiction. Then we have shown that M = ()

and every element a € A can be written as a product of irreducible elements, a = p; - - - p,.

Let us show the uniqueness of this factorization. Suppose that there exists other factorization
a=q---qs.- Given that p; is irreducible, p; is prime by Proposition 6 and p; | a = ¢1 - - - gs
then p; divides any of the ¢'s, say, p1 | ¢1, both irreducible elements, then pyu; = ¢, with uy €
U(A). Repeating the argument we arrive that a = py---p, = (ug -+ U)p1 - Pr@ry1 -+ s =
upy - PrQrat - qs, with uw € U(A). Then py - p.(1 — ugry1---qs) = 0 in A domain, then
1 =ugy41---qs and g,41,--- , Qs are units, then r = s.

]

Exercise 10. Prove that in a UFD A, a € A is irreducible if and only if a is prime.

Remark 2. The three types of domains introduced reflect increasing properties in analogy with
those of the ring of integers: being able to perform Euclidean division for a ED, having all their ide-
als generated by a single element or having a unique factorization in irreducibles (then in primes).
Several familiar results for arithmetics in Z work in general in the different types of domains. In
an ED, the Euclidean algorithm holds. In a PID, Bezout identity holds. In a UFD, there always
exist the greatest common divisor (g.c.d) and the lowest common multiple (I.c.m).

1.2.2 Gauss’ Lemma

Next, we are going to prove the important Gauss’ Lemma about rings of polynomials with coeffi-
cients in a UFD. We will say that f(X) = ag + a1 X + a2 X? + -+ + a, X" € A[X] is a primitive
polynomial if the greatest common divisor of its coefficients is one, i.e., g.c.d(aq, ..., a,) = 1.

10
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Lemma 2. Let A be a UFD. Let f(X),g9(X) € A[X] be primitive polynomials. Then the product
f(X)g(X) is a primitive polynomial.

Proof. Suppose that f(X)g(X) is not a primitive polynomial and let p € A be the g.c.d. of the
coefficients of f(X)g(X), which is an irreducible element, and then a prime element because A is

a UFD. Let | |
T AIX] — A/(p)X], ) ait > (4 + (p)a

be the map reducing the coefficients modulo p. Then, 7(f(X))7(g(X)) = «(f(X)g(X)) = 0,
because p divides all the coefficients of f(X)g(X). Given that (p) is a prime ideal, A/(p) is a
domain and also is A/(p)[X]. Then p divides all the coefficients of f(X), therefore f(X) is not
primitive, contradiction. [

Lemma 3. Let A be a UFD with field of fractions K = Frac(A). A degree polynomial f(X) € A[X]
of deg f > 1 is irreducible in A[X] if and only if f(X) is irreducible in K[X] and f(X) is primitive
in A[X].

Proof. Suppose that f(X) of deg > 1 is irreducible in A[X] then, in particular, f(X) is primitive
in A[X]. Suppose that f(X) = g(X)h(X) with g(X),h(X) € K[X] not units. Let a,b € A be
the common denominators of the coefficients of ¢g(X) and h(X), respectively. Then, ag(X) =
ug1(X),bh(X) = vh(X) € A[X], with u,v € A and ¢,(X), hi1(X) primitive in A[X]. Hence,
abf(X) = (ag(X))(bh(X)) = uwvg;(X)hi(X). By Lemma 2, ¢;(X)hy(X) is primitive in A[X].
This, together with f(X) being primitive in A[X] yields f(X) = g1(X)hi(X). Given that f(X)
is irreducible in A[X], ¢1(X) (or hi(X)) has to be a unit in A[X], therefore g(X) = ”ng(X) is a
unit in K[X].

Conversely, suppose that f(X) is irreducible in K[X] and primitive in A[X]. Let f(X) =
g(X)h(X)in A[X]| C K[X]. Then, g(X) (or h(X)) is a unit in K[X], hence g(X) € K\{0}NA[X],
therefore g(X) € A\{0}. Now, the g.c.d. of the coefficients of f(X) = g(X)h(X) is 1, equal to the
g.c.d. of the coefficients of h(X) multiplied by g(X) € A\{0}. We conclude that g(X) € U(A).

[l

Theorem 3 (Gauss’ Lemma). Let A be a UFD. Then, A[X] is a UFD.

Proof. We show that A[X] is a UFD by using a characterization of these domains (c.f. [FG,
Proposicion 1V.1.6]).

First we show that if f(X) is irreducible in A[X], then f(X) is prime. If deg f(X) = 0, then
f(X) € Airreducible in A, then f(X) is prime in A and (f(X)) is prime in A[X]. If deg f(X) > 1,
by Lemma 3 f(X) is irreducible in K[X], which is an ED, hence a PID and (f(X)) = f(X)K[X]
is a prime ideal in K[X]. Then, we conclude by showing that

FXOKX]NAX] = f(X) N A[X]

hence (f(X)) is a prime ideal in A[X] and f(X) is prime in A[X].

Second we show that every f(X) € A[X] can be written as a product of irreducible elements.
If f(X) € U(K[X]), then f(X) € A\{0} and A is a UFD, then f decomposes as a product of
irreducible elements. If f(X) ¢ U(K[X]), given that K[X] is a UFD, then f(X) = ¢1(X) - - g-(X)

11
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in K[X], with a;0;(X) = w;h;(X) € A[X], a1,...,a, € A\{0}, uq,...,u, € A\{0}, and h;(X)
primitive in A[X]. As the g;(X) are irreducible, the h;(X) are irreducible, then if d is the g.c.d.
in A of the coefficients of f(X), f(X) = dfi1(X) with f1(X) primitive, we obtain

al--~ardf1(X) :ulurhl(X)hr(X)

Equalling primitive polynomials in both sides we get fi(X) = hy(X)---h.(X). Finally, either
d € U(A) or d=p;---ps irreducible elements in A, therefore

f(X) =p1- psha(X) - b (X)
decomposition in irreducible elements in A[X], completing the proof of the Theorem. O

Corollary 2. The rings Z|X]|, Z[ X, ..., X,], k[ X4, ..., X,] are UFD’s.

1.2.3 Some important examples

Example 1. The ring of integers Z is an ED (with d being the absolute value), then a PID and
a UFD. Apart from the zero ideal, the ideals of Z are the principal ideals (n), the multiples of
an integer n. The prime ideals are (p), the multiples of a prime number, and these are also the
mazximal ideals (Proposition 6).

Example 2. If k is a field, the ring of polynomials in one variable k[X| is an ED (with the d being
the degree of a polynomial, then a PID and a UFD. The ideals of k[X] are the principal ideals
(f(X)). The prime ideals are (0) or (f(X)) with f(X) irreducible (the latter are also the maximal
ideals by Proposition 6). If k is algebraically closed (such as k = C), then irreducible polynomials
are degree 1 polynomials f(X) = u(X — a), where u € U(A) a € k. If k is not algebraically closed
(such as k = R), there exist irreducible polynomials of degree > 1, like f(X) = X? +1 € R[X].

Example 3. The ring Z [H— V2_19] 15 the simplest example of a PID which is not an ED, because

it can be shown that there is no possible degree function.

Example 4. (The arithmetic surface Z|X|) The ring Z|X] is a UFD but not a PID. For
example, the ideal generated by 2 and X is not principal, i.e. there is no polynomial f(X) € Z[X]
such that (2, X) = (f(X)).

The prime ideals of Z[X] are

0).

p), with p a prime number.

(
(

o (f(X)), with f(X) a polynomial irreducible in Z[X].
(

p, (X)), with p a prime number and f(X) a polynomial in Z[X]| which is irreducible
mod p. These are the mazimal ideals.

12
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Let us show this. Let p € Z[X] be a prime ideal. If p = (0) or if p = (g) with g € Z[X]
a prime element, then g is an irreducible element and, hence, g is either a prime number or an
irreducible polynomial in Z[X], covering the first three cases. Assume that p = (f1(X), f2(X)) is
a prime ideal which is not principal, and where fi(X), f2(X) have no common factor in Z[X].

We claim that f1(X), f2(X) also do not have a common factor in Q[ X| where Q = Frac(Z). If
not, F1(X) = h(X)g1(X), 12(X) = h(X)gu(X), with h(X), ¢1(X), g2(X) € QX] and deg h(X) >
1. We extract the common denominator of these polynomials to obtain reduced expressions h(X) =
aho(X), g1(X) = biji(x), g2(X) = beja(X), with a,by, by € K and ho(X), j1(X), jo(X) primitive
polynomials in Z[X]. By Lemma 2, ho(X)j1(X), ho(X)j2(X) are primitive. Then:

J1(X) = h(X)g1(X) = aho(X)b1j1(X) = (ab1)ho(X)j1(X) € Z[X]
f2(X) = h(X)g2(X) = aho(X)baja(X) = (aba)ho(X)j2(X) € Z[X]

hence aby,aby € Z and, therefore, ho(X) | f1(X), f2(X), contradiction because fi(X), fo(X) have
no common factor.

Now we show that (fi(X), fo(X)) NZ # 0. Given that Q[X] is a PID and fi(X), f2(X)
have no common factor, by Bezout’s identity there exist polynomials a(X),b(X) € Q[X] such that
a(X)f1(X)+b(X)f2(X) = 1. If c € Z is the common denominator of the coeficients of a(X) and
b(X), then we get ca(X) f1(X) + cb(X) fo(X) = ¢ € Z, with ca(X),cb(X) € Z[X].

Let us see that (fi1(X), f2(X)) NZ is a prime ideal of Z. On the one hand, let r €
(f1(X), fo(X)NZ and let s € Z. Then

rs = (ca(X) f1(X) 4 cb(X) f2(X))s = csa(X) [1(X) + esb(X) fo(X) € (f1(X), /(X)) NZ

then (f1(X), fo(X))NZ is an ideal. On the other hand (f1(X), fo(X))NZ = v~ ((f1(X), f2(X))),
where 1 : 7 — Z[X] and the preimage of a prime ideal by a ring homomorphism is a prime ideal.
Then, being 7. a PID, (f1(X), fo(X)) NZ = (p), where p is a prime number. Hence, p has to be
one of the generators f1(X) or fo(X), otherwise p = a(X) f1(X) + b(X) f2(X) and the right hand
side has degree > 1. And, for fo(X) to not have a common factor with f1(X) = p, fo(X) has to
be irreducible modulo p, completing the proof for the ideal (p, f(X)).

Note that

ZIX] S FX] & F[X)/(F(X)

where ker f o a = (p, f(X)). And Z[X]/(p, f(X)) ~ F,[X]/(f(X)), which is a field (it is the
quotient of a ring of polynomials with coefficients in a field, i.e. a UFD, by the ideal generated by
an irreducible element, then a mazimal deal). Therefore, (p, f(X)) is a mazimal ideal.

Example 5. (The geometric surface k[X,Y]) Similarly, k[X,Y] is a UFD which is not a PID.
The prime ideals of k[X,Y] are

e (0).
o (f(X,Y), with f(X,Y) a polynomial irreducible in k[X,Y].

e (f(X),9(X,Y)), with f(X) a an irreducible polynomial in k[X] and g(X,Y) a polynomial
in k[X,Y] whose reduction mod f(X), i.e. in k[X,Y]/(f(X)), is irreducible. These are
the maximal ideals.
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Most of the examples of this course will be produced by means of ideals in the rings Z|X| and
k[X,Y], the arithmetic and the geometric surfaces.

Assume k is algebraically closed. The points in k? correspond to mazimal ideals in k[X,Y].
Indeed, we have just seen that a mazimal ideal in k[X,Y] is of the form (f(X),9(X,Y)), with
f(X) a an irreducible polynomial in k[ X]| and g(X,Y) a polynomial in k[X,Y| whose reduction
mod f(X) is irreducible. This means that f(X) = X —a, a € k (there are the irreducible non-
constant polynomials in k[X]). Let g(X,Y) the other element of the maximal ideal. Passing to
the reduction mod f(X) is taking the image of the evaluation:

ev, = k[X,Y] — K[X,Y]/(X —a) ~k[Y]
hMX,Y) — h(a,Y)

if this image ev,(M(X,Y)) = h(a,Y) is irreducible as a polyonmial in k[Y] then h(a,Y) =Y —b,
b € k. Therefore, we can identify each mazximal ideal with (X — a,Y — b) and with the point
(a,b) € k*. The evaluation map

KX, Y]/(X —a,Y —b) ~k

GU(aJ,) : /{Z[X, Y]
h(X,Y h(a,b)

%
H
computes the value of each function in the point (a,b), and exhibits the maximality of (X —a,Y —b)
because the quotient by this ideal is the field k.

Now, let f(X,Y) € k[X,Y] be a polynomial and consider the principal ideal (f) C k[X,Y].
Let K[ X, Y]/(f(X,Y)) be the quotient ring whose elements are equivalence classes of polynomials
g(X,Y) + (f(X,Y)). Let X be the subset of points in the affine plane k* which are solutions
of the equation f(X,Y) =0, i.e. Z = {(z,y) € k* : f(z,y) = 0}. This is usually called
an algebraic curve over k, or the set of k-points of the algebraic curve defined by f. If two
polynomials g(X,Y), h(X,Y) € k[X,Y] have the same values over Z, i.e. g(X,Y )|z = h(X,Y)|z,
then (9(X,Y) —h(X,Y))|z is identically zero as a function, then g(X,Y)—h(X,Y) € (f(X,Y)),
therefore the elements

g(X,Y) + (f(X,Y)) = h(X,Y) + (f(X,Y)) € k[X, Y]/(f(X,Y))

are equal. This allows to call the quotient ring k[X,Y]/(f(X,Y)) the ring of (algebraic or polyno-
mial) functions of the curve Z, this is, the elements of the ring are actually polynomial functions
defined over Z. This correspondence between algebra and geometry is the core content of the
course.

Let us finish by showing that there are two different types of non-domains.

Proposition 7. Let A be a ring which is not an integral domain, then either A has nilpotents or
A has more than one minimal prime.

Proof. If nilrad(A) = 0 then, by Proposition 4, 0 = (1, Jime P = [y prime minimar P+ 1f there is just
one minimal prime, then this minimal prime is zero, and A would be a domain, contradiction. []

14
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Example 6. The ring k[X,Y]/(X?) is not reduced because the polynomial f(X,Y) = X (mod-
ulo X?) is a nilpotent element. It corresponds with the first type of non-domains described in
Proposition 7.

The nilradical of k[X,Y]/(X?) is the intersection of all its primes (Proposition J). These
primes are (X) and all (X,Y — a), and the former is the the only minimal prime, which is the
nilradical.

The elements of k[X,Y]/(X?) can be written in the form f(Y)+Xg(Y), after reduced modulo
X?2. This corresponds to the value of a Y -polynomial plus its first derivative, which reflects the
geometry of the double Y -axis.

Example 7. The ring k[X,Y]/(XY) is not a domain because X and Y are zero-divisors. It
has no nilpotents because (X) and (Y) are two different prime ideals (in fact, these are the two
minimal prime ideals), intersecting in zero. It corresponds with the second type of non-domains
described in Proposition 7.

The elements of k[X,Y]/(XY) can be written in the form f(X)+g(Y), after reduced modulo
XY. This corresponds to the value of a polynomial for each coordinate, which reflects the geometry
of the union of the two azes.

1.3 Noetherian and Artinian rings

1.3.1 Noetherian rings

The condition of a ring being Noetherian reflects the algebraic counterpart to the geometric idea
of finite dimension.

Definition 21. Let ¥ := (X, <) be a partially ordered set. We say that ¥ has the ascending
chain condition (ACC) if every chain x1 < x9 < -+ <z, < -+ eventually stops, i.e., there
exists an index k such that v = xp1 = Tpio = -+ -.

For example, vector subspaces of finite dimensional vector spaces satisfy the ACC.

Exercise 11. Prove that X has the ACC if and only if every non-empty subset A C ¥ has a
maximal element.

Definition 22. A ring A is Noetherian if every ideal I C A is finitely generated.
Proposition 8. The following are equivalent:

(a) A is Noetherian.

(b) The set X of all ideals in A with the inclusion has the ACC.

(c) Every non-empty set of ideals A has a maximal element.

Proof.

15
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(a)=-(b) Consider the chain of ideals Iy C I C I3 C ---. Let J = U;I; which is an ideal and, by

hypothesis, let fi,..., f, € A such that J = (f1,..., fn). Given that each f; belongs to any
I;,, set k = max j; and we obtain that J = I}, stabilizing the chain.

(b)=>(c) By contradiction, let @ # A C ¥ be a subset with no maximal element. Then we can
construct, by induction, an ascending chain of elements in A which does not stop.

(c)=(a) Let I C A be an ideal. Let A := {J C I : Jisfin. gen}. We have that A is non-empty
given that (0) C A, then by hypothesis A has a maximal element K. If K C I, then there
exists f € I\K and K C (K, f), contradicting the maximality of K, then I = K € A and
is finitely generated.

]

Most of the relevant rings in algebra are Noetherian. An example of rings which are not
Noetherian can be the ring of polynomials in infinite variables, A = k[X1, X2, X3, ..., X,, .. .].

The important Hilbert basis theorem asserts that, if A is Noetherian, there exists a finite
number of generators (called ’a basis’ back in time) for each ideal of its ring of polynomials A[X],
hence A[X] is Noetherian.

Theorem 4 (Hilbert basis Theorem). If A is a Noetherian ring, then A[X] is a Noetherian ring.

Proof. Let us show that every ideal I C A[X] is finitely generated. Define, for each n, the sets of
leading coefficients of polynomials in I:

Jo={a€ A : If(X) €I such that f(X)=aX"+b, 1 X" '+ +b} C A

Since [ is an ideal of A[X], every J, is an ideal of A: multiply a € J, such that there exists a
polynomial f(X) with leading coefficient a, by b € A; the polynomial bf(X) has leading coefficient
ab € J,. And since f(X) € I implies X f(X) € I, we get an increasing chain of ideals

J1CJ2C"'JnCJn+1C"'7

in A which is Noetherian, then the chain stops at some n. For each index m < n, the ideal J,,
is finitely generated by elements a1, am2, - - -, Gy, , for which there exists polynomials f,,;(X)
having a,,; as its leading coefficient. Let us show that the finite set { f,;(X) }r<ni<i<r,, generates
the ideal I.

Let g(X) € I be a polynomial of degree [ with leading coefficient ¢, then ¢ € J;. If [ > n,
c€ Jy=J,and ¢ = >, diay;, with d; € A, then g(X) — >, d; X" f,,;,(X) has degree less than
[. If, otherwise, | < n, then ¢ € J; and ¢ = ), d;a;;, with d; € A then g(X) — > _.d; fi;(X) has
degree less than [. Using induction on [ we can decrease the degree to express g(X) as a linear
combination of finitely many elements on the desired finite set, hence [ is finitely generated and
A[X] is Noetherian.

O

Corollary 3. If A is Noetherian, the rings of polynomials in a finite number of variables, A[X1, ..., X,]
are Noetherian.

Proof. Use induction on Hilbert’s basis Theorem 4. O]

Exercise 12. Show that the nilradical of a noetherian ring is nilpotent.
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1.3.2 Artinian rings

Artinian rings are Noetherian rings with extra conditions.

Definition 23. Let ¥ := (3, <) be a partially ordered set. We say that ¥ has the descending
chain condition (DCQC) if every chain --- < x, < --- < x9 < x1 eventually stops, i.e., there
exists an index k such that - -+ = X0 = Tp11 = Tk.

Definition 24. A ring A is Artinian if the set ¥ of all ideals in A with the inclusion has the

DCC.

Let us explore certain properties of Artin rings.

Proposition 9. Let A be an Artin ring. Then:

(a)

Every prime ideal of A is maximal.

(b) The nilradical of A, nilrad A, (Definition 13) equals the Jacobsobn radical of A, R, (Defini-

tion 14).

(c) A has a finite number of mazimal ideals.

(d) The nilradical of A is nilpotent.

Proof. (a) Let p C A be a prime ideal. Then A/p is an integral domain which is also an Artin

ring since the DCC holds by (1.3). Given 0 # = € A/p the chain of principal ideals (")
stabilizes, then there exists an integer n such that (z) = (z"*!) and there exist an element
y € A/p such that ™ = 2" ™!y in an integral domain, then we can cancel " to obtain zy = 1
and z is a unit in A/p. Therefore A/p is a field and p is maximal.

Immediate from (a), Proposition 4 and Definition 14.

Let ¥ = {m;N---Nm,} the set of all possible finite intersections of maximal ideals, which
is a partially ordered set with the inclusion. Since A is Artinian, ¥ has a minimal element
my; N ---Nm,, hence for every other maximal ideal m it is

mOAm N---Nm, =myN---Nm,,

therefore my N ---Nm, C m. Let us see that there exists an m; with m; C m. Suppose
that, on the contrary, m; ¢ m, for every ¢ = 1,...,r. Then, there exists elements z; €
my,...,r, €m, with z; ¢ m. But

Ty x,€mMN---Nm. Cm,

and m is maximal hence prime, therefore there exists at least an z; € m, contradiction.
Then, m; C m and both are maximal ideals, hence m; = m, completing the proof.
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(d) By the DCC, the chain
(nilrad A)" = (nilrad A)"™' = - -

stabilizes for n, and suppose that (nilrad A)" # (0). Let ¥ be the set of ideals I C A such
that I - (nilrad A)™ # (0), which is not empty since nilrad A € ¥. Since A is Artinian, > has
a minimal element .J, which is necessarily principal J = (a), such that (a)- (nilrad A)™ # (0).
Then,

(a) - (nilrad A)™ - (nilrad A)" = (a) - (nilrad A)" # (0) ,

hence (a) - (nilrad A)" = (a) = J, by minimality. Then, there exists an element b €
(nilrad A)"™ with a = ab, and form the chain

a=ab=ab*=ab>=---=ab™ = ---

Since b € (nilrad A)™ D nilrad A b is nilpotent, hence a = 0 which is a contradiction, therefore
(nilrad A)™ = (0).
O

Next, we introduce the dimension of a ring?.
Definition 25. Let A be a ring. Let
PoCpiCp G- Cp CA

be a strict increasing chain of prime ideals in A. We call its length n. We define the dimension
of A as the supremum of all possible lengths of chains of prime ideals in A (it can be infinite).

Example 8. The dimension of a field k is dimk = 0 because there is only one possible prime
ideal (0). In fact, every integral domain of dimension zero is a field.
The dimension of every PID is dim A = 1. Indeed, since every ideal is principal, the longest
possible chain is
0) S (a) ¢ A

with a irreducible and (a) mazximal (see Proposition 6). In particular, dimZ = dimk[X]| =1, k
field. Observe that in a 1-dimensional integral domain, every non-zero prime ideal is mazrimal.

Using the computation of all prime ideals in Examples 4 and 5, we see that dim Z[X]| =
dimk[X,Y] =2, k a field.

Exercise 13. Let k be a field. Prove that dimk[X, ..., X,] = n.

The following result characterizes Artinian rings as those which are Noetherian and of di-
mension zero. Note that it uses material covered later in the course.

Theorem 5. A ring A is Artinian if and only if A is Noetherian and dim A = 0.

IThis is called the Krull dimension of a ring. For other definitions of dimension and relationships between them
see [AM, Chapter 10].
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Proof. Let A be an Artinian ring. By Proposition 9 (a) every prime ideal is maximal, then
dim A = 0. By Proposition 9 (c¢) let my, ..., m, the maximal ideals of A. Then

mp-Mmy---m. CmyNmgN---m, =R =nilrad A

by Proposition 9 (c). Hence, by Proposition 9 (d), there exists a n € N such that m}-m3 ... m!" =
(nilrad A)™ = (0). Now, consider the chain of ideals

n
roe

Aomomom’om! -myD---m?-ml---m
1 1 1 1 2

Since each quotient between a term and the following one is a vector space over a field A/m;, and
A is Artinian (hence DCC is satisfied) we have that ACC is satisfied for each quotient. Using
recursion on short exact sequences (Proposition 12) DCC for each quotient yields DCC for A,
therefore A is Noetherian.

Suppose A is a Noetherian ring of dimension zero. By Theorem 13 the ideal (0) C A has a
primary decomposition with a finite number of minimal primes, and all of these are maximal ideals
my,...,m,, since dim A = 0. By Proposition 4, nilrad A = m; N ... Nm, and using the Exercise
12, (nilrad A)™ = 0, then m}-m3 - --m” = (nilrad A)" = (0) as in the first part of the proof. Using
the similar argument as there relating the quotients in the chain of maximal ideals we obtain that
noetherianity and artinianity are equivalent at this level, therefore, A is Artinian. O

A local Artin ring A has a unique maximal ideal m, which is also the unique prime ideal
and equals the nilradical of A. Therefore, since A = A LI m, elements of A are either units or
nilpotents.

Example 9. The main examples of local Artin rings are Z/(p™) or k[X]/(f(X)") with f(X)
irreducible. The unique maximal ideal is (the residual class of ) (p) and (f(X)), respectively. Note
that these are not domains if n > 1, hence (0) is not a prime ideal.

Every Artin ring is geometrically the sum of local Artin rings.

Theorem 6. FEvery Artin ring is isomorphic (up to unique isomorphism) to a product of local
Artin rings.

Proof. See [AM, Theorem 8.7]. O

Example 10. The rings Z/pqZ, p,q distinct primes, are Artin rings since they are Noetherian
(they are quotients of Z which is Noetherian, see Proposition 13 (e)) and of dimension 0 (their
ideals are principal (n), with n the residual class mod pq, then every prime ideal is maximal).
They are not domains since pq = 0 € Z/pqZ, i.e., there are zero-divisors. As Theorem 6 says,
these rings decompose as

Z)pqZ ~ 7./ pZ x 7] qZ

a product of two local Artin rings. Under this isomorphism, the two mazximal ideals of Z/pqZ are
PZ/pqZ ~ (0) X Z/qZ

and
qZ/pqZ ~= Z/pZ x (0) .
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Chapter 2
Modules

Modules can be thought as the generalization of vector spaces over a field k£, when the scalars live
in a ring which is not a field. This produces a much richer theory with substantial differences and
patologies, which we will explore here.

2.1 General theory of modules

Definition 26. Let A be a ring. A module over A or an A-module is the pair consisting on
an abelian group M together with an external multiplication by coefficients in A,

AxM — M

(a,m) +— am
satisfying the properties
(a) a(m +n) =am +an
(b) (a+b)ym = am + bm
(c) (abym = a(bm)
(d) 1ym=m
fora,be A, m,n € M.

Definition 27. Let M be an A-module. We say that a subset N C M is a submodule if for every
a,be A, m,n € N we have am + bn € N.

Definition 28. A map v : M — N between two A-modules is a homomorphism of modules if it
is A-linear, i.e. if for every a,b € A, m,n € M we have ¥(am + bn) = ayp(m) + byp(n).

Let End M be the (non-commutative) ring of endomorphisms of M, i.e. morphisms of
the abelian group M into itself where sum is defined pointwise on each element of M and non-
commutative multiplication is composition of endomorphisms. An alternative way of describing
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an A-module is by means of the A-linear map

€0 M — M
m = am

where condition (a) is equivalent to &, being a homomorphism of abelian groups and conditions
(b), (c) and (d) are equivalent to the map £ : A — End M, a — &, being a ring homomorphism.

Exercise 14. Prove that &, is A-linear and observe that this depends on A being a commutative
ring.

We have that {(A) C End M. If £ is injective, then A ~ £(A) and we say that M is a
faithful A-module. Defining the annihilator of M as Ann(M) = {a € A : aM = 0}, M is
faithful if Ann(M) = 0.

Given an endomorphism ¢ : M — M which is A-linear, the subring £(A)[¢] C End M
generated by the image of A by &, and ¢, is commutative and makes M also an &(A)[¢]-module
(here multiplication in the ring £(A)[¢] is identified by composition in End M).

Example 11. Basic examples of A-modules are the following:

o The ring A itself is an A-module.

Every abelian group is a Z-module.

Fvery ideal I C A is an A-module and also a submodule of A.

Every quotient A/I of a ring over an ideal is an A-module.
e [f A C B is an extension of rings, B is an A-module.
o Fuvery vector space over a field k is also a k-module.

Proposition 10. (1) Let ¢ : M — N be a homomorphism of A-modules. Then Kerv) C M
and imy C N are submodules of M and N, respectively.

(2) If N C M is a submodule, the quotient M /N has structure of A-module (with the equivalence
relation my ~ my < mi—mo € N ) and there exists a surjective homomorphism of A-modules
w: M — M/N whose kernel is N.

Proof. Exercise. m

Theorem 7 (Isomorphism theorems for modules). We have the following three isomorphism the-
orems for modules:

(1) Given a homomorphism of A-modules ¢ : M — N, it induces an isomorphism of A modules
W M/ Kergp — im.

(2) Given submodules L C N C M, we have the isomorphism of A-modules %T/f — M/N.
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(3) Given two submodules N, L C M, we have the isomorphism of modules NJNNL — N+L/L.
Proof. Exercise.
(1) Use Proposition 10.
(2) Compute the kernel of the homomorphism of modules o : M/L — M /N and use (1).
(3) Compute the kernel of the homomorphism of modules §: N — N + L/L and use (1).
[l

Definition 29. Let M be an A-module. Given elements mq,...,m, € M we define the submod-
ule generated by mq,...,m, as

(ml,...,mr):ZAm,-: {ZaimiGM:aieA} CcM

Given A-modules My, ..., M,, we define its direct sum as
Ml@"'@MT:{(mlw"amr) Dm; € MZ}

In general, given a family of A-modules { M)y} ea we define its direct sum ), , My as the set of
tuples (my)aea wWhere only a finite number of elements my # 0 for each tuple.

Definition 30. We say that (my)ea is a family of generators of a module M, if the homomor-
phism of A-modules
P Acardd — YDoaerd — M
(@x)aea = Doaep AN

If ¢ is an isomorphism of modules we say that M is free and (my)aea s a basis of M.

Definition 31. We say M is a finite module over A if it is generated over A by a finite number
of elements mq,...,m, € M.

Example 12. (a) Let A be a domain and let 0 # a € A\U(A) an element. The ring A[] of
1 -2

polynomials in i 1s an A-module generated by a™,a™=, ..., which is not finite in general.

(b) The quotient of a ring by an ideal, A/I is an A-module finitely generated (generated by 14/;1)
but it is not free as an A-module. This is a generalization of the cyclic group Z/nZ being an
abelian group (i.e. a Z-module)) which is not free.

(¢c) Let A = k[X,Y] and let M = (X,Y) the A-module generated by these two polynomials.
The kernel of the map ¢ : A*> — M, (f(X,Y),g9(X,Y)) — f(X,Y)X + g(X, Y)Y, is
kery = ((R(X,Y)Y,—h(X,Y)X), with h(X,Y) € A, therefore M is not free.

(d) The A-module M = A = k[X] is tautologically free. However, we can find a set of generators,
for example M = (X,1 — X) which is not a basis although we cannot remove any of the
elements to still generate M.
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Remark 3. The notion of finiteness for modules does match a slightly different notion of finite
dimension for us, than the usual one.

Let k be a field and let M be a k-module which is a k-vector space. If M 1is finite, then, there
exists a finite number of vectors my,...m, € M such that elements of M are linear combinations
of these with coefficients in k. This is, for example, the situation in the finite k-algebra k[X]/(X?),
which is a k-vector space of dimension 3 generated by 1, X and X?. Geometrically, Spec k[X]/(X?)
is just one point, the prime ideal (X), over Speck also a point, and the three dimensions appear
in the space of functions a+bX +cX? € k[X]/(X?) over that point (0), which 'measure’ the value
at 0, the first and the second derivatives. This is, a finite module is a geometric spectrum of the
same dimension as k but with a finite dimensional space of k-functions over it.

Later in Definition 36 we will see that a k-algebra (which is a also k-module) is finitely gen-
erated over k if there exists elements my,...m, € M such that elements of m can be expressed as
polynomials in these with coefficients in k. This is the situation of k[X]| (or any ring of polynomi-
als in a finite number of variables or quotients of it), where elements in k[X] are polynomials in
the single element X. Geometrically this reflects the idea of dimension for the spectra: Spec k[X]
is the affine line over the point Speck, a space of dimension 1 corresponding to one (polynomial)
generator.

2.2 The determinant trick and Nakayama’s Lemma

The following result, sometimes known as the determinant trick, is a generalization of Cayley-
Hamilton Theorem.

Proposition 11. Let M be a finite A-module generated by mq,...,m, € M, and let ¢ : M — M
be a homomorphism. Suppose that I C A is an ideal satisfying ¢(M) C IM. Then, there exist
elements a; € I', i = 1,2,...,n such that the relation

¢n+a1¢n71+”'+an71¢+an =0
holds in the subring (A)[¢] C End M.

Proof. Given that ¢(M) C IM, for every i = 1,...,n, we have ¢(m;) € I M, therefore there exist
elements ¢;; € A such that ¢(m;) = 3_; c;ym;. This can be reformulated as > _(d;;¢ — cij)m; = 0,
where each §;;¢ — ¢;; is an endomorphism in {(A)[¢] and 6;; is Kronecker’s delta. We denote by
A the matrix whose (i, j) entries are §;j¢ — ¢;;, and by adj A its adjoint matrix with entries d;.
Pre-multiplying the previous expression by adj A we have

Z di Z(5ij¢ —¢ij)m; =0
( J
and, given that (adjA) - A = det A - I, we arrive to (det A)my = 0, for every k. Given that my

are generators of M, we get that det A = 0 € {(A)[¢] which, expanding the determinant gives the
desired result. ]

Proposition 11 allows to prove several useful corollaries known as (different versions of)
Nakayama’s lemma.

23



‘ ~
W e Commutative Algebra — Year 2025-26 B
4% Alfonso Zamora Saiz

Corollary 4. Let M be a finite A-module and let I C A be an ideal such that IM = M. Then,
there exists an element b € A such that b ~1 mod I (i.e. b—1¢€ 1) and bM = 0.

Proof. Let ¢ = Idy; be the identity in M. Since ¢* = Id}, = Id,;, by Proposition 11 there exist
elements a; € I' C I, i = 1,2,...,n such that (1+a; +as + -+ + a,)Idy = 0, from where
b:=14ay+ay+- -+ a, is the element we look for. O

Corollary 5. Let (A,m) be a local ring, let M be a finite A-module. Then mM = M implies
M = 0.

In general, if I C R (the Jacobson radical, equivalently (1 + 1) C U(A), see Corollary 1),
then IM = M implies M = 0.

Proof. By Corollary 4, there exists an element b € A such that b € 1 4+ I and bM = 0. Hence,
b € U(A) and therefore M = 0. O

Corollary 6. Let (A,m) be a local ring, let M be an A-module and let N C M be a submodule.
Suppose that M/N is a finite module over A and that M = N +mM. Then, N = M.

In particular, if M is finite over A and mq,...,m, € M are elements (whose images) span
the k = A/m-vector space M /mM, then mq,...,m, generate M as an A-module.

Proof. Observing that m(M/N) = M/N, by Corollary 5 we get M/N = 0 and, then M = N.
For the second statement, let N be the submodule of M generated by my,...,m,. Using the
surjective composition N — M — M/mM we obtain N +mM /M = M, then N = M. O

Nakayama’s lemma in this last versions will allow to translate several arguments about
modules in commutative algebra of A to local statements for & = A/m-vector spaces, which are
much easier to check.

Exercise 15. Let (A, m) be a local ring and let M be a finite A-module. Let myq,...,m, € M
be elements and denote their images in the k = A/m-vector space M /mM, by my,...,m,. Prove
that mq, . .., My, is a basis of M/mM if and only if mq, ..., m, are a minimal set of generators of
M as an A-module.

Exercise 16. Prove that a finitely generated ideal I C A satisfying I = I? is generated by a single
tdempotent element.

2.3 Exact sequences of modules
Definition 32. Let L, M, N be A-modules. We say that the sequence of homomorphisms
L3MEN

is exact (at M) if ima = Ker 5. Equivalently, it is exact if 5o a = 0 and every element in the
kernel of 8 is the image of an element of L. A longer sequence of homomorphisms

cer = My — My — Mg — - --

1s exact if it 1s exact at each term.
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If 0 denotes the zero module, particular cases of exact sequences are
e 0 — L 5 M iff a is injective
o M AN iff B is surjective
e 0L 23M2ANiffa gives an isomorphism L ~ Ker 8
o LML N i f induces an isomorphism coker o := M/im(L) ~ N

The most important case will be the exact sequence

0=sL3MANO,

called a short exact sequence, equivalent to say that L C M and N = M /L, under the necessary
identifications.

Definition 33. A short ezact sequence 0 — L = M AN S 0s split if there exists an
isomorphism M ~ L & N under which we can identify a(m) = (m,0) and B(l,n) = n.

Exercise 17. Prove that a short exact sequence 0 — L = M 5N 0is split if and only if one
of these two equivalent conditions happen:

(a) There exists a section s : N — M of (3, such that fos = 1Idy.
(b) There exists a retraction v : M — L of «, such that r o =1dy.

Exercise 18. Let0 — L — M — N — 0 be a short exact sequence of A-modules such that L and
N are finite over A. Then, M is finite over A.

2.4 Noetherian modules
The condition for a module to be Noetherian is similar to the one for rings.

Definition 34. We say that an A-module M is Noetherian if the collection of submodules of M
with the inclusion satisfies ACC (Definition 21).

Using the same argument as in Proposition 8, it is equivalent to say that an A-module M is
Noetherian if every non-empty set of submodules has a maximal element, or that every submodule
is finite.

There are several properties satisfied by Noetherian modules.

Proposition 12. Let 0 — L 5 M 2N = 0 be a short exact sequence of A-modules. Then, M
1s Noetherian if and only if L and N are Noetherian.
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Proof. Let 0 C Ly C Ly C -+ C L, C --- be a chain of submodules of L. Taking their images by
a,0C a(Ly) C a(ly) C--- Ca(L,) C--- is a chain of submodules of M which is Noetherian,
hence the chain is stationary. Being « injective, this yields a stationary chain in L, hence L is
Noetherian. The proof of N Noetherian is similar lifting a chain in N to a chain in M by means
of the surjective homomorphism £.

Conversely, let 0 C M; C My C --- C M,, C --- be a chain of submodules of M. Considering
L = «(L) C M, construct the chains

ocLnMycLnMy,c---CcLNM,C---
of submodules of L, and
0C B(M)cCB(M)C---CB(M,)C---

of submodules of N, both of which eventually stop by the Noetherian condition of L and N. Let
us assume that k is a common index such that L N M, = L N My, and B(My) = B(Mgyq).
Then, if m € Mgy, f(m) € B(Miy1) = B(Mg), and let n € My be an element such that
B(n) = B(m), then B(m —n) = 0, then m —n € Ker 5N My, ;. Given that ker 5 =ima =L C M,
m—n € LN Mgy, = LN My, therefore m € My, My = M., and M is Noetherian.

]

Proposition 13. The following properties hold:
(a) If M;, i =1,...r, are Noetherian modules, then the direct sum @;_, M; is Noetherian.

(b) If A is a Noetherian ring, then an A-module M is Noetherian if and only if it is finite over
A.

(c) If A is a Noetherian ring and M is a finite A-module, then any submodule is again finite.

(d) If A is a Noetherian ring and ¢ : A — B is a ring homomorphism such that B is a finite
A-module, then B is a Noetherian ring.

(e) If A is a Noetherian ring, every quotient A[X1, Xo, ..., X,]/I, where I is an ideal, is Noethe-
rian.

Proof.  (a) Take the split short exact sequence 0 — M; — M; & My — M, — 0 and Use
Proposition 12. Then use induction.

(b) If M is a finite A-module, there exists a surjective homomorphism A" % M — 0 where
r is the number of generators de M as an A-module, fitting in a short exact sequence

0 - Kerg — A" 2 M — 0. Since A" is Noetherian by (a), by Proposition 12 M is
Noetherian. Conversely, M Noetherian implies that M itself is a finite A-module.

(c) Using (b), M is Noetherian, then any submodule N is a finite A-module.

(d) Using (b), B is a finite A-module, and ideals of B are A-submodules of B, then by (c)
submodules are generated by a finite number of elements over A, hence B is Noetherian.
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(e) It follows from Hilbert basis Theorem 4 and (d).
[l

Exercise 19. Let A be a noetherian ring and let M be a finite A-module. Show that there exists

an exact sequence A5 5 A" LM =0 exhibiting a presentation of M by a finite number of
generators and relations.
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Chapter 3

Integral dependence and normal rings

The notion of integral dependence exploits the situation when elements of a ring extension can be
generated by a monic polynomial expression. The fact that this relationship is monic allows to
use the lowest powers of the expression of basis of the represented element, without inverting the
leading coefficient, which is not always possible in a ring. This is closely related with the notion of
finiteness for modules, as we will see. Finally, normal rings will be rings which behave like UFDs
regarding which are their integral elements.

3.1 Integral dependence and finiteness

Algebras are a special class of A-modules which can be thought as extension of rings to a different
ring.

Definition 35. Let A and B be rings and let p : A — B be a homomorphism between them. The
external product

AxB— B, (a,b)— p(a)-b

endows B with a structure of A-module which is compatible with the ring operations in B. We call
such ring B an A-algebra.

Example 13. Every ring A (with unit) is a Z-algebra with the only possible homomorphism
Z— A n—n-1=14...+1, hence every ring A is a Z-algebra.

If A=k is a field, ¢ : k — B is always injective, hence k = ¢(k) and a k-algebra contains
canonically k as a subring.

If we have A C B, B is an A-algebra with the inclusion which will be called an extension
ring. In these cases we will omit the homomorphism ¢ and will identify A with p(A).

Definition 36. We say that an A-algebra B is finite over A if it is finite as an A-module. This
means that there exist generators mq,...,m, € M such that every element in M can be written
as a linear combination on my, ..., m, with coefficients in p(A).

We say that an A-algebra B is finitely generated over A if there exist generatorsmy,...,m, €
M such that every element in M can be written as a polynomial on mq, ..., m, with coefficients

in o(A).
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Example 14. If I C A is an ideal of a ring A, the quotient homomorphism ¢ : A — A/l endows
A/I with the structure of A-algebra, which is finite over A (generated by the image p(14)).

If k is a field, the rings of polynomials k[ X], k[X,Y] are k-algebras finitely generated over
k, but these are not finite over k: we need infinite monomials to produce all polynomials as linear
combinations.

Given an A-algebra B, for each element b € B, there can be different linear or polynomial
relations for b with coefficients in A or in ¢(A): there exists a polynomial

FX) = X"+ apa X" 4+ ar X +ag, a5 € p(A)

such that
f(b) = a,b" + 10" 4. 4+ ab+ag = 0.

If this relation is monic, i.e. the leading coefficient a, of the polynomial f(X) is a, = 1p =
©(14), then the highest power b" is a linear combination of the lowest powers 0”71 ... b, 15 with
coefficients in ¢(A).

Definition 37. Given an A-algebra B, we say that an element b € B is integral over A if there
exists a monic polynomial f(X) = X" +a, 1 X" '+ -+ a1 X +ag € p(A)[X] such that f(b) = 0.
We say that B is integral over A if every element b € B is integral over A.

The name integral comes from those numbers that, while not being integers, behave like
integers in the sense of being roots of polynomials with integer coefficients without denominators.
Let us explain this with a basic example.

Let A = 7. The element b = % € Q\Z is root of a polynomial with integer coefficients, for
example f(X)=3X — 2 € Z[X]. However b = % is not integral over Z because there is no monic
polynomial in Z[X] having 2 as root. In a sense, b = 2 is not an integer by heart. And this is a
general situation for any UFD, as the next exercise shows.

Exercise 20. Let A be an UFD with field of fractions K = Frac A. Prove that no element of
K\ A is integral over A (hint: prove first for Z and Q and then generalize).

There are, however, integral elements outside Z. For example, all the Gaussian integers
a+ bi € Z[i] satisfy the monic equation X? — 2aX + (a® — b?) = 0, hence they are integral over Z.
The nature and structure of integral elements over a ring is the content of this chapter.

First, let us explore the close relationship between being integral and being finite, for an
A-algebra B.

Proposition 14. Let ¢ : A — B be an A-algebra and let b € B be an element. These are
equivalent:

(a) b is integral over A.
(b) The ring p(A)[b] C B is a finite p(A)-module.

(¢) There exists an A-subalgebra C C B such that ¢(A)[b] C C and C is a finite (A)-module.
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Proof.

(a)=-(b) By hypothesis, let f(X)= X"+ a, 1 X" '+ -+ a; X + ag € p(A)[X] such that f(b) =0,
then " = —a,_ 10" ' — a,_9b" 2 —--- —a;b — ay. Therefore, we can also express b"*! as a
linear combination of 6”71, ... b, b, 1:
bn+1 =bb" = b(—an_lbn_l—an_gbn_Q—- . -—alb—ag) = —an_lb”—an_gb”_l—- : -—ale—aob =

—an_l(—an_lb”_l — an_gb"_2 — s = a,lb — CL()) — an_gb"_l — = CL1b2 - aob =

(aifl - an*2>bn71 + (anflaan - an*B)bThQ T+t (an71a2 - al)bQ + (an71a1 — ao)b+ Ap_100 -

By induction, all higher powers b"*", r > 0, are generated by "7, ... b b, 1 and, therefore
©(A)[b] is generated by b"~1 ... 0% b, 1 as a p(A)-module.

(b)=(c) Trivial, just take C' = ©[b].

(c)=(a) Take the homomorphism of finite ¢(A)-modules &, : C' — C, ¢ — be. By Proposition 11
(taking I = p(A)) there exist elements a; € ¢(A) such that 55—1—@”,15?_1—1—- tar&ptag =0,
as an endomorphism of C'. If we evaluate this expression at the unit 1o we have that
& (1c) = V', therefore we obtain b" + a, 10" ' + -+ + a1b + ag = 0, hence b is integral.

O

Corollary 7. Let ¢ : A — B be an A-algebra and let by, bs, ..., b, € B integral elements over A.
Then, the ring o(A)[b1,bs, ..., b,] is a finite o(A)-module.

Proof. Use induction in Proposition 14 (b). O

Exercise 21. Let A C B C C be extension rings i.e. B is an A-algebra and C' is both an A-algebra
and a B-algebra.

(a) (finiteness is transitive) If C' is a finite B-algebra and B is a finite A-algebra, then C' is a
finite A-algebra.

(b) (integrality is transitive) If C' is integral over B and B integrral over A, then C' is integral
over A.

(c) (finitely generated + integral = finite) If by, ..., b, € B are integral over A then the finitely

generated A-algebra Alby, ..., by] is finite over A. In particular, Aby, ..., b,| is integral over
A.

Example 15. The concept of integral element coincides with the finiteness of the module structure
since finiteness can be seen geometrically. Consider the homomorphism

k[X] — k[X,Y]/(Y? - X)

given by composition of the inclusion in k[X, Y] and the quotient, which exhibits k[X,Y]/(Y? - X)
as a k[X] algebra. The element Y € k[X,Y]/(Y? — X) is integral over k[X]| because the monic
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polynomial f(W) = W?2—X € k[X][W] (in the ring of polynomials in one variable with coefficients
in k[X]) satisfies f(Y) =0 € k[X,Y]/(Y? — X). Then, by Proposition 14, k[X,Y]/(Y? — X) is
generated by 1 and Y as a k[X]|-module, hence it is a finite k[X]-module. In fact, using that
X =Y? it is easy to see that k[X,Y]/(Y?— X) is a rank 2 free k[X]-module, because its elements
can be written uniquely as g(X) + Yh(X), with g(X), h(X) € k[X].

Geometrically, this means that the parabola Z = {(z,y) € k* : y?> —x = 0} maps 2 : 1
to the affine line of ring of functions k[X], where coordinate y can take the two square root
values for each x. This is to say that, for each point (y,x = y*) in the parabola, the polynomial
f(X,Y) =g(X)+Yh(X) € k[X,Y]/(Y? — X) takes two values in the X -azxis given by the two
polynomials g(X), h(X) € k[X].

Given an A-algebra B, the set of integral elements is a ring itself: if by, by € B are integral
over A, A[by, by| is a finite ¢(A)-module (Corollary 7) which contains by + by and by - by, then these
latter two elements are integral over A (Proposition 14 (c)).

Exercise 22. Given an A-algebra B, and two elements by, by € B integral over A satisfying monic
quadratic polynomials with coefficients in A, find explicit monic polynomials over A satisfied by
the elements by + by and by - bs.

Definition 38. Given an A-algebra B, the ring of integral elements is called the integral closure
of A in B, denoted by A. If A = A, we say that A is integrally closed in B.

_ We say that a domain A is mormal if it is integrally closed in its ring of fractions, i.e. A C
A C Frac(A). The integral closure of A in its ring of fractions Frac(A) is called the normalization

of A.
Example 16. Observe that, if A is an UFD then A is normal (see Exercise 20).

Exercise 23. Show that A is actually a closure, this is A= g, i.e. if an element b € B 1is integral
over A, then b € A.

Example 17. (Cuspidal curve) Let us see an example of a domain which is not an UFD nor a
normal Ting.

Let k be an algebraically closed field and let k[X,Y]/(Y? — X3) be the ring of polynomial
functions of the curve Z = {(z,y) € k* : y*—x3 =0}. It is a domain because Y? — X3 € k[X,Y]
is an irreducible element in an UFD, hence the ideal (Y? — X?) is prime.

On the other hand, k[X,Y]/(Y? — X3) is not a UFD, because the element Y? = X3,
seen in the quotient, admits two different decomposition into irreducibles. Equivalently, X,Y €
KX, Y](Y? — X3) are irreducible elements but they are not prime, because X divides Y - Y = Y?
(because Y? = X3) but X does not divide Y.

Now, we observe that k[X,Y]/(Y? — X3) ~ k[t?,t3]. To do this, consider the homomorphism

¢ KX, Y]/(Y2—X) — k[t
FXY) = f(#%1%)

which is clearly surjective. Suppose that there exists a polynomial f(X,Y) € k[X,Y]/(Y? — X3)
such that f(t%,t%) = 0. We replace each monomial in f(X,Y) containing Y? by X3, then we can
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write f(X,Y) as f(X,Y) = g(X) + YR(X) in k[X,Y]/(Y? — X3). Applying ¢ we get
O(f(X,Y)) = ¢(g(X) + Yh(X)) = g(t*) + t*h(t*) = 0

which forces g = h = 0 by matching the degrees. Hence, ker¢p = 0 and we get the desired
isomorphism. Note that t =Y /X under the isomorphism ¢.
Next, it is easy see that the field of fractions Frack[X,Y]/(Y? — X3) ~ Frac k[t?, 3] = k(t),

i.e. the field of fractions M, g(t) #0, given that t and % can appear as quotients of polynomials

g(t)
in k[t?,t3].

Finally, note that W? — X =0 and W3 —Y = 0 are monic polynomials in k[X,Y]/(Y? —
X3)[W] (the ring of polynomials in the variable W with coefficients in k[X,Y]/(Y? — X?)) having
t =Y/X € Frack[X,Y]/(Y? — X3) as a root. Therefore t is integral over k[X,Y]/(Y? — X3).
However, clearly, t ¢ k[X,Y]/(Y? — X3). In consequence, k[X,Y]/(Y? — X3) is not normal.

Given that the normalization of k[X,Y]/(Y? — X3) ~ k[t?,13] has to contain this element t
and clearly k[t*, t3][t] ~ k[t] is normal (because it is a UFD), we conclude that the normalization

of K[X,Y]/(Y2 — X3) is k[t] = k[Y/X].

Remark 4. Later in the course we will understand why the ring of polynomial functions of the
cuspidal curve Z = {(z,y) € k* : y?> — 23 = 0} in Ezxample 17 is not normal because of its
singularity, and why its normalization k[t] is the ring of polynomials of the affine line, which is a

resolution of its singularity (a minimal non-singular curve most similar to Z ).

Exercise 24. Use the arguments in Example 17 to study whether k[X,Y]/(Y? — X? — X?), with
k algebraically closed, is normal or not, and compute its normalization in the latter case. This
ring contains the polynomial functions of what we call the nodal curve.

3.2 Noether normalization Lemma

The normalization lemma by Noether is a structure theorem stating that finitely generated k-
algebras decompose as two extensions, one finitely generated which is a normal ring of polynomials,
and another one integral over it. This normalizes a finitely generated k-algebra by expressing it
as a finite module over a normal ring. Geometrically, this exhibits the spectrum of a finitely
generated k-algebra as a finite covering over a normal spectrum.

Definition 39. Let A be a k-algebra. We say that elements aq,...,a, € A are algebraically
independent over k if the kernel of the surjective homomorphism
o k[Xy,.. .. X, — Elay, ..., a)
f(Xl, . ,Xn) — f((ll, c. ,Cl,n)

1S zero, 1.e. ¢ is an isomorphism, or, equivalently, there do not exist polynomial relations such
that f(ay,...,a,) =0.

Theorem 8 (Noether normalization lemma). Let k be an infinite field and let A be a finitely
generated k-algebra. Then, there exist elements ay,...,a, € A algebraically independent over k
such that A is integral over klay, . .., ay).
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Proof. Let by,...b, € A generators of A as a k-algebra. The proof goes by induction on the
number n of generators.

If n = 1, either b; is algebraically independent over k, then we are done, or there exists a
polynomial f(X;) € k[X;] such that f(b;) = 0. By inverting, if necessary, the leading coefficient
of f, we can assume f is monic, therefore b; hence A are integral over k, and we are done.

Now assume that the theorem holds for n — 1 generators. If by,...0b, are algebraically inde-
pendent we are done, then suppose that there exists a polynomial f(X7,...,X,) € k[X1,...,X,]
such that f(b1,...,b,) = 0. If d is the degree of f, we can write

f(Xq,..., X,) = fa(Xq,..., X,,) + lower order terms

where f; is the homogeneous degree d part of f. For any tuple of elements \,..., \,_1 € k, we
can modify the variables to have

FXi+ X, Xo+ X, 0, X+ 001X, X)) =

fa(A, Mgy oo A1, XY 4 other terms of lower degree in X,

The leading coefficient of this polynomial is the evaluation of fq( X, Xo, ..., X,,1,1) € k[X1, Xo, ...

at A1, Ao, ..., A\,_1, which is a non-zero polynomial. Then, given that k is infinite, we can find
a tuple of elements Ay, ..., \,_1 € k such that fy(A1, Ae,..., Ay_1,1) # 0 and, moreover, we can
assume that fi(A1, A2, ..., Ap_1,1) = 1 after multiplying f by a constant.

As a consequence, choose new generators for A as a k-algebra, given by

b; = b1 + )\1bn y b; = b2 + )\an g ey b;kl_l = bn,1 -+ )\nflbn y bn

and note that b, is integral over A’ := k[b}, b5, ..., b5 _;] with the monic polynomial f. Given that
A’ is a k-algebra finitely generated by n—1 elements, by induction hypothesis there exists elements
ay,...,a,—1 € A’ algebraically independent over k, such that A’ is integral over k[ay, ..., a,_1]. By
transitivity of the integral condition (Exercise 21) A is integral over k[a4, ..., a, 1, b,], completing

the proof. n

Exercise 25. Let k = T, be the finite field of q elements. Find an example of a polynomial
F(X,Y) € k[X,Y] such that for every element A € K, the ring k[X,Y]/(f(X,Y)) is not finitely
generated as a module over k[X + A\Y|. This shows that the proof we have given of Noether
normalization lemma (Theorem 8) does not work in general for finite fields.

Remark 5. A more general proof for k not necessarily infinite can be found in [Re, Section 4.6].
The geometric meaning of Noether normalization lemma is illustrated by this example.

Example 18. Let A = k[X,Y|(XY — 1), which is the ring of coordinates of a hyperbola, be a
finitely generated k-algebra, generated by X andY . The second generator Y is algebraic over k[X|
(or algebraically dependent on X ) because the polynomial f(W) = XW — 1 € k[X][W], where W
is the variable and the coefficients live in k[X], vanishes over W =Y. However, Y is not integral

over k[X]: indeed any monic polynomial W" + f,, (X)W 1 4.+ fi(X)W + fo(X) € k[X][W]
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evaluated at W =Y cannot cancel because the degree on'Y = % can never be zero. Geometrically

this happens because the hyperbola does not project surjectively onto the X -axis (whose ring of
functions in k[X]).

Noether normalization Theorem § says that we can modify the generator X by a linear
combination, say to X* = X + \Y, such that the relation turns out to be

XY -1=0&(X"=XY)Y -1=0& - A\Y*+ XY -1=0,

which (after multiplying by —1/\) is a monic polynomial in k[X*|[W] having Y as a root. Then
this exhibits Y as an integral element over k[X*|. The geometric meaning of this is the effect of
tilting the hyperbola to the axes (X*,Y') and then projecting surjectively onto the X* axis, i.e. to
the normal affine line.

The situation is different with the ring of functions of the parabola, k[X,Y]/(Y? — X) where
Y is integral over k[X] (see Example 15). Projecting onto the affine line

Spec k[X,Y]/(Y? — X) — Speck[X]
s given by the homomorphism of rings
KIX] — B[X,Y]/(Y? = X) , f(X) = f(X)+(Y? = X)

The ideal (Y? — a?) = (X — a®) € k[X,Y]/(Y? — X) is not prime: it is a reducible polynomial
corresponding to the product of two mazximal ideals (Y — a), (Y + a), which is the union of the
points (a*,+a) € Z = {(z,y) € k* : y* —x = 0}. This ideal projects into the mazimal ideal
(X — a?) € k[X], which is a point. This reflects the 2 : 1 finite surjective map from the parabola
to the affine line.

More generally, if k is algebraically closed and Z = f(X;,...,X,) = 0 is a hypersurface (i.e.

an algebraic relation between Xy, ..., X, ), there exists an affine hyperplane H C k™ (whose ring of
functions is certain klay, ..., a,—1] and a linear map ¢ : k™ — H such that ¢(Z) maps surjectively
onto H.

Exercise 26. Let k be a field and let A = k[X,Y,Z]/(X? = Y3 —1,XZ —1). Find elements
a,b € k such that A is integral over B = k[X 4+ aY + bZ] finding a finite set of generators of A as
a B-module. Try to picture this geometric situation (use computer software if necessary).

34



‘ ~

W e Commutative Algebra — Year 2025-26 B
mA Alfonso Zamora Saiz

Chapter 4

Geometry of the spectrum of a ring

4.1 Weak Hilbert’s Nullstellensatz

We will use Noether’s normalization lemma (Theorem 8) to give a first and weaker version of the
Nullstellensatz (or Hilbert’s zeroes theorem) which will be further explored in the next sections.

Proposition 15. Let A, B domains and suppose that A C B is an integral extension of rings.
Then A is a field if and only if B is a field.

Proof. Exercise. O

Theorem 9 (Weak Nullstellensatz). Let k, K be fields such that K is a finitely generated
k-algebra. Then K is algebraic over k and k C K is an algebraic field extension of finite degree.

Proof. By Noether normalization Theorem 8, there exists algebraically independent elements
ai,...,a, such that K is integral over klai,...,a,|. By Proposition 15 the ring kfay,...,a,]
must be a field, then n = 0 and K is already integral and finite over k. O

Corollary 8. Let k be a field and let k[ X, ..., X,] be the ring of polynomials in n variables with
coefficients in k. For every maximal ideal m € k[X1,..., X,], the residue field k[ Xy, ..., X,]/m is
a finite algebraic field extension of k.

Proof. This is a direct consequence of Theorem 9. O

Example 19. Two basic examples of this fact are:

(a) Let f(X) = X?+1 € R[X] which is an irreducible polynomial in a UFD, hence m = (X?+1)
is a mazimal ideal and R/(X?+1) is a field isomorphic to C, yielding the degree 2 extension
R C C. This can be seen by considering the evaluation map
ev: RX] — R[X]|/(X?+1)
J(X) = f(V=1)=f(i)

where we identify /—1 = i with the residual class of X in R[X]/(X? + 1). This way,
R[X]/(X?+1) ~R[j] ~C.
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(b) A similar example can be constructed with the extension Q[X] — Q[X]/(X3 — 2). Then,
Q C QIX]/(X® —2) ~ Q(V/2) is a degree 3 algebraic extension, which is a Q-vector space
of dimension 3 with basis (1, /2, v/22).
This allows, when k is an algebraically closed field, to characterize all maximal ideals.
Corollary 9. Let k be an algebraically closed field and let k[ X1, ..., X,] be the ring of polynomials

in n variables with coefficients in k. Every mazimal ideal m € k[Xy,...,X,] is of the form
m=(X;—ay,...,X, —a,) whereay,...,a, € k.

Proof. By Corollary 8, the residue field k[ X7, ..., X,]/m is a finite algebraic extension of k, which
is algebraically closed, hence k[Xy,...,X,|/m ~ k. Let a1,...,a, € k be the elements image
of Xi,...,X, under the projection 7 : k[Xy,..., X,| — k[X1,...,X,]/m. Given that a; € k C

k[Xi,...,X,], under 7, we have also w(a;) = 7(X;) = a;, therefore X; — a; € m, for each i.
Hence, (X; — ay,...,X, —a,) C m but (X; —ay,...,X, — a,) is already maximal, therefore
(Xl—al,...,Xn—an):m. ]

When £ is algebraically closed, the evaluation map is

Vg, an) i kX1, ., Xn] = kX, X /mk
f(Xla---aXn) —> f(al,...,an)
Corollary 9 shows that, if k£ is algebraically closed, there is a bijective correspondence between

points of the n-dimensional k-affine space (ay,...,a,) € k™ and maximal ideals m = (X; —
a, ..., X, —a,) Ck[Xy,..., X,

PR Specmax k[ X1, ..., X,]

4.2 Algebraic varieties

Definition 40. Let k be a field. Let J C k[Xy,...,X,] be an ideal. The variety Z C k™ defined
by J is

Z=V({J)={(a1,...,a,) €K" : flar,...,a,) =0, Vf(Xy,...,X,) € J}

Given that k[ X1, ..., X,] is noetherian, J is finitely generated as J = (f1,..., f.), then Z is the
common set of zeros of the polynomials f1,..., f,.

Proposition 16. Let k be an algebraically closed field, let J C k[Xq,...,X,] be an ideal and let
V(J) be the variety defined by J. Every mazimal ideal of A := k[Xq,...,X,]/J is of the form
m= (z; —ay,...,x, —a,) where r; = X; mod J and (ay,...,a,) € V(J).

Proof. We know that the ideals of k[Xy,..., X,]/J are ideals of k[Xj, ..., X,] containing J (see
1.3). Then, maximal ideals of k[X1,...,X,]/J are maximal ideals (X; — a1,...,X,, — a,) C
k[Xi,...,X,], such that J C (X;—ay,..., X, —a,), which can be written as (z1 —aq, ..., 2z, —ay,)
where z; = X; mod J.

Now, since (X — a4, ..., X, —a,) is the kernel of the evaluation ev(q,, 0.\ (f(X1,..., X5))
flay,...,a,) and J C (X7 — ay,..., X, — a,), for every g(X1,...,X,) € J, g(ay,...,a,) =
which is equivalent to (aq,...,a,) € V(J).

|

I

O
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Proposition 16 shows that, if k is algebraically closed, there is a bijective correspondence
between points of variety (a1, ..., a,) € V(J) C k" and maximal ideals m = (z1—ay, ..., x,—a,) C
k[ Xq,..., X,/ J:

V(J) LN Specmax k[ X1, X, ..., Xp]/J

Remark 6. If k is not algebraically closed, given an ideal J C k[X1, ..., X,] and a finite algebraic
field extension k C K we define a K-valued point of V(J) as a point (ay,. .., a,) € K" such that
flai,...,a,) =0 for every f(Xy,...,X,) € J. The mazimal ideals of k[ X1, ..., X,]| are given by

m:(X1—al,...,Xn—an)ﬂk[Xl,...,Xn]

For example, the variety V(X? + 1) C R is empty. However, it has two C-valued points +i € C
for the degree 2 extension R C C, whose mazimal ideals in C[X]| are (X — i), (X + i), whose
intersections with R[X] are both the mazimal ideal (X? + 1) C R[X].

Let k be a field. We have the following operators between ideals J C k[X7,..., X,] and
subsets Z C k"

{JCk[Xl,...,Xn]}%{XCk;”} (4.1)
where
e given J C k[Xy,..., X,],
V(J)=A{(ar,...,a,) € K" : f(ai,...,a,) =0, Vf(Xy,...,X,) € J}
is the variety of the ideal J.
e given a subset Z C k",
I(Z)=A{f€ek[X,....,X,] : fla,...,a,) =0, VY(ay,...,a,) € Z}
is the ideal of the subset X.
The exercise shows several properties of these two operators.
Exercise 27. Check the following properties:
(a) For every subset Z C k™, I(Z) is an ideal.
(b) Given ideals J C K C k[X1,...,X,], then k™ D V(J) D V(K).
(¢) Given subsets Z C W C k", then k[Xy,...,X,] D I(Z) D I(W).

(d) For every subset Z C k™, we have Z C V(I(Z)) and equality holds if and only if Z is a
variety (i.e. Z =V (J)).

(e) For every ideal J C k[Xy,...,X,], we have J C I(V(J)), and equality does not hold in
general.
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Let us define a topology on k™, called the Zariski topology.

Proposition 17. The set of varieties V(J) C k™ are the closed sets of a topology on k™, called
the Zariski topology on k™.

Proof. Clearly the total space k™ = V((0)) and the empty set ) = V(k[X7, ..., X,]) are varieties.
The (finite) union of varieties is a variety given that

V(HUV(K)=V(INK)=V(JK).

Indeed, let @ € V(J)UV(K) and let f € JN K, which is an ideal. If a € V/(J) then, since f € J,
we get f(a) = 0 (similarly, if @ € V(K) then, since f € K, we get f(a) = 0), hence a € V(JNK).
This shows V(J)UV(K) C V(JNK). Since JK C JNK we have V(JNK) C V(JK). Now let a
be a point in V(JK)\V(J) and let us check that a € V(K). Let f € K. Since,a ¢ V(J),let g € J
such that g(a) # 0. Then, given that a € V(JK) and gf € JK we have (¢gf)(a) = g(a)f(a) = 0.
Since g(a) # 0 therefore f(a) = 0 and a € V(K). This shows V(JK) C V(J) U V(K) and
completes the proof of V(J)UV(K)=V(JNK)=V(JK). Since JN K and JK are ideals, the
union V(J) U V(K) is a closed set.
Given a family of varieties {V'(J))}xea, the (arbitrary) intersection is a variety given that

V() =V (Z JA> .

Indeed, let a € (,cp V(Jy) and let fr, + -+ fa, € Doycndrs fr, € Ji. Since a € V(Jy),
(@) =0, then (f, + -+ fa,)(@) =0and a € V (3., Jx). Conversely, let a € V (3,5 Ja)-
Since Jy C > o5 Jr we have V (Z)\EA JA) C V(Jy) for every A € A, completing the equality
Maea V(I)) =V (X sca Jn)- Since the sum Y, , Jy is an ideal, the intersection (), V/(Jy) is a
closed set. O

Let us see some features of this topology:

e Its open sets are the complements of varieties. For example, complements of the zero locus
in the the plane C? of a complex curve f(X,Y) € C[X,Y]. Note that open sets are quite
big in this topology.

e [t is weaker than the euclidean topology in R™ or C”, because varieties are closed in the
euclidean topology (these are zeroes of polynomials, which are continuous functions), but
there ar plenty of closed sets in R™ or C™ which are not varieties (for example, closed balls).

e Zariski topology is not 75 or Hausdorff, because every two open sets have non-empty inter-

section.
e It is 77 or Frechet, because singletons are varieties, which are closed sets: {(ay,...,a,)} =
V((X;—ay,..., X, —a,)), corresponding to maximal ideals.

e The open subsets V(f) := V((f(Xi,...,X,))) (complements of hypersurfaces) are a basis
of the Zariski topology.
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Exercise 28. Check the details of these properties.

Definition 41. We say that a topological space is noetherian if any chain of closed subsets
eventually stops (this is called the decreasing chain condition (DCC)).

The following proposition shows that the Zariski topology on k™ is noetherian, matching
with the idea of its associated ring k[X7, ..., X,] being noetherian and noetherianity as finite
dimensionality.

Proposition 18. The Zariski topology on k™ is noetherian. In particular, any non-empty set of
varieties in k™ has a minimal element.

Proof. Given a decreasing chain of varieties
E' DO V(L) DV(J) D V(J,) D+
we obtain an increasing chain of ideals
I(E")=(0) Cc I(V(J1)) CI(V(Jy)) C--- CI(V(Jp)) C---k[Xy,..., X))

which stabilizes because k[X7,...,X,] is noetherian and has the (ACC). Then, I(V(J,)) =

I(V(Jys1))) = -+, hence V(I(V(J,))) = VUI(V(Jus1))) = ---. Given that V(J;) are vari-
eties, using Exercise 27, we have that V' (J,) = V(J,4+1) = - - and the decreasing chain of varieties
stabilizes. []

4.3 Hilbert’s Nullstellensatz

The correspondence (4.1) is not bijective. For example, over a non-algebraically closed field
such as R, the empty variety ) C R corresponds to several ideals in R[X], (X2 + 1), (X? + 2),
(X?2—X—2).... Even in an algebraically closed field such as C, ideals (X), (X?), (X?) C C[X,Y]
correspond to the same algebraic variety, the Y-axis. But, in this latter case, these ideals are not
that different, they share the same radical. Hilbert’s Nullstellensatz says that, over an algebraically
closed field, the former case cannot happen and also that we can modify (4.1) to get a bijection
between varieties and radical ideals.

Theorem 10 (Hilbert’s Nullstellensatz). Let k be an algebraically closed field and let k[ X1, . .., X,,]
be the ring of polynomials with coefficients in k. Then:

(a) If J C k[X1,...,X,], then V(J) # 0.

(b) 1(V(J)) = VJ.

Proof. (a) If J C k[Xy,...,X,], then there exists a maximal ideal m such that J € m C
k[X1,...,X,]. By Corollary 9, it is m = (X7 — aq,..., X, — a,), where (a1,...a,) € k",
then (ay,...,a,) € V(J) and V(J) # 0.
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(b) We will use the so-called Rabinowitch trick. Let f(Xy,...,X,) € I(V(J)), i.e. a polynomial
in k[X1,...,X,] such that f(ai,...,a,) =0 for every (ay,...,a,) € V(J). Let Y be a new
variable and consider the ideal J' = (J, f(X1,..., X,)Y — 1) C k[Xy,..., X, Y]. Then

V(J)={(ar,...,an,b) € K" : (a1,...,a,) € V(J) and bf(ay,...,a,) =1},

which contains the points (aq,...,a,) € V(J) with f(aq,...,a,) # 0. Then, by the choice
of f, we have V(J') = ) therefore, by (a), J' = k[X7, ..., X,, Y]. Hence, there exists a finite
number of polynomials hy, ..., h, € J and polynomials go, g1,...,9m € k[X1,...,X,, Y]
such that
1 :gl<X1,...,Xn,Y)hl(Xl,...,Xn) + -
+gm<X17 e ,Xn, Y)hm(Xl, e ,Xn) + go(Xl, e ,Xn, Y)(fY — 1)
Let r be the maximum of the degrees in Y of the polynomials g;, 2 = 0, ..., m. We multiply
both sides of this equality by f to arrive to
fr - Gl(Xh e ,Xn,fY)hl(Xl, e 7Xn) —|— e
Gon( X1, 0, X, [ R (X, o0, X)) + Go( Xy, .o, X, fY)(fY = 1)

where all appearances of the variable Y are as the combination Y. Being this an equality
between polynomials, it remains true if we substitute fY = 1, then

fr - Gl(Xh e ;Xn7 1)h1<X1, e 7Xn) + e Gm(Xh e ;Xn7 1)hm(X1, e ;Xn)
which means that f™ € J, hence f € /J.

Conversely, let f € v/.J, then there exists an m € N such that f™ € J. Let (ay,...,a,) €
V(J). Then f™(ay,...,a,) =0, therefore f(ai,...,a,) =0and f € I[(V(J])).

Theorem 10 converts (4.1) into a bijective correspondence when k is algebraically closed:
v
{radical ideals J C k[X},..., X, ]} & {varieties Z C k"} (4.2)
I

We will extend the correspondence (4.2) with the notion of irreducible variety.

Definition 42. A variety Z C k™ is irreducible if it is non-empty and it is not the union of two
proper subvarieties, i.e. if Z = Zy U Zy with Z1, Zy varieties, then Z = Zy or Z = Zs.

Proposition 19. A variety Z C k™ is irreducible if and only if [(Z) C k[Xq,...,X,] is a prime
ideal.

Proof. 1f the ideal I(Z) is not prime let f, g € k[X1, ..., X,,]\I be polynomials such that fg € I(Z).
Consider the ideals J; = (I(Z), f), Jo = (I(Z),g). Since f,g ¢ I(Z), there is at least one
point in the variety X over which f,g do not vanish, then V(J;) € Z and V(J3) € Z. Also,
V(J)UV(J) =V(JiNJy) =V(JJ1J2) C Z, by the Zariski topology properties. Let z € Z and
let h € JiJy. Since h € I(Z) or h= fg € J1JoNI(Z) it is h(z) = 0, therefore Z = V(J;) UV (J3),
contradicting the fact that Z is irreducible.

We left the converse to the reader as an exercise. ]
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Proposition 20. A variety Z C k™ has a unique decomposition Z = Z1 U ---U Z,, up to re-
ordering, such that Z; is an irreducible variety and Z; ¢ Z;, i # j. The Z; are called irreducible
components of 7.

Proof. If Z is not irreducible then we find varieties Z;, Z, such that Z = Z; U Z5. Proceeding
inductively like this we find a chain of subvarieties which has to stop by noetherianity of the
Zariski topology (Proposition 18). After removing redundancies, we get the result. O]

Remark 7. Note that Propositions 19 and 20 do not require k being an algebraically closed field.

Therefore, when k is algebraically closed, correspondence (4.2) can extend to

.
{radical ideals J C k[X},...,X,|} &= {varieties Z C k"}
I

U U

v
{prime ideals p C k[X1,..., X,]} &= {irreducible varieties Z C k"} (4.3)
I
and
Speck[Xy,...,X,] = {irreducible varieties Z C k"}
Specmax k[X1,...,X,] = {points (a,...,a,) € k"} (4.4)

Using Proposition 16 and that (1.3) respects prime ideals, we can formulate the correspon-
dence for finitely generated k-algebras k[X7, ..., X,]|/J where k is algebraically closed:

Speck[Xy,...,X,]/J = ({irreducible varieties Z C V(J) C k"}

U U

Specmax k[Xy,...,X,] = {points (ay,...,a,) € V(J) C k"} (4.5)

Exercise 29. Derive the following consequences from Nullstellensatz Theorem 10 when k is an
algebraically closed field:

(a) Let m, the mazimal ideal corresponding to each point a € k™. Show that [),cm Ma = 0.

(b) If Z =V (J) is a variety and m, C k[X1,...,X,]/J is the mazimal ideal corresponding to
each point z € Z, show that (), m. = 0.

(¢c) If Z =V (p) is an irreducible variety, p € Speck[Xy,...,X,| and m, C k[Xq,..., X,] is the
mazimal ideal corresponding to each point z € Z, show that (,., m. = p.

(d) Recall Proposition 3 where we show that v/.J = (N p for each ideal J C A. Show that,
pESpec A,JCp
when A = k[X1,...,X,] with k algebraically closed, we have V/J = N m.

meESpecmax A,JCm

(e) A radical ideal J C k[X,...,X,] is an intersection of finitely many prime ideals.
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4.4 The spectrum of a ring

Let us generalize the concept of Zariski topology in Spec A, for A a general commutative ring.
Given an ideal I C A, define
V(I)={p eSpecA : I Cyp}

as the set of all prime ideals containing p.

Proposition 21. The sets V(1) are the closed sets of a topology on Spec A, called the Zariski
topology.

Proof. Clearly the total space Spec A = V((0)) and the empty set ) = V(A) are closed sets.
The union of two sets of the form V(J), V(K), with J, K ideals of A, satisfies:

V(J)UV(K)=V(JNK)=V(JK)

hence it is a closed set. Indeed, a prime ideal p such that J, K C p, contains the product JK and
the intersection J N K. Conversely if a prime ideal p ¢ V(J) U V(K), then neither J ¢ p nor
K ¢ p, hence we can pick f € J\p, g € K\p with fg € (JN K)\p, hence p & V(J N K).

Given a family of closed sets {V'(Jy)}xea, the intersection satisfies

V() =V (Z JA> .

hence it is a closed set. Indeed, let p € (,c, V(J)), then Jy C p for every A, then >, , Jy C p.
Conversely, let p be a prime ideal such that >, _, Jx C p. Since Jy C >, J, forevery A, Jy C p
for every A, hence the equality.

Therefore, varieties are the closed sets of a topology in Spec A. n

Remark 8. Note that the inclusion relation for closed subsets of the Zariski topology is the reverse
inclusion relation for the ideals, i.e.

JCK < V(J)>DV(K).

Definition 43. Let A be a ring and let f € A be an element. We define the distinguished open
set associated to a as

D(f)={p€SpecA : f&p}.

Observe that distinguished sets are indeed open in the Zariski topology, since its complement
are Spec A\D(f) =V ((f)), the closed set of all primes containing the principal ideal (f).

Exercise 30. Prove the following properties about the distinguished open sets D(f), f € A.

(a) Prove that the collection {D(f)}ea of distinguished open sets is a basis of the Zariski topol-
ogy in Spec A.

(b) Show that, given f,g € A, D(f) N D(g) = D(fg).
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(¢) Show that if D(f) C D(g), f,g € A, then f € \/(9).

(d) Show that, D(f;) U D(fs) U---U D(f,) = SpecA, fi,...,fn € A if and only if f1,..., fn
generate A as a ring.

(e) Show that f € nilrad A if and only if D(f) = 0.
Exercise 31. Prove that Spec A is quasi compact'.

Observe that these closed sets can be written as V' (J) for more than one ideal J, i.e. V(J) =
V(+/J) (this comes from the fact that if J C p, then v/J C p, for p prime). By Proposition 3, we

have that
i-N- N

JCp  pev(J)

then each closed set can be written uniquely as V'(J) with .J a radical ideal such that v/.J = J.
By analogy with varieties, given a subset Z C Spec A we define the operator I by:

I(Z)=(p

peZ

Using Definition 42 to define irreducible closed sets in the Zariski topology of Spec A (as sets which
cannot be decomposed into two proper closed subsets), we can prove the following generalization
of Proposition 19.

Exercise 32. Prove that a closed set Z =V (J) is irreducible if and only if [(Z) is a prime ideal.

Gathering all together we can generalize the previous correspondences (4.4) and (4.5) to
Spec A:

v
{radical ideals J C A} = {closed subsets Z = V(J) C Spec A}

1

U U

\4

{prime ideals p C A} = {irreducible closed sets Z = V(p) C Spec A} (4.6)
I

The closure of a point p € Spec A in the Zariski topology is the smallest closed subset
containing p.

Exercise 33. Prove that the closure of p € Spec A is V(p). In particular, a point p € Spec A is
closed in the Zariski topology if and only if is maximal.

Tn some areas (usually derived from French tradition) it is used the term quasi compact to refer to a topological
space where every open cover has a finite subcover, without being necessarily Haussdorff. They call compact a
topological space which is both quasi compact and Haussdorff. Since Zariski topology is never Haussdorff, algebraic
geometry adopts the convention of calling quasi-compact a space where just the first condition is satisfied.
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The idea of V(p) for a general prime ideal p generalizes the following. Consider a curve
Z = {f(X,Y) = 0} defined by an irreducible element f(X,Y) € k[X,Y] yielding a point p =
(f(X,Y)) € Speck[X, Y] called the general point of Z, which is a non-closed point in the Zariski
topology. Its closure contains all points m such that p C m C k[X,Y], i.e. the maximal ideals.
When £ is algebraically closed, these are exactly the points m = (X —a,Y —b) € Specmax k[ X, Y]
such that f(a,b) =0, i.e. the k-points of the variety X. This way, the general point of the curve
Z is a point in Spec k[X, Y] which ’contains’ (topologically attached, in its closure) all the 'points’
(a,b) € Z.

Given an element f € A we can interpret it as a function on Spec A in the following way.
Let p C A be a prime ideal of A, i.e. a point of Spec A. Then we form the composition

A= Afp=  Frac(A/p) = k(p)

fro f=f+pm % (4.7)

to the residual field at the point p. The image of f under this composition will be called the
value of f at the point p and will be denoted f(p). Note that if p is a maximal ideal m, then
A/m is already a field and the second map does not add any information.

When A is Noetherian, there are extra finiteness statements which simplify considerably the
study of the spectrum. Let A be a Noetherian ring. Then, by the inclusion relations between
closed subsets of the Zariski topology en Spec A and ideals in A, a chain of ideals satisfying (ACC)
corresponds to a chain of closed subsets satisfying the (DCC). Hence it is immediate to see that
Spec A is then a Noetherian topological space (See Definition 41).

Exercise 34. Prove the generalization of Proposition 20 for a Noetherian ring A and its conse-
quences:

(a) A closed subset of Spec A is the union of a finite number of irreducible closed subsets.
(b) Show that a radical ideal VJ C A is an intersection of finitely many prime ideals.

(c¢) (re)-Prove that a Noetherian ring with zero-divisors either has non-zero nilpotents or has at
least two minimal primes.

The connection between the simpler study of varieties and Spec A occurs in the so-called
geometric case when the ring A is of the form A = k[Xy,..., X,]/J with J a radical ideal and
k an algebraically closed field. In this case:

e A is a reduced finitely generated k-algebra.

e The Zariski topology in Spec A defined in Proposition 21 is the analog the Zariski topology
in the variety V(J) defined in Proposition 17: to be precise, the topology inherited by the
subspace Specmax A C Spec A coincides with the Zariski topology on the points of V(.J),
although note that Spec A contains points other than maximal ideals.

2[Re, Section 5.14] calls a ring A like this geometric ring.
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e Hilbert’s Nullstellensatz Theorem 10 and its consequences (Exercise 29) say that when eval-
uating an element f € k[X1,...,X,]/J over each prime p € Speck[Xy,...,X,]/J (as in
(4.7)) it is enough to evaluate over maximal ideals, whose residue fields are all k. This is,
there is a precise relationship between Spec A and Specmax A3%.

e Elements f € A = k[X,..., X,,]/J are well defined polynomial functions f : Z = V(J) — k:
two functions are equal f =g € Aif f—g € J, equivalently (f —g)(z) = 0 for every z € Z =
V' (J), which means that f(z) = g(z) for every z € Z = V(J). Thering A = k[X1,..., X,]/J
is called the ring of coordinates of Z = V(.J), sometimes denoted k[Z].

e Given two varieties Z = V(J) C k", W = V(K) C k™, with J C k[X,,...,X,], L C
k[Y1,...,Y,], a polynomial function between them ¥ : Z — W is uniquely determined
by a homomorphism of k-algebras ¢ : k[W]| = k[Y1,...,Y,]/L — k[Z] = k[X4,...,X,]/J

between the corresponding rings of coordinates. See Example 26.

Exercise 35. Prove that a polynomial function is continuous with the Zariski topology for vari-
eties.

A generalization of this is the correspondence between a ring homomorphism ¢ : B — A
and the map
U: SpecA — Spec B

p = Y(p) =Y (p)

between topological spaces.
Exercise 36. Prove that the map V is continuous with the Zariski topology for Spec A and Spec B.

Remark 9. If we relax the condition of J being a radical ideal, then the nilradical of A =
k[ X1,...,X,]/J is not zero, i.e. A has nilpotents. By Proposition /4, if a non-zero function
f € A takes the value zero when evaluated (4.7) over each prime p, then f is a nilpotent element.
This makes the study of a non-reduced finitely generated k-algebra more difficult, since its elements
are not completely determined by their evaluations. This is the further study of affine schemes.

4.5 Examples

In this final section of the chapter we explore the features of the spectrum for the main rings of
the course. We begin with the arithmetic and the geometric lines.

Example 20. Let A = Z. The spectrum SpecZ is the set of prime ideals p € Z, p a prime
number (which are the maximal ideals) and (0). All prime ideals pZ are closed points in the
Zariski topology and the (0) ideal is the general point of the line SpecZ, whose closure contain all
the primes pZ.

3In general, there is no expected relation between Spec A and Specmax A.
1For A = k[X1, ..., X,]/J with k non-algebraically closed the residual fields over the maximal ideals vary (e.g.
for k = R we get real and complex non-real points).
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An element of 7Z is an integer number. For a prime number p, the composition (4.7) is
Z — Z/pZ — Frac(Z/pZ) = Z/pZ = F,

hence the value of a number n € Z in the prime ideal pZ is just the residual class modulo p, this
is n(pZ) =n mod p. For the zero ideal the composition (4.7) is

Z — 7/(0) =Z — Frac(Z) = Q

hence the value of a number n € Z in the prime ideal (0) is just the same integer T seen as a
rational.

Note that an integer is uniquely determined by its reduction modulo every prime (which is not
very useful since there are infinitely many different primes), i.e. the elements of Z are determined
by its values over all maximal ideals.

Example 21. Let A = k[X]|. The spectrum Spec k[X] is the set of prime principal ideals (f(X)) C
k[X], with f(X) an irreducible polynomial in k[X], and (0). The former ones are the mazimal
ideals and (0) is the general point of the affine line Spec k[X], whose closure contain all the points
corresponding to the mazximal ideals.

If k is algebraically closed (such as C), the mazimal ideals are (X — a) and correspond to
points a € C. Then the evaluation (4.7) of an element g(X) € k[X] in m = (X — a) is given by

k[X] — k[X]/(X —a) ~ k — Frac(k[X]/(X —a)) =k

and corresponds to the actual evaluation g(a), yielding an element of the field k.

If k is not algebraically closed (such as R), there are maximal ideals like (X? + 1) which do
not correspond to points in k (but in a finite algebraic extension of k). For example, the evaluation
(4.7) of an element g(X) € R[X] in m = (X2 + 1) is given by

R[X] - R[X]/(X? 4 1) ~ C — Frac(R[X]/(X*+ 1)) =C

If g(X) = X3 +2X2—1, this evaluation has the effect of substituting 1 <+ 1, X <> i and X* = —1,
then we obtain that the value of the polynomial g(X) at the C-point (X% + 1) is —3 — i.

Note that for k algebraically closed, the value of a function f(X) € k[X] can be completely
determined by its value over each point a € Specmax k[ X|. This is also true for k non algebraically
closed, but now there are more maximal ideals giving extra values for functions in finite algebraic
extensions of k.

Now we explore the geometric and the arithmetic surfaces.

Example 22. Let A = k[X,Y] with k algebraically closed. The closed points of the Zariski
topology are mazimal ideals m = (X — a,Y — b), which correspond to points in the affine k-plane
k%. There are two kinds of non-closed points: the general point of the plane (0) (whose closure
is the whole Spec k[X,Y]) and the general points of irreducible curves Z := {f(X,Y) = 0} C k?
(whose closure is the set of mazimal ideals (X — a,Y — b) with f(a,b) =0, i.e. the points of the
curve 7).
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Evaluating (4.7), a function g(X,Y) € k[X,Y] in a point m = (X — a,Y —b) is just
EX,Y] —» kX, Y]/(X —a,Y —b) ~ k — Frac(k[X,Y]/(X —a,Y — D)) =k

which corresponds to evaluating g(a,b) € k. Evaluating g(X,Y) € k[X,Y] in a non-mazimal point
point p = (f(X,Y)) is just

RIX YT = KX Y]/(f(X,Y)) = Frac(k[X, Y]/ (F(X,Y))

and gives the value of g(X,Y) mod (f(X,Y)), i.e. the residual value in the curve Z = {f(X,Y) =
0}. For example, over the general point (Y — X?) of the parabola Z = {Y — X% = 0} the two
functions g(X,Y) = XY and h(X,Y) = X? take the same value.

Example 23. Let A = Z[X]| and recall (Example J) what the prime ideals, i.e. elements of
Spec Z[X], are. Consider the function f(X) = X? + 3 € Z[X] and let us compute the values of
this function over different points of Spec Z[X].

For the point (2) € SpecZ[X], (4.7) is

Z[X] - Z[X]/(2) ~ Fy[X] < Frac(Fs[X))

Then f(X)=X?+3+— X2+ 1= (X +1)? and f(X) behaves as a square function over the line
(2). If we further evaluate in the mazximal point (2, X) € Spec Z[X], we get

Z[X] — Z[X]/(2, X) = Fy — Frac(F,) = F,

and the value is 1 (seen as an element of Fy ) while if we evaluate at (2, X + 1) the value is 0 € Fs.
For the point (5) € SpecZ[X], (4.7) is

Z[X] — Z[X]/(5) ~ F5[X] — Frac(Fs[X))

Then f(X) = X%+ 3 +— X? + 3 which is irreducible modulo 5. This has the consequence that the
function f(X) = X2+ 3 does not evaluate as zero over mazimal ideals (5, X + a), with a € Fs.
Owver the ’fat point’ (5, X? + 3) we have

Z[X] — Z[X]/(5, X* + 3) ~ F52 < Frac(Fs:) = Fs»

and it obviously take the value zero, but this time it is a zero in Fos.
For the point (7) € Spec Z[X], (4.7) is

Z[X] - Z[X]/(7) ~ F4[X] < Frac(F;[X))

Then f(X) = X243 — (X +2)(X +5) and f(X) splits as a product of two linear factors over (7).
In particular, over (7, X), it takes the value 3 € F; (by substituting X = 0) and over (7, X +2) it
takes the value 0.

The following examples are the basic cases of the two instances in Exercise 34 (c): noetherian
rings with zero-divisors having either more than a minimal prime or nilpotents.
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Example 24. Let A = k[X,Y]/(XY') with k algebraically closed. This k-algebra has zero-divisors:
0#£A£XeA 0#Y € Abut XY =0€ A. Observe that A does not have nilpotents since (XY') is
a radical ideal.

The spectrum Spec A can be identified with the Zariski closed set V(XY) C Speck[X,Y],
which is not irreducible and it is the union of two irreducible closed sets: V(XY) =V(X)uV(Y),
the union of the two axes. In particular, V(X) = Speck[X,Y]/(X) ~ Speck[Y] is the vertical
azis and V(Y) = Spec k[X,Y]/(Y') ~ Spec k[X] is the horizontal azis.

Since A is not a domain, (0) C A is not a prime ideal. Hence, the minimal prime ideals
are, at most, principal ideals (f(X,Y)) with f(X,Y) = g(X) + h(Y) an irreducible polynomial in
A. Knowing (c.f. (4.5)) that the prime ideals of the quotient A are prime ideals p C k[X,Y] such
that (XY') C p (which are precisely the points of V(XY')!), there are two minimal prime ideals
which are (X) and (Y), the general points of the two irreducible components of V(XY).

Example 25. Let A = k[X,Y]/(X?) with k algebraically closed. This k-algebra has zero-divisors
and is non-reduced because it has nilpotents: 0 # X € A but X?> =0 € A.

Geometrically, Spec A can be identified with the affine line Spec k[Y] in the sense that there
exists a correspondence of maximal ideals

(X,Y —b) Ck[Y] & (X,Y —b) C A=Ek[X,Y]/(X?)

but the difference lays in the functions over Spec A, which are f(Y) 4+ Xg(Y) € A, hence ’dou-
bled’, the reason why we called Spec A the ‘double line’. Note that the affine line Spec(k[Y]) is
homeomorphic to Speck[X,Y]|/\/(X?2), i.e. the the variety associated with the radical of (X?),
the difference being the functions over these two spectra.

Let us see that there are just one minimal prime in A. To begin with, A is not a domain,
then (0) C A is not a prime ideal. By (4.5), prime ideals of A are prime ideals p C k[X,Y] such
that (X?) C p. By Ezample 5 the only remaining two possibilities are p = (f(X,Y)) principal,
then p = (X), the only prime containing (X?), or the non-minimal p = (f(X), g(X,Y)) yielding
the maximal ideals of the form (X,Y —b) described before. In conclusion, A has just one minimal
prime according to one irreducible component for the closed Zariski set V(X?).

The evaluation of a function f(X,Y) € A in a mazimal point (X,Y —b) is

A— A/(X,)Y —b) 2k — Frac(A/(X,Y —b)) =k

and it is given by evaluating at (0,b), yielding f(0,b) € k. This process yields the fact that the
different functions f(Y)+X g (Y) and f(Y)+ X g2(Y') have the same evaluation f(b) over (X,Y —
b). This shows that, in a non-reduced algebra, there are different functions whose evaluations
coincide over all points (even over the non-mazimal one!).

We end the chapter with an example of how a homomorphism between coordinate rings
determines a morphism of varieties.

Example 26. Let k be an algebraically closed field. Let Z ==V (Y — X?) C k*, W :=V(X) C k?
be algebraic varieties whose coordinate rings are k[Z] = k[X,Y]/(Y — X?), k[W] =
k[Y]. We define the polynomial function
v kW] =Ek[Y] — k[Z] =KX, Y]/(Y — X?)
fYy = )+ (Y = X?)
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The prime ideals of k[Z] are either the general point of the parabola (the ideal (0) C k[Z]) or the
mazximal ideals of k[X,Y] which define points in the parabola, i.e. of the formp = (X —a,Y —a?).
The preimage of these ideals by v is

bl () = (X —a Y —a?) = (Y —a®) = q.
Note that
PY -a®)=Y -a*+ (Y -XH)=X" -+ (Y -X)=(X+a)(X —a)+ (Y - X?),
then, the preimage of the ideal p' = (X + a,Y — a?) is also
V) =0T (X FaY —a’) = (Y —a®) =q=¢"'(p).
We define the map between the spectra as

U : Speck[Z] = Speck[X,Y]/(Y — X?) — Speck[W] = Speck[Y]
p = U(p) =y (p)

Then the two points p = (X —a,Y —a?), p' = (X + a,Y — a®) map to the same point U(p) =
U(p') = q. This is the geometric meaning of folding the parabola 2-to-1 into the affine line, where

the points (£a,a®) map to the same value a®.
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Chapter 5

Localization

The difference between a ring A and a field is that in a ring, not every element is invertible, just
the units, and a ring with few units is far from behaving like a field. If A is a domain, its field
of fractions is, indeed, a field, where we invert as denominators all elements in A different from
zero. In this chapter we will explore the algebra and geometry produced by inverting certain
elements (what we call a multiplicative set S C A) in a general situation, where A can also have
zero-divisors. The ring of fractions we produce is, in general, a ring, but not necessarily a field.

5.1 Rings of fractions

Let A be a ring and let S be a multiplicative set (Definition 8). Define the following equivalence
relation on the cartesian product A x S

(a,s) ~ (b,t) <= exists u € S such that u(at — bs) =0 (5.1)
Exercise 37. Show that (5.1) defines an equivalence relation in A X S.
In the following we will denote by ¢ the equivalence class of the element (a,b) € A x S.

Exercise 38. Find a ring A and a multiplicative set S for which the relation (a,s) ~ (b,t) <=
at —bs =0 on A x S is not an equivalence relation.

Definition 44. Let A be a ring and let S be a multiplicative set. We define the ring of fractions
of A with respect to S, denoted by S~ A to be the quotient of A x S by the equivalence relation

(5.1),
STTA=AxS/~,

which is a ring with the operations
a b at+bs

t st
a b ab
s t

st
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Exercise 39. Prove that the operations in Definition 4/ satisfy the ring axioms, therefore making
S™YA into a ring.

If Ais a domain, S = A\{0} is a multiplicative set, and S~'A = Frac A is the field of fractions
of A defined in (1.1), which contains A as a subring. In general, we will have the homomorphism
of rings

p: A — StA
a

i)

which will not be necessarily injective.
The homomorphism ¢ satisfies that ¢(s), s € S, is a unit in S7'A, since T % = lg-14.
Indeed, the ring of fractions is universal with respect to this property.

Proposition 22. Let ¢p : A — B a ring homomorphism and let S C A be a multiplicative set
such that ¥ (s) € U(B) for every s € S. Then, there exists a unique homomorphism of rings
a:SA — B such that ¢ = ao .

Proof. Let us define the homomorphism a : S7'A4 — B as

which makes sense since ¥(S) C U(B). Let us see that the definition of o does not depend

on the representative chosen in the equivalence class of the ring of fractions. Suppose that
a

9 ~ ¢, then there exists an element v € S such that u(at — cs) = 0. Applying ¢ we have
Y(u) (Y(a)y(t) — ¥(e)Y(s)) = 0. Given that ¢(S) € U(B) we obtain that a (2) = ¢ (a)y(s)™ =
Y(e)(t) ™ = a (%) and a is well defined.

Recall that ¢ : A — S7'A, ¢(a) = ¢ and suppose that the map o satisfies 1) = oo . Then,
a (%) = a(e(a)) = ¥(a), for every a € A. Then, given an element s € S, we have

1 s\ 1 s\\ !
« (‘) =0 ((1) ) =(2(5)) =ver
Therefore the homomorphism « (%) = « (%) a (1) = ¢(a)y(s)~! is uniquely determined by 1,
hence it is unique. [
Besides the property in Proposition 22, the ring of fractions S~ A satisfies that
kerp ={a € A : exists s € S such that sa =0} .
Together with a third property, we can characterize the ring of fractions.

Proposition 23. Let v : A — B a ring homomorphism and let S C A be a multiplicative set
such that

(1) ¥(s) e U(B) for every s € S.

(ii) Y(a) = 0= as =0 for some s € S.
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(iii) Every element in B is of the form ¢ (a)y(s)™, a € A, s € S.
Then, there exists a unique isomorphism of rings o : S™'A — B such that 1) = a0 .

Proof. Using (i), let us define

a:STTA—- B, «a (g) =(a)-P(s)™",

as in Proposition 22. Let us see that « is an isomorphism. By (iii), « is surjective. Now, let
¢ € S7'A such that o (%) = ¥(a) - ¥(s)™" = 0, then ¢(a) = 0. By (ii), there exists an element
t € S such that at = 0, then ¢ ~ % € S7'A, therefore o is injective and, hence, o is an
isomorphism. O

From now on, given a ring A and a multiplicative set S C A, the map ¢ : A — S71A will
denote the ring homomorphism such that p(a) = ¢, for every a € A.

Recall that (c.f. (1.2)), given a homomorphism of rings 1) : A — B the extension of an
ideal I C A is the ideal e(I) = ¢(I)B C B, and the restriction of an ideal J C B is an ideal
r(J) =9~ (J) C A. If we consider B = S~'A and the homomorphism ¢ : A = S™'A | ¢(a) = 4,
given an ideal I C A its extension is the ideal e(I) = p(I)S™'A C S7'A, and given an ideal
J C S7A its restriction is r(J) = ¢ 1(J) C A.

Proposition 24. Let S C A be a multiplicative set and let ¢ : A — S™YA the corresponding ring
homomorphism. Then

(a) For every ideal J C ST'A, we have e(r(J)) = J.
(b) For every ideal I C A we have that r(e(I)) ={a € A : exists s € S with as € I}.
(c) For every ideal I C A, e(I) = S A if and only if IN S # 0.

(d) If p C A is a prime ideal and p NS = 0 then e(p) = ©(p)S™ A =: S™p is a prime ideal of
S=YA. Then, the prime ideals of S~'A are in bijective correspondence with prime ideals of
A which do not intersect S.

Proof. (a) Note that e(r(J)) = e(p ' (J)) = JST'A = J, because J is an ideal of S~ A.
(b) Let a € r(e(I)) = ¢~ (e(])), then ¢(a) = ¢ € e(I) = ¢(I)S'A, hence 4 ~ 2 with b € I,

1™
t € S. Then, there exists an element u € S such that u(at — b) = 0, hence uat = ub € I

and, calling s := ut we have the result. Conversely, let a € A, s € S such that as € I. Then
pla) =9 =2 ¢cp(l)S'A=e(l), therefore a € ' (e(I)) = r(e(I)).

(¢) Suppose that e(I) = S~ A then 1 € e(]) = ¢(I)S™ A, hence } ~ %, a €I, s € S and there
exists u € S such that u(a — s) = 0. Then ua = us € I N S. Conversely, assume that there
exists an element s € I NS, which implies that 1 = £ € (), hence e(I) = ST A,

(d) Using (b), r(e(p)) ={a € A : exists s € S with as € p}. Since p is prime and pN S =0, it
is r(e(p)) ={a €p : exists s € S with as € p} = p, hence r(e(p)) = ¢ !(e(p)) is a prime
ideal of A. Therefore e(p) = ¢(p)S™'A = S~!p is a prime ideal of S7'A.

[
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Exercise 40. Let S C A be a multiplicative set and let ¢ : A — S™YA the corresponding ring
homomorphism.

(a) Prove that, given an ideal I C A, I =r(e(l)) if and only if
foreveryse S, asel=acl (5.2)
holds.
(b) Conclude that there is a bijection between ideals of S™'A and ideals of A satisfying (5.2).
(c) Show that if A is Noetherian then S™'A is Noetherian.

(d) If p C A is a prime ideal such that p NS =0, then p satisfies (5.2). Therefore, we have an
inclusion
r: SpecST!A — Spec A
STl =e(p) — r(S7'p) =r(e(p)) =p

whose image is {p € Spec A : pN S =0} C Spec A.

Example 27. Let A = Z which is a domain. Taking S = Z\{0}, its ring of fractions is a field
S717Z = FracZ = Q. The spectrum Spec Q contains just one point corresponding to the zero ideal,
which corresponds to the zero ideal in Z (the unique ideal which does not intersect S). Then the
inclusion Spec Q — Spec Z maps the point into the general point of SpecZ.

Example 28. A similar situation happens with A = k[X] with the multiplicative set S™1 =

k[X]\{0}, yielding the field of fractions k(X) := Frack[X] = {% D g(X) # 0}. The inclusion

Spec k(X) — Speck[X]| maps the unique point corresponding to the zero ideal into the general
point of Spec k[X].

One of the most important examples of multiplicative sets is S = {1, f, f%, f2,...}, where
f € A. The corresponding ring of fractions will be denoted as Ay := S™'A and its elements are of
the form fi"’ g € A, this is, we allow the element f to be invertible. The geometric effect is that
Spec Ay contains the primes of Spec A which do not intersect S, i.e. which do not intersect the
principal ideal (f), i.e. which do not contain the element f.

Example 29. Let A = k[X]| with k algebraically closed and let S = {1,X,X? X3 ...}. The

ring of fractions k[ X|x = ST'k[X] consists of fractions f;{)ﬁ). Its prime ideals are in bijective
correspondence with prime ideals of k[X| which do not intersect S, this is, which do not intersect
(X). These are precisely the (0) corresponding to the general point of the affine line and all
mazimal ideals (X — a), 0 # a € k. Geometrically, the inclusion Spec k[X]x < Spec k[X] is the
inclusion of the open set D(X), complement of the origin in the affine line, into the whole line.
The effect of inverting X in the ring of fractions is recovering the geometry governed by functions
which do not vanish at the zero locus of the multiplicative set, this is the origin, therefore we get
the complement of the ideal of the origin (X).

Note that this ring k[X|x can be identified with k[X, XY, the ring of polynomials on the

variables X and X '.
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Example 30. In general, if we take A = k[Xy,...,X,] with k algebraically closed, a polyno-
mial f € A and the multiplicative set S = {1, f, f2, f3,...}, the spectrum of the ring of fractions
Spec STtA = Spec k[X1, ..., X,]; can be identified with D(f), the distinguished open set comple-
ment of the hypersurface V((f)). The functions on Speck[Xq,...,X,]s are those which do not
vanish at the zero locus of f.

Exercise 41. Prove that Spec Ay is homeomorphic to D(f), the distinguished open set in the
Zariski topology whose complement is V ((f)).

Example 31. Let A = k[X,Y]/(XY) and recall that Spec A is the union of the X and Y axes.
Let S = {1, X, X2, ...} be a multiplicative set. Observe that in the ring of fractions we get % ~ %,
since there exists the element X € S such that X(Y -1 —-0-X) =0 € A. Therefore we can see
that the image of the homomorphism

0: A=k[X,Y]/(XY)— ST'A = (K[X,Y]/(XY))x

is p(A) ~ k[X].

The prime ideals of A, i.e. the points of its spectrum, are the points of the union of the X
and Y azes (corresponding to maximal ideals (X — a,Y) and (X,Y — b)), plus the two general
points of both lines (corresponding to the primes (X) and (Y')). Again, the spectrum of the ring
of fractions contains the prime ideals of A which do not intersect the multiplicative set S. Hence,
Spec ST'A = Spec(k[X,Y]/(XY))x is given by the maximal ideals of the form (X —a,Y), 0 #
a € k, plus the general point of the X axis corresponding to the prime (X), therefore the X -axis
minus the origin. Observe that this is precisely the intersection of Spec(k[X,Y]/(XY')) (the union
of the axis) with the distinguished open set D(X) (the complement in the plane of the Y -axis).
Finally, note the isomorphism (k[ X,Y]/(XY))x =~ k[X]x, where the fractions are the same and
the points of its spectrum are also the same.

5.2 Localization

Let A be a domain and let p C A be a prime ideal. The difference A\p is a multiplicative set since
1 & p and given f,g & p, fg & p. Hence, we can define the ring of fractions

Ay = (A\p) 1A= {g - fLge Ay ¢p},

which is a subring of the ring of fractions Frac(A).
Exercise 42. Show that an element 5 € A, is a unit of A, if and only if f € p.

Therefore, the ring A, is a local ring, with maximal ideal

m={L . repggnlca,,
g

and it represents the geometric process of passing from Spec A to local information at the point

p € Spec A.
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Definition 45. Let A be a domain and let p C A be a prime ideal. The localization of A at p
is the local ring (Ay, my).

The inclusion of spectra in Exercise 40 (d) is:

Spec A, — SpecA
(A\p) g = g (5.3)

such that gN (A\p) = 0, therefore, Spec A, contains all primes q such that ¢ C p C A. This means
that passing to the localization A, we see the geometry of all ideals q € Spec A whose geometry
V(q) contains the localization point p, i.e. we are looking at the Zariski neighborhood of the point
p.

Let us explore this notion through some main examples.

Example 32. Let k[X] be the ring of polynomials in one variable with coefficients in the field k,
and let (X — a), a € k, be the principal ideal generated by the (irreducible) polynomial X — a,
which 1s a prime ideal. Localizing with respect to this ideal yields:

FX i — {% . fog € kIX], g(X) ¢<X—a>} _ {% : g(a)%o} |

with mazimal ideal m = (X — a) - k[X](x_a) =

C.ON —a —a)y = @ a) = a
{158 1 e-a g0 ¢ -af = {2 =0, @20}

The set of units of this local ring is the complement of the maximal ideal, which are those rational
functions not vanishing at a:

U (kXl0) = {150+ 1@ 20, g0 20}

The residue field of this local ring is the quotient of the ring by its maximal ideal
k[ X](x-a)/(X —a) - k[X](x—a) = k ,

where each residual class can be identified with the value of the numerator at a, f(a). This field
k is also different from the field of fractions of k|X]|, Frack[X] = k(X), which is the field of
quotients of polynomials % where g(X) is not the zero polynomial. However, all these local
rings at primes (X — a) yield the same residue field k.

Polynomials in k[X] can be understood as functions on the affine line Spec k[ X]|. And quo-
tients of polyomials in k(X) are rational functions on Speck[X], defined in all the affine line
except by a finite number of points, i.e. defined in a Zariski open set of k[X]. For the prime ideal
(0), which is the general point of the affine line, the localization yields k[X] (o), which is isomorphic

to k(X): localize at the whole line gives the same rational functions in the entire line.
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Now, for a prime ideal (X — a), the localization yields k[X]x—_q) which contains rational
functions which are well defined at the mazimal point X — a (because its denominator does not
vanish). These are germs of rational functions defined locally near a point a € k, hence its value
is just an element of the field k, the residual field (the same field for all a).

In this example, the inclusion (5.3) is

Spec k[ X](x—q) = Spec k[X]

where the only primes in k[X]x_q) are in correspondence with primes q C k[X] such that q C
(X —a), therefore Spec k[X|(x—a) has just two primes, the (0) and the maximal ideal m = (X —
a) - k[X](x_q) corresponding to (X — a) itself. The inclusion of m collects the information of the
value of a rational function at a and the general point (0) contains the information of the rest of
the rational function in the surroundings of a.

Remark 10. Mind the difference between the rings of fractions k[X]x_o, which are fractions
where we invert powers of the polynomial X —a (rings of fractions of the form Ay), and k[X|(x_a),
which are fractions where we invert elements outside the ideal (X — a) (rings of fractions which
are localizations of the form A, ).

Example 33. Let Z be the ring of integers and let p € Z be a prime number. Let pZ be the ideal
of multiples of p, which is a prime ideal. Localizing with respect to the prime ideal pZ yields the
local ring denoted by Zy,):

Z(p):{g : a,bEZ,ngpZ}

The maximal ideal of this local ring Z) is

a
m(Zy)) = pLy) = {g : a,bEZ,(LEpZ,prZ}.

The set of units of Zgy, is the complement

U(Zy) = {% cabeZ adpl,b §ZpZ} .
The residue field of this local ring is

L) /Py = Fp

the finite field with p elements. Note how the finite fields I, are different from the field of fractions
of Z, which is Q.

A rational function on SpecZ is an element of its ring of fractions, i.e. a rational number
7 € FracZ = Q, which is defined at all elements of SpecZ except by a finite number of primes
(those appearing in the arithmetic decomposition of the denominator b), which is a Zariski open
subset of SpecZ. Localizing at the prime (0), the general point of SpecZ, gives the same fractions
m Q.

Localizing at a prime (p) yields functions well defined at the prime p because Zy,) contains
fractions § where b is not a multiple of p, hence it is not zero in Z/pZ. Functions taking the value
zero at p are elements of the mazimal ideal m(Zy)), whose numerator is a multiple of p. The units
in Ly are functions taking a non-zero value at p. Observe that the fields F,, where these local
functions take values, vary from one prime to another.
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Example 34. In general, if we consider the ring of polynomials k[ X, ..., X,] with k algebraically
closed, p C k[X1,...,X,] a prime ideal and Z = V (p) the corresponding irreducible variety in k™,
localizing at p yields

J( Xy, X))
g(Xla---,Xn ’

k[Xl,...,Xn],,:{ g(Xl,.--,Xn)GZp} :

These are rational functions which do not vanish identically at the variety Z. This does not prevent
functions f/g from having zeroes at some points of Z: they are actually defined on a Zariski open
subset of Z. It could happen that g vanishes at certain mazimal points (Xy — a1, ..., X, — ay)
but not at all points in Z. The elements in the mazimal ideal pk[ Xy, ..., X,], are those fractions
whose numerator is identically zero in Z.

For example, localizing C[X,Y] at the prime (Y — X?) yields the ring of rational functions
defined on the parabola

Z={(r,y)€C® : 2> —y=0.
fXY)
g(X,Y)
X?), i.e. where g is not a multzple of Y = X?2. Howeuver, Xzf_yg, = (X_Y)f(Xer)Y € CIX,Y](y_x2 is
not defined at the points (0,0), (1,1),(—1,1) € Z (the denominator vanishes), hence it is defined in
the complementary Zariski open set of these three points, which is precisely D((X =Y )(X+Y)Y) C

Spec C[X,Y]/(Y — X?). Note that 25 € C[X,Y]y_x2) is a unit and it is not contained in
the mazimal ideal of the localization. On the other hand, the element YXX12Y = (Y;()i)y €
CIX,Y]y—xz2) belongs to the mazimal ideal (Y — X?) - C[X,Y]y_x2), and it is a function which
vanishes identically at the parabola Z.

If we consider the same parabola in the three-dimensional affine space we have

Its elements are fractions whose denominator g does not belong to the principal ideal (Y —

W= {(z,y,2) €eC* : 2* —y =0}

whose ring of coordinates is C[X,Y, Z|/(Y — X?, Z). Its localization is C[X,Y, Z]y_x2 7). The
rational function Z/X € C[X,Y, Z)y_x2z) is well defined because the denominator X does not
vanish identically at the parabola. It belongs to the mazimal ideal (Y — X2, Z) - C[X,Y, Z]/(Y —
X2, 7) since the numerator Z belongs to the ideal (Y —X?, Z). Note that the ideal generated by the
numerator, ¢ = (Z) satisfies that ¢ C p = (Y — X2, Z), then it is in correspondence with a point
in Spec C[X,Y, Z] /(Y — X?, Z): it reflects the general point of the plane Z = 0 which contains the
parabola in which we are localizing.

5.3 Modules of fractions

Similarly, we can define modules of fractions. Let A be a ring, let S be a multiplicative set and
let M be an A-module. Define the following equivalence relation on the cartesian product M x S

(m,s) ~ (n,t) <= exists u € S such that u(mt —ns) =0 (5.4)

and denote by 7 the equivalence class of the element (m,b) € M x S.
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Definition 46. Let A be a ring, let S be a multiplicative set and let M be an A-module. We
define the module of fractions of M with respect to S, denoted by S™'M, to be the quotient
of M x S by the equivalence relation (5.4),

STIM=MxS/~,
which is a module with the operations

m n mt + ns m
_+_:—7 fOT-,
S

€SM,
S t st

=13

2_@:@’ fOTQES_IMandEES_IA.

b s bs s b

Exercise 43. Prove that S™'M is an S~ A-module (hint: show that it is equivalent to the homo-
morphism & : M — M, m +— sm, being bijective for every s € S).

In particular, if p C A is a prime ideal and S = A\p is a multiplicative part, then S™1M is
an S7tA = A,-module. We call this the localization of M at p and will be denoted by M,.

Given a homomorphism of A-modules ¢ : M — N and a multiplicative set S C A, it is
induced a homomorphism of S~!A-modules between the modules of fractions

wim)

W STIM — STIN G,y (%) -2

This says that the operation of taking fractions (with denominators in S) is functorial on modules
(from A-modules to S~ A-modules). And the next proposition says that this functor is exact.

Proposition 25. Given an ezact sequence of A-modules L = M LY (c.f. Definition 32), and

a multiplicative set S C A, the induced sequence of S~'A-modules S~ L 45 IM 2 5N s
exact.

Proof. Let ™ € S~M. Then g (%) =0 € SN if and only if there exists an element u € S such
that uf(m) = B(um) = 0 € N. Since im o = ker (3, this is equivalent to the existence of elements
u € S, [ € L such that um = «(l), therefore = = o (é), hence = € im o H

Corollary 10. Given an ezact sequence of A-modules L = M 2N and a prime ideal p C A,

the induced sequence L, o M, ﬁ; N, between the localized modules is exact.
Proof. Follows immediate from Proposition 25 by taking S = A\p. m

Exercise 44. (a) Let M, N be A-modules. Let S C A be a multiplicative set. Then
SHM+N)=S"'M+S'N.

In particular,

ST MON)=S"'"MaS'N.
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(b) Let M, N be A-modules. Let S C A be a multiplicative set. Then
ST MNN)y=S"'"MnNnS'N.

(¢) Let M be an A-module and let N C M be a submodule. Let S C A be a multiplicative set.

Then
N) S°IN
Given a ring A, a multiplicative set S C A and an ideal I, we have the quotient map
T A — A/l
S — m(S)

where note that 7(S) is a multiplicative set of the quotient A/I. Then, we can obtain the ring
of fractions (m(S))~*(A/I). On the other hand, consider the ring of fractions S™*A and the ring
homomorphism ¢ : A — S™'A. Hence, S7'I :=e(I) = p(I)S~'A is the extended ideal in S™'A.
Then, we are allowed to take the quotient S™'A/S™1T.

Proposition 26. There is an isomorphism (mw(S))"*(A/I) ~ S71A/S7'I.

Proof. Tf we see the quotient m(A) = A/I as an A-module, the ring of fractions (7(S))~*(A/I) is
precisely the module of fractions S™'(A/I). Using Exercise 44 (c), we have the isomorphisms

(m(9)) MA/I) =S HA/I) ~ STA/STIT
which can be shown to also be a ring homomorphism. O

In particular, if we are localizing at a prime ideal, the commutation of these two processes
has a precise meaning.

Corollary 11. Ifp C A is a prime ideal, the residue field of the localization A,/pA, (coming from
taking fractions and then quotient) equals the field of fractions k(p) = Frac(A/p) (coming from
taking the quotient and then fractions).

Proof. Follows from Proposition 26. m
Let us summarize the content of this chapter. Let p C A be a prime ideal.

e A/p is a ring containing the polynomial functions on p. This is a domain whose field
of fractions Frac(A/p) is the residue field k(p) of the point p. Its ideals are in bijective
correspondence with primes ¢ C A such that p C q C A, hence A/p contains all the
geometry inside the point p, which is V(p) C Spec A.

e A, is alocal ring containing the fractions of polynomials whose denominator does not vanish
at p, hence regular functions defined at (a neighborhood of) p. Its residue field A,/pA,
(taking the quotient by the unique maximal ideal) contains the evaluation of these regular
functions at the point p, and coincides with k(p) = Frac(A/p), by Corollary 11. Its ideals,
by (5.3), are in bijective correspondence with primes q C A such that q C p C A, hence A,
contains all the geometry surrounding the point p, which is Spec A, C Spec A.
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In the particular case where p = (f) is a principal ideal, f € A:

e Ay is a ring contains the fractions of polynomials whose denominator vanishes at p, hence
regular functions defined at D(f) = Spec A\V (p) = Spec A\V((f)). It is not necessarily a
domain, hence we do not talk about its ring of fractions.

Example 35. Observe that the localization A, is a local ring, hence Spec A, just contains one
mazximal ideal. However, Spec A, can contain lots of prime ideals. For example, the localization
of k[X,Y] at the maximal ideal of the origin, k[X,Y|xy) is a local ring whose maximal ideal is
(X,Y), whose elements are fractions of polynomials of the form 58((5)) such that g(0,0) # 0. These
fractions, at the origin, take values in the residue field k. Prime ideals of k[ X,Y|xy) correspond
to irreducible curves (i.e. prime principal ideals (h(X,Y)) C k[X,Y]) passing through the origin.
The prime ideals (Y — X?) and (Y? — X?) are different, but they take the same value at the origin,
0 € k: indeed, they are both contained in the mazimal ideal (X,Y).

Exercise 45. In light of the isomorphism between the residue field Ay /pA, ~ Frac(A/p) = k(p),
try to understand the details of the map (4.7) in the Examples of Section 4.5.

We end the chapter by discussing the meaning in algebraic geometry of a property being
local. We say that a property P of a ring A or of an A-module M is local if:

A or M has P <= A, or M, has P for every p € Spec A .

The following results show the locality of certain properties.

Proposition 27. Being zero is a local property of A-modules M, i.e., M = 0 if and only if M, =0
for every p € Spec A.

Proof. Tt is clear than, if M = 0, then M, = 0 and M,, = 0 for every prime p or maximal ideal
m. Suppose that M, = 0 for every maximal ideal m C A but M # 0. Let 0 # m € M. Consider
the ideal Ann(m) = {a € A : am = 0} (see Definition 48 of the annihilator), which is different
from the total ring A (because M # 0). Then, by Proposition 2, there exists a maximal ideal
m C A such that Ann(m) C m. Since M, = 0, the fraction 2 = 9, hence there exists u ¢ m with
u(m-1—0-1) =0, i.e. um =0, ie. u € Ann(m), which is a contradiction since Ann(m) C m. O

Proposition 28. Being injective (resp. surjective) is a local property of homomorphisms of A-
modules, i.e., 1 : M — N is injective (resp. surjective) if and only if ' : M, — N, is injective
(resp. surjective) for every p € Spec A.

Proof. Exercise. As in Proposition 27, use that the locality can be checked just at maximal
ideals. O]

Exercise 46. Let p C q C A be prime ideals. Prove that the localization A, is isomorphic to
(Aq)p, the localization of Aq at the prime ideal pA,.

60



‘ ~

W e Commutative Algebra — Year 2025-26 B
mA Alfonso Zamora Saiz

Chapter 6

Primary decomposition

In every UFD, an element decomposes uniquely (up to rearranging and units) as a product of
irreducible elements. When the ring is also a PID, as it is the case of Z, this decomposition can
be translated into ideals. For example, the arithmetic decomposition 300 = 22 - 3 - 52 yields

300Z = (27)* N (3Z) N (5Z)?

which exhibits every principal ideal as a unique intersection of powers of prime ideals.

In k[Xy, ..., X,] the situation is more complicated. A variety V corresponding to a radical
ideal I(V') (4.2) can be expressed as a union of irreducible varieties (Definition 42) V' = UV; which
corresponds to prime ideals [(V;) = p;, such that I(V) = M;p;. These prime ideals p; are the
minimal primes which contain I(V'), but this description does not account for powers of ideals
as it happens with Z. Nor we are allowed, in principle, to describe a non-radical ideal as an
intersection of primes.

As we know, the algebra of an ideal I C A is related to the geometry of Spec A/I. For
example, Spec Z/300Z contains three points, the prime ideals 27, 3Z and 5Z (these will be their
associated primes and the support of the Z-module Z/300Z), and the prime 2 appears in the
arithmetic decomposition of 300 because of the very same reason: 2 is a zero divisor of Z/300Z.
There are other non-prime elements of the ring Z which annihilate the module Z/300Z, for example
the element 4.

This chapter is devoted to find, when possible, good descriptions of an ideal as an intersection
of ideals (called primary ideals) which resemble the notion of arithmetic decomposition in Z.

6.1 Support of a module and associated primes

Most of the modules we are interested in are quotients A/I of a ring over an ideal. However, the
notions in this section can be formulated for modules in general.

Definition 47. Let M be an A-module. The support of M is
Supp M = {p € Spec A : M, # 0} C Spec A ,

i.e. the set of primes whose localizations M, = (A\p)"*M are different from zero.
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Definition 48. Let M be an A-module and let m € M be an element. The annihilator of m is
Ammm={ac A : am =0},

which is an ideal of A. An element a € A is a zero diwvisor of M if there exists an 0 # m € M
with a € Annm. The annihilator of the module M is

AnmmM ={feA: fM=0}.
Let us explore several properties of the support and annihilator of a module.
Proposition 29. Let M be an A-module.

(a) If M is generated by a single element m then Supp M = V(Annm). In particular, the
quotient ring A/I is generated by 1 and I = Ann1, therefore Supp A/I =V ().

(b) If M =3, ., M;, then Supp M = U;c; Supp M;.

(c) Given an exact sequence 0 — L — M — N — 0, Supp M = Supp L U Supp N.
(d) If M is finite over A, then Supp M = V(Ann M) is a closed subset of Spec A.
(e) If M is finite over A and if p € Supp M, then V(p) C Supp M.

Proof. (a) Assume M is generated by a single element m € M, therefore, M = Am. By
contradiction, let p & Supp M, then the localization M, = 0. Therefore, all elements of

the form %* with a € A are zero in the localization M,, in particular, §* = 0. This is

1
equivalent to the existence of an element u ¢ p such that um = 0, which is equivalent to

(A\p) N Annm # () which happens if and only if Annm ¢ p, i.e. p € V(Annm). Therefore,
Supp M = V(Annm).

(b) By Exercise 44 (a), M, = Y ._;(M;),, then it is immediate that those supporting primes
p € Spec A for which M, # 0 are those primes for which there exists (at least) an ¢ € I with

(M), 0.
(c) It follows from the exactness of localization (Corollary 10).

(d) Let my,...,ms be generators of M as an A-module. By Definition 29, M = Amy+- - -+ Amy,
where each Am; is an A-module generated by a single element. Combining (a) and (b) we
have

Supp M =V (Annmy)U---UV(Annmg) = V(Annmy N --- N Annmy)
by the properties of the Zariski topology. Let us see that V(Annmy N --- N Annmy) =
V(Ann M).

Let p be a prime ideal which contains Annm;N---NAnnmg and let a; € A, i =1,...,s be
elements such that a; € Annm;. Then the product a;---as € Annm; N --- N Annmg, C p
and, then, there exists (at least) an index j such that a; € p, hence Annm; C p. Since
Ann M C Annm;, AnnM C p and p € V(Ann M). Conversely, let p C A be a prime
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ideal such that Ann M C p and let a € Annmy; N --- N Annm,. Then, a € Ann M =
Ann(Amq+--- Amg) C p, hence AnnmyN---NAnnm, C pand p € V(Annm N---NAnnmy).
We conclude that Supp M = V(Annm; N--- N Annmg) = V(Ann M).

(e) Since Supp M is a closed Zariski subset by (d) and V (p) is the Zariski closure of the point
p by Exercise 33, we get the result.
[l

Exercise 47. Show that the support of a ring A is its spectrum, Supp A = Spec A.

Example 36. Let M be a Z-module which s a finitely generated abelian group and, by the clas-
sification of these objects, it is isomorphic to

M=7Z"®ZL/pV'Z& - SL/pyZL (6.1)

where py, ..., ps are prime numbers (not necessarily distinct).

The prime ideals of SpecZ are (0) and the principal ideals pZ, with p a prime number. If
there is a free module part, i.e. v # 0, localizing at (0) yields Q", the rings of fractions of the free
module part and localizing with respect to any prime pZ yields non-zero localizations (they contain,
at least, modules isomorphic to Zgy ).

If M is a torsion module, i.e. r =0, localizing at primes which do not appear in (6.1) yields
zero but localizing at the primes appearing in (6.1) give non-zero local modules (show this as an
exercise, use Ezxercise 44 (c) when localization commutes with quotients).

As a consequence, given (6.1), Supp M = SpecZ if there is a free part r # 0, or Supp M =
{MZ,...,pZ} if M is torsion.

Observe that there are annihilators of elements which are not prime, Annp;", but the varieties
associated to these ideals are the same as the associated to the primes themselves, V (Annp*) =
V(Annp;). Also observe that once the ideal (0) is a supporting prime of M, all the variety
V(0) = SpecZ belongs to the support (this is the case when r #0).

Proposition 29 says that we can understand an A-module M by means of its support Supp M
which contains the information of those non-zero localizations M,. The elements m € M yield
elements m, = 7 in each A,-module M, called the stalk of M at p. This support is a Zariski
closed set which is the union of the supports of several annihilators Annm,. If the module is finite
over A (which happens if M is noetherian, of if M is finite over A noetherian) this is a finite
union. This way, we can understand the support of a module by understanding a finite number of
components related to certain zero-divisors. These special zero-divisors are the associated primes.

Definition 49. Let M be an A-module. A prime ideal p C A is an assoctated prime of M if it
is the annihilator ideal of an element m € M, i.e. there exists m € M such that p = Annm. The
set of associated primes of M will be denoted by Ass M.

Exercise 48. Show that p € Ass M if and only if M contains a submodule isomorphic to A/p
(hint: the submodule is Am, with p = Annm).
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Example 37. Not all annihilators Annm are prime: in the Z-module Z/60Z, the ideal 10Z C Z
is the annihilator of the element 6 € Z/60Z:

Am6={neZ : 6n=0¢€Z/60Z} = 10Z

The associated primes of Z/60Z are (2) = 2Z = Ann30, (3) = 3Z = Ann10 and (5) = 5Z =
Ann6, the only prime numbers which can be annihilator ideals of elements in 7/607Z. Therefore
AssZ/60Z = {(2) = 27, (3) = 37Z, (5) = bZ}.

Let us now explore several properties of the associated primes of a module.
Proposition 30. Let M be an A-module.

(a) If p = Annm, m € M, is an associated prime of M, then for every 0 # n € Am we have
Annn =p.

(b) For every p € Spec A, Ass(A/p) = {p}.

(¢) Any mazimal element of the set of annihilator ideals {Annm : 0 # m € M} is an associated
prime belonging to Ass M.

(d) Given an exact sequence 0 — L — M — N — 0, Ass M C Ass L U Ass N.

Proof.

(a) By the Exercise 48, M contains the submodule Am isomorphic to A/p, which is an integral
domain. Then, any non-zero element n € A/p = Am has the same annihilator, Annn = p.

(b) Since A/p is generated by 1 as an A-module we have p = Annl C M. By (a), any other
annihilator Annn, withn € A-1= A/p, is Annn = p.

(c) Let p = Annm be maximal among all annihilator ideals and let us show that p is a prime
ideal. Let f,g € A such that fg € p = Annm, then fgm = 0. Suppose that gm = 0, then
g € Annm = p. Suppose that gm # 0. Then Annm C Ann gm and, by maximality of Annm we
have p = Annm = Ann gm, then f € p.

(d) Let p € Ass M and recall that M contains the submodule Am isomorphic to A/p. If (A/p)N
L = 0, then A/p maps isomorphically to a submodule of N, therefore p € Ass N. Otherwise
(A/p) N L #0; choose 0 #1 € A/pN L, then by (a) Annl = p, hence p € Ass L. O

Remark 11. Observe that Proposition 30 (d) for associated primes does nor need to give an
equality as in Proposition 29 (c) for supports. Indeed, take a ring A and p C A a prime ideal.
The exact sequence 0 —p — A — A/p — 0 gives (Exercise 47)

Spec A = Supp A = Supp p U Supp A/p
which, if p = (f) is principal with f prime, can be written as

Spec A = Supp A = Supp(f) U Supp A/(f) = V((f)) U D(f),
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the support is the union of the variety defined by f and the distinguished complementary Zariski
open set D(f). However, if A is a domain, it has no associated primes other than zero, because it
has no zero-divisors, but

Ass A= (0) C AsspUAssA/p=(0)U {p}.
Let us see that all associated primes are supporting primes.
Proposition 31. Let M be an A-module. Then Ass M C Supp M.

Proof. Let p € Ass M, then A/p C M. Localizing at p (i.e. at the zero ideal of A/p) we get
0 # k(p) = Frac(A/p) = (A/p), C M,, then p € Supp M. O

Corollary 12. If p is an associated prime of an A-module M, then the irreducible closed Zariski
set V(p) in contained in the support of M.

Proof. Let q € V(p) a prime ideal such that p C q. Then, by as similar argument as in the Exercise
46, M, = (M,), , then the module M, of the latter localization cannot be zero (otherwise the
localization (M), = 0), then M, # 0 and q € Supp M. O

Let us end the section with stronger results for the case when A is a noetherian ring.
Proposition 32. Let A be a noetherian ring and let 0 # M be an A-module.
(a) M has, at least, one associate prime.
(b) The set of zero-divisors of M is the union of the associated primes.

Proof.  (a) The set of annihilator ideals Annm, with m € M, is non-empty. Since A is noethe-
rian, this set has a maximal element, which is a prime ideal by Proposition 30 (c), hence

Ass M # ().

(b) Every zero-divisor of M is an element a € A such that a € Annm, with m € M. And

Annm is contained in a maximal element which is an associated prime by (a).
O

Theorem 11. Let A be a noetherian ring and let M be an A-module. Every irreducible component
V(p) C Supp M (i.e. minimal prime in Supp M ) yields an associated prime p € Ass M.

Proof. Let p be a prime ideal which is minimal among those in Supp M. This means that the
localization M, # 0 but for every smaller prime q C p we have M, = 0.

Consider the A,-module M, # 0. By Proposition 32 (a), Ass M, # 0. It is clear that the
maximal ideal pA, of the local ring A, is an associated prime of M, let us see that there are
not any more. Let q' C A, be a prime ideal, which is of the form q" = qA, with g N (A\p) = 0,
then q C p (see Exercise 40). Then, the localization (M,)y = M, = 0 unless q = pA,. Hence,
Supp M, = {pA,}. Since 0 # Ass M, C Supp M, = {pA,} we arrive at Ass M, = {pA,}. This
has so far solved the question locally: the general point of the component V' (p) gives the unique
associated prime of the local module M,,.
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Now, since pA, is an associated prime of M, let 0 # ** € M, such that Ann " = pA,, where
m € M and s € A\p. We claim that Anntm C p for every t € A\p. Indeed, if u € A\p were to
make utm = 0, then m goes to a non-zero element under the map M — M,, and ¢, u go to units,
hence a contradiction.

The end of the proof is to show that we can find a t € A\p such that Anntm = p, therefore
p € Ass M. Since Ann"* = pA,, every f € p produces { - = 0, which means that there exists
an element ¢ € A\p with ¢fm = 0. Since A is noetherian, p is finitely generated, then there exist
fi,--+, fx € A such that p = (f1,..., fr), and choose elements t; € A\p with this condition, i.e.
t;fim = 0. Defining t := t; - - - t;, the annihilator ideal Annt¢m contains all generators f;, then it
contains p and Anntm = p. Therefore, p € Ass M. O

Corollary 13. Let A be a noetherian ring and let M be a finite A-module. The support of M is
a finite union of its irreducible components V (p;), where p; € Ass M and these p; are the minimal
associated primes which contain Ann M.

Proof. By Proposition 29 (d) we have that Supp M = V(Ann M) and by Exercise 34 (a) V (Ann M)
consists of a finite number of irreducible closed subsets V' (p;) where each p; is a minimal prime
containing Ann M. By Theorem 11, these primes p; belong to Ass M. m

Moreover, we can decompose a module inductively by extracting the associated prime com-
ponents recursively.

Proposition 33. Let A be a noetherian ring and let M be a finite A-module. Then there exists
a chain of submodules
O=MyCM,C---CM,=M

such that My /M;_1 ~ A/p;, where p; € Spec A, i = 1,...,n. Therefore Ass M C {p1,...,pn} and
there are a finite number of associated primes in M.

Proof. By Proposition 32 there exists, at least, one associated prime p;. Then, there exists a
submodule M; ~ A/p; € M. By induction, assume that we have a chain 0 = My C M; C
<+ C M; C M and M/M; # 0, then there exists another associated prime p;;; and a sumbodule
N =~ A/p;y1 C M/M;, whose inverse image by 7 : M — M/M;, M;,, := 7 '(N) yields a enlarged
chain 0 = My C My C --- C M; C M;;; C M which has to stop eventually, because M is
noetherian. ]

Example 38. Let A = k[X,Y] and let [ = (X?Y) be an ideal. The A-module A/T = k[X,Y]/(X?Y)
contains polynomials of the form f(X)+ g(Y) + Xh(Y) and geometrically represents functions
over the union of the axis X and Y, where Y is doubled. The annihilator of the module A/I is
clearly the ideal (X?Y) C k[X,Y] which is the intersection of the annihilators (X) = Ann XY,
(X?)=AmY, (Y)=Ann X? and (XY) = Ann X. The support of the module A/I is the union
of the supports of these annihilators: Supp(X) and Supp(X?) are the vertical axis, Supp(Y) is
the horizontal axis and Supp(XY') is union of the axes. Observe that Spec(X) = Supp(X) =
Spec(X?) = Supp(X?), hence Supp A/I is the union of the azes (and nothing more!). However,
we can express the support as the union of just two wvarieties of annihilators, those which are
minimal primes, i.e. Supp A/I =V ((X))UV((Y)).
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6.2 Primary ideals

Let us explore the generalization of a power of a prime ideal, which are the primary ideals.

Definition 50. An ideal q C A is a primary ideal if q # A and given elements f,g € A such
that fg € q, then either f € q or there exists n € N such that g" € q.

Exercise 49. Show that an ideal ¢ C A is primary if A/q # 0 and every zero-divisor in A/q is
nilpotent.

Given an ideal I C A, the radical v/T is not always a prime ideal. For example the radical of
I =(X?Y3) C k[X,Y]is /(X2Y3) = (XY). However, the radical of a primary ideal is a prime
ideal.

Proposition 34. Let q C A be a primary ideal. Then, its radical \/q is a prime ideal.

Proof. Let fg € /q and suppose that f ¢ /q. Since q C /q we have f € q and, since q is
primary, there exists an n € N such that ¢g" € q, therefore g € /q. O]

Definition 51. We will say that a primary ideal q is p-primary if its radical \/q is equal to the
prime ideal p.

Example 39. The primary ideals in Z are the powers of a prime ideal. Indeed, let q = (p") C Z
be an ideal with p a prime number and n € N. Then, if a,b € Z with ab € (p™), then it is clear
that at least one of then, say a, has a power such that a™ € (p"). Observe that \/q = /(p") = (p)
and q = (p") is (p)-primary.

Reciprocally, if (n) C Z is an ideal such that n has two different primes p, q in its arithmetic
decomposition, then p and q are zero-divisors in Z/nZ but they are not nilpotents (Exercise 49),
then (n) is not a primary ideal.

Exercise 50. Show that the previous ezample just requires the ring to be a PID. This is, let A be
a PID, then its primary ideals are of the form q = p", powers of prime ideals p.

Exercise 51. Prove that, if p C A is a prime ideal, then \/p™ =p, n € N. Find a counterexample
to this equality if I C A is a non-prime ideal.

In general, being a primary ideal and being a power of a prime ideal are different concepts.

Example 40. Let A = k[X,Y] and let q = (X2Y) be an ideal. Then, q is p-primary with

p = (X,Y). Indeed, the quotient A/q = k[X,Y]/(X?Y) ~ k[X]/(X?), which is not zero and

whose zero-divisors are the multiples of X, which are all nilpotents. It is also clear that \/q =
(X2Y) = (X,Y). However, q is not a power of any prime ideal of A.

Example 41. Let A = k[W] = k[X,Y, Z]/(XZ — Y?) be the coordinate ring of the affine cone

W = {(x,y,z)_e E" . w2z —y? = 0}. Let X,Y,Z be the images of X,Y,Z on A and consider
the ideal p = (X,Y) C A, which is prime because A/p ~ k[Z], which is an integral domain. Let

p_2 the square power of p and let us see that p* is not primary: XZ = Ve p? but X & p? and
Z g NP =p.
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What is true is that a primary ideal, whose radical is finitely generated, contains a power of
its radical.

Proposition 35. Let q be a p-primary ideal with p finitely generated. Then there exists an m € N
such that p™ C q C p.

Proof. Let p = \/q = (f1,..., [s) be finitely generated. Then there exist integers ni,...,n, € N
such that f/" € q. Let m := (3. (n; — 1)) + 1 and observe that p™ is generated by all the
products [];_, f{* with >°7  r; = m. Then, from the definition of m we see that there exists, at
least, an index ¢ such that r; > n;, therefore f/* € q for every i = 1,...,s, hence p™ C q.

]

Remark 12. Proposition 35 is more general for noetherian rings: in fact, every ideal (not-
necessarily primary) contains a power of its radical [AM, Proposition 7.1/].

For maximal ideals it is true that their powers are primary ideals.

Proposition 36. Let I C A be an ideal such that its radical I = m is a mazimal ideal. Then,
I is m-primary. In particular, the powers m" of a maximal ideal m are m-primary.

Proof. Let f € A\l and form the set J := {g € A : fg € I}, which is an ideal such that
I ¢ J C A (otherwise J contains a unit and f € I). Therefore, there exists a maximal ideal
K such that I ¢ J C K C A. By Proposition 3, V1 is the intersection of all the prime ideals
containing I. Since v/I = m is maximal , there is only one maximal ideal containing I, hence
K = m. Therefore, for fg € I, then g € J, we have g € J C K =m = +/I, hence ¢" € I and I is
m-primary. O

The idea of primary decomposition is the abstraction of the Fundamental Theorem of arith-
metics in the PID Z, stating that an integer can be factored as a product of powers of primes in a
unique way, up to units. This is, given n € Z, there exists distinct prime numbers py,...,ps € Z
such that n = up]* - - - p?*, where u = %1 is a unit. In terms of ideals, this means that there exists
a primary decomposition

(n) = (p)™ N--- N (ps)™

where (p;)™ are distinct (p;)-primary ideals (see Exercise 50) and (n) is not contained in an
intersection of less than these primary ideals.

Definition 52. Let A be a ring and let I C A be an ideal. A (minimal) primary decomposi-
tion if I is

I=q, NN,
where each q; is p;-primary with p; # p;, © # j, and such that the decomposition is minimal, i.e.
for every i, I C M;£;q;.

Observe that once there exists a primary decomposition there exists a minimal one as in Def-
inition 52: we can make any primary decomposition into a minimal one by eliminating redundant
primary ideals:
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Exercise 52. Let qy, q2 be p-primary ideals. Then q; N qo is p-primary.
A primary decomposition, when it exists, is not necessarily unique.

Example 42. Let I = (X2, XY) C k[X,Y] be an ideal. The elements of k| X,Y]|/I are polynomials
of the form a +bX + 1Y 4+ --- + ¢,Y". On the one hand, I admits the primary decomposition
I =(X)N(X,Y)% Observe that (X) is prime, then (X)-primary, and (X,Y) is mazimal, then
by Proposition 36 its square (X,Y)? is (X,Y)-primary. On the other hand, see that I also admits
the different primary decomposition I = (X) N (X2Y), where we can easily see that (X?,Y) is
(X,Y)-primary.

Indeed, we have any primary decomposition of the form I = (X)N (X% Y —AX), with X € k.
We can consider the isomorphism k[ X,Y]| ~ k[X,Y —AX] and, then, k[X,Y —=AX]/(X?2 Y -\X) ~
k[X]/(X?), which is a non-zero ring where every zero-divisor is nilpotent (Ezercise 49). The
radical of this ideal is also (X,Y): note that (X?)Y — AX) = (X,Y)? + (Y — AX) and use that

VI+J =VVI+\J (exercise) to conclude

(X2,Y —AX) = /(X,Y)2+ (Y —\X) = \/\/(X, Y2Z4+VY —AX =

VX Y)+ (Y —AX) = /(X,Y) = (X,Y).

All of these decompositions exhibit k| X,Y]/I as the ring of coordinates of the vertical line
extra information in the origin (the coefficient b in the polynomial functions of k[X,Y]/I), but
they encode differently this extra information. The minimal primes (radicals of the primary ideals)
in all decompositions, i.e. the prime (X), is common (see Corollary 13). These are the maximal
components of the module: in this case the vertical line is the maximal component coming from
Speck[X,Y]/I.

However, the other primary ideals are different, yielding embedded components as is the
case of the origin here. The primary ideals represent the extra information on polynomials as
different forms of extra vanishing at the origin. However, note that the prime (mazimal) ideal
(X,Y) associated to the different primary decompositions is always the same.

This represent the situation that we will encounter for the primary decomposition of an ideal
in a noetherian ring: there always exists a primary decomposition (Theorem 13) although it is not
unique; however, the associated primes radicals of the primary ideals are unique (Theorem 14)
and the mazximal components coming from minimal primes are unique (Theorem 15).

6.3 Existence and uniqueness of primary decompositions

We conclude the chapter with a study of the cases where we can assure that there exists a primary
decomposition, and which information coming from different decompositions remains the same.

First, let us see that, in the noetherian case, there is only one associated prime for quotients
by a primary ideal.

Theorem 12. Let A be a noetherian ring. An ideal @ C A is p-primary ideal if and only if
Ass(A/q) = {p}.
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Proof. Let q¢ C A be a p-primary ideal. Since A/q is a noetherian module, by Proposition 32 (a) we
have Ass(A/q) # (0. Let I be an associated prime of A/q and let us show that I = p. There exists
an element m € A/q such that ¢ C I = Annm. Since the elements of Annm are zero-divisors of
A/q, these are nilpotent (Exercise 49), then ¢ C I = Annm C /g = p. Then, VI = ,/q = p. But
I = Annm is already a prime ideal, therefore a radical ideal, hence I = /T = p.

Conversely, assume that Ass(A/q) = {p} and let us show that q is p-primary. We first
show that for every non-trivial submodule 0 # M C A/q, it is VAnn M = p. Observe that
Ass(A/q) = {p} implies Ass M = {p} (note that A/q is generated by 1 as an A module and then,
any submodule M is generated by one element and use Proposition 30 (a)). Now, since v Ann M is
the intersection of all prime ideals containing Ann M (Proposition 3), taking the intersection over
the minimal primes, which are the primes of Supp M and which are in Ass M (see Theorem 11),
then vAnn M = p. Applying this to M = A/q itself we obtain that ¢ = Ann A/q and /q = p.

Now, let f, g € A be elements such that fg € q but f € q. Denote f € A/q the image of f in
the quotient A/q. We have that g € Ann f, which is an ideal, then g € Ann f C v/Ann f = p = V4
(where we have applied the part before with M = Ann f). Therefore, g € /@, and there exists an
n € N with ¢g" € g, then q is p-primary. O

Example 43. Let A = k[X,Y] and consider the primary ideal q¢ = (X", Y™), n,m € N,
whose radical is p = /(X" Y™) = (X,Y). The quotient A/q = k[X,Y]/(X™,Y™) contains
(as representatives of the equivalence classes) polynomials of the form f(X,Y) = Z” a;; XYY,
0<i<n0<j<m. There are several annihilator ideals of elements of A/q, for example,
(X2,Y3) annihilates the element X" 2Y™7 3. However, there is just one annihilator which is
prime, (X,Y) = Ann X"~ tym-1,

Note that the support Supp A/q is just one point, the mazimal idealp = (X,Y") corresponding
to the origin in k*, then we have just one associated prime (X,Y) as in Theorem 12.

Let us prove Emmy Noether’s most important result in algebra: in a Noetherian ring, every
ideal has a primary decomposition. The theorem is a consequence of two lemmas regarding the
notion of indecomposable ideal.

Definition 53. An ideal I C A is indecomposable if it cannot be written as an intersection of
two strictly bigger ideals, i.e. if [ = JN K, then either I = J or I = K.

Exercise 53. Show that a prime ideal is indecomposable.

Lemma 4. Let A be a Noetherian ring. Every ideal I C A can be expressed as a finite intersection
of indecomposable ideals.

Proof. Consider the set % of ideals of A which cannot be expressed as a finite intersection of
indecomposable ideals, and assume it is non-empty. Since A is Noetherian, this set > has a
maximal element K, which is necessarily a decomposable ideal (otherwise K ¢ ), hence K = INJ
with K C I, K C J. Then, by maximality of K, these two ideals I and J are, in fact, finite
intersections of indecomposable ideals, and so is K, which is a contradiction. Then ¥ is empty
and every ideal of A can be expressed as a finite intersection of indecomposable ideals. n

Lemma 5. Let A be a Noetherian ring. Every proper indecomposable ideal is a primary ideal.
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Proof. By the correspondence (1.3) between ideals through quotients it is equivalent that I C A
is indecomposable (resp. primary) to (0) C A/ is indecomposable (resp. primary), then we will
show that, in a Noetherian ring A, if (0) is indecomposable, then (0) is primary.

Let f,g € A such that fg = 0. Then g € Ann f and consider the chain

AnnfCAnnf2c---CAnnf"C...

which stabilizes because A is Noetherian, then Ann f* = Ann f"*!, for some n € N. Let us show
that (f™) N (g) = (0). Let a € (f™) N (g), then there exists an element b € A with a = bg, hence
af = bgf = 0. Also, there exists an element ¢ € A with a = ¢f", then 0 = af = cf™"!, hence
¢ € Ann f"! = Ann f", therefore 0 = ¢f™ = a. Finally, if (0) is indecomposable, either f™ = 0 or
g = 0, hence (0) is primary. ]

Theorem 13 (Existence of primary decomposition for noetherian rings). Let A be a
noetherian ring. Every proper ideal I has a primary decomposition.

Proof. 1t is a consequence of Lemma 5 and Lemma 4. [

Remark 13. Observe that the notions of decomposable ideal and primary ideal are different. The
ideal (X,Y) C k[X,Y] is obviously primary (it is prime and maximal) but it is decomposable:
(X,Y) = (X2Y)N(X,Y?). Noether’s Theorem 13 proves that every ideal in a Noetherian ring
has a primary decomposition by showing that is has a finite indecomposable decomposition and
these indecomposable ideals are, indeed, primary ideals.

As we have seen in Example 42 primary decompositions are not unique. However, in the
noetherian case, the associated primes of the quotient ring are equal and uniquely determined by
the ideal in the different primary decompositions.

Theorem 14 (1st uniqueness theorem). Let A be a noetherian ring, let I C A be an ideal and
let I =q1N---Nqs be a minimal primary decomposition where each q; s p;-primary. Then,

Ass(A/I) = {p1,...,ps}
and the associated primes of the quotient are uniquely determined by I.

Proof. Let I = q;N---Nqs be a minimal primary decomposition and consider the inclusion map
AJT = P A/q; (6.2)
i=1

Then, every associated prime of A/I is an associated prime of some A/q;, hence Ass(A/I) C
U;_, Ass(A/q;) = {p1,...,ps}, since each q; is p,-primary (Theorem 12). Since the primary
decomposition is minimal, for every j = 1,...,s, the ideal M;.;q;/1 C A/I is non-empty, therefore
by (6.2) we have M;»;q,/I — A/q;, the inclusion being zero in the other summands. Again by
Theorem 12 we have that Ass(A/q;) = {p;}, hence, A/I contains the non-zero submodule N;;q;/1
with Ass(Miz;q:/1) C {p;}. But, (Nix;q;/I) is a noetherian A-module, then it has at least one
associated prime by Proposition 30 (a). Therefore, (M;.;q;/I) contains a submodule isomorphic
to A/p; (Exercise 48) and so does A/I, then p; € Ass(A/I), completing the proof. O

71



‘ ~
W e Commutative Algebra — Year 2025-26 B
4% Alfonso Zamora Saiz

Example 44. The decompositions in Example 42 yield the same two associated primes in A/l =
k[X,Y]/(X?% XY), which are p; = (X), p2 = (X,Y). Observe that the primary ideals (X,Y)?,
(X2Y) and (X% Y — AX), X € k, have the same prime radical (X,Y).

Example 45. Recall from Ezample /1 the ring A = k[W| = k[X,Y, Z]/(XZ — Y?) which is
the coordinate ring of the cone W = {(z,y,2) € k* : xz—y?> = 0}. Letp = (X,Y) C
kXY, Z]/(XZ —Y?) be the ideal of functions defined on the cone W which vanish along the line
L={X =Y =0}, i.e. vanishing at the apez (0,0,0) of the cone W.

Consider the ideal p?, which is not primary (Example 41) but has a primary decomposition
by Theorem 13. One of these primary decompositions can be:

p= (X XY.V)=(X) (X.Y.2)= (X)n(X.Y.Z)

where q, _:_(7) is p1 = (X)-primary (it is, in fact, already prime) and qy = (X,Y,Z)? is
p2 = (X,Y, Z)-primary (it is a power of a maximal ideal, Proposition 36). By Theorem 14 the
associated primes of A/p* are precisely p1 = (X) and py = (X,Y, Z), where (X) is the mazimal

component of the module p* and (X,Y,Z)? is an extra embedded component imposing an extra
vanishing condition. Note that

Afp? = XY, Z)/(XZ = Y*, X%, XY,Y?) = KX, Y, Z)/(X Z,X*, XY, Y?),

as a k[Wl]-module, then the associated primes are annihilators of certain elements, for example

p1=(X)=Am((Y +Z2) and p» = (X,Y,Z) = Amn X.

We end the chapter by stating a second uniqueness theorem regarding the minimal primary
component. Recall from Proposition 24 (d) that, for each multiplicative set S and each prime
ideal p C A disjoint with S, e(p) = S~'p is a prime ideal of S~ A.

Exercise 54. Let S be a multiplicative set of A and let o : A — S™1A be the corresponding ring
homomorphism. Let q be a p-primary ideal such that SNp = 0. Show that S~'q is S~ 'p-primary
and =1 (S7'q) = g.

Proposition 37. Let S be a multiplicative set of A, let I C A be an ideal and let I = q;N---Nqs
be a minimal primary decomposition where each q; s p;-primary. Assume that S Np; = O for
i=1,....mand SNp; # 0 fori = m+1,...,s. Then, ST = S7'qyN---N Sq,, and
e ST = g0 N g,

Proof. It is a consequence of Exercise 44 (b) and Exercise 54. [

Definition 54. Let [ = g1 N --- N qs be a minimal primary decomposition where each q; is p;-
primary. We say that a subset of the prime ideals = C {p1,...,ps} is isolated if for everyi,j
such that p; € = and p; C p;, we have p; € =.

Theorem 15 (2nd uniqueness theorem). Let I C A be an ideal and let I = q; N --- N qs
be a minimal primary decomposition where each q; is p;-primary. If = C {p1,...,ps} is isolated
then the intersection ﬂi:pieE q; 1s independent of the primary decomposition. In particular, if py is
the minimal prime among p1,...,ps, then the isolated primary component corresponding to qy is
uniquely determained by I.
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Proof. Let = be a subset of isolated primes where py,...,p,, € = are the minimal primes of

this isolated set. For each ¢ = 1,...,m apply Proposition 37 with S = A\p; to conclude that
o Y(S7I) = q;, hence the intersection ﬂi:piea q; is independent of the primary decomposition.
In particular, if m = 1, i.e. there is just one minimal prime p;, the isolated primary component
corresponding to q; is also independent of the primary decomposition and uniquely determined
by 1. m

Example 46. Notice that, in Example 42, for the ideal I = (X?,XY) C k[X,Y] admitting I =
(X)N(X,Y)2 = (X)N(X2Y) = (X)N(X%Y = AX), X € k, different primary decompositions, the
primary component of the minimal prime (X) is the same in all the decompositions, as prescribed
by Theorem 15.
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Chapter 7

Discrete valuation rings

Every ideal I in a Noetherian ring admits a primary decomposition (Theorem 13) I = q;N---Nqs
where q; are primary ideals, in principle different, but the list of associated primes p; = ,/q; being
unique (Theorem 14). In general, these primary ideals are not powers of its associated primes, i.e.
q; # p;*. If we restrict to rings of dimension 1 (Definition 25), all maximal ideals are principal
ideals, and powers of maximal ideals are always primary ideals (Proposition 36). Combining both
assumptions we can see that in a Noetherian domain of dimension 1 where primary ideals are
powers of primes, primary decomposition of ideals is, indeed a factorization theorem for ideals
and I = q;---qs. In particular, Dedekind domains are rings where this happens.

The fact that all maximal ideals are principal means that the local geometry of the ring
at a maximal point can be understood by means of the vanishing order of functions at a certain
power of the generator of the ideal: this vanishing order will be the discrete valuation of the local
ring. And, under certain additional conditions (normality) these local rings will be the discrete
valuation rings (DVRs). Its study is deeply linked to the idea of singularity, as we will see.

7.1 Characterization of a DVR

We begin with the definition of a discrete valuation ring.

Definition 55. Let K be a field. A discrete valuation of K is a surjective map
v: K\{0} — Z
satisfying the following conditions, for every f,g € K\{0}:
(1) v(fg) = v(f) +v(g)

(i) v(f +g) = min{v(f),v(9))},

Condition (i) states that v is a group homomorphism between the multiplicative group K\{0} and
the additive group Z. Let us adopt the convention v(0) = co. Then,

A={feK : u(f) =0}

is a ring (exercise) called the discrete valuation ring (DVR) of the discrete valuation v.
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Observe that a DVR is an integral domain, since it is a subring of a field. Let us see the
main properties of a DVR.

Proposition 38. Let A be a discrete valuation ring and let v : K\{0} — Z its discrete valuation.
(a) o(1) = 0 and v(f ™) = —o().
(b) v(f) =0 if and only if f € U(A).
(c) If v(f) =v(g), f,g € A, then the principal ideals (f) = (g) in A are equal.
(d) A is a local ring whose mazimal is m = {f € K : v(f) > 0}.
(e) The non-zero ideals of A are {f € A : v(f) > n}.

(f) The mazimal ideal is principal m = (t) with v(t) = 1. Therefore, the non-zero ideals of A
are m" = (t") and A is a PID, hence also a UFD, hence also a normal ring.

(9) The only non-zero prime ideal is mazimal, hence dim A = 1.
(h) A is Noetherian.
Proof.  (a) Immediate from Definition 55 (i).
(b) Immediate from (a) since A= {f € K : v(f) > 0}.
(c) Observe that v(fg™') = v(f) —v(g) =0, then fg~' € U(A) by (b) and, then, (f) = (g).

(d) By Corollary 1, A is local if the non-units, i.e. {f € K : wo(f) > 0} are an ideal.
Let f € A such that v(f) > 0 and let ¢ € A. Then v(fg) = v(f) + v(g) > 0, hence
fge{f e K : v(f) >0}, and this is the maximal ideal m of the local ring A.

(e) Let I C A be a non-zero ideal and let f € I whose valuation v(f) = n is the lowest possible
among elements of I, then I C {f € A : wv(f) > n}. Observe that, v(fg) > n, for every
g € A, then {f € A : v(f) > n} C I. Then, the non-zero ideals of A are of the form
{feA:of)zn}

(f) Since v is surjective, let ¢ € A such that v(t) = 1. By (e), the principal ideal (¢) has to
be of the form {f € A : wv(f) > n}, for some n € N. Since ¢t € (t) with v(t) = 1, we
conclude that (t) = {f € A : vo(f) > 1} = m. Observe that v(t") = nv(t) = n, then
(") ={fe A o(f) Zzn} =m"

(g) Observe that ideals (t") = m™ are never prime for n > 1 the the maximal () = m is prime.
From the Definition 25 of dimension, the longest chain of prime ideals in a domain where
the only non-zero prime is maximal is: pg = (0) € p; = m C A, then dim A = 1.
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(h) The only ascending chain we can construct is
cm'=@F")Cc--cmP=(#)Cm=(t)

which is stationary, then A is Noetherian.
]

From Proposition 38 we conclude that a DVR is a Noetherian integral domain of dimension
1 whose prime ideals are (0) and m, i.e. Spec A = {(0), m} and every other ideal is of the form
m”. Equivalently, we can say that a DVR is a PID with just one non-zero maximal ideal. Any
generator ¢ of the maximal ideal m = (¢) is called a uniformizer parameter of the DVR.

Exercise 55. Show that the valuation function makes a DVR into an Euclidean domain (Defini-
tion 18). Therefore, from Proposition 38, Theorem 2 and Exercise 16, we can complete the list of
classes of domains and rings as:

DVR = ED = PID = UFD = normal .

Example 47. Consider the field Q and choose a prime number p. Each rational number q € Q
can be written in a unique way as p"¢, wheren € Z and a,b € Z with b # 0 and a, b coprime with
p. Define the p-adic valuation as

v Q{0 — Z, vy(q) =,

which 1s a discrete valuation of the field Q. The p-adic value of each fraction q € Q is the
mazximum number of times that the prime p divides the numerator and/or denominator. The set
of rationals such that the p-adic valuation is non-negative is {g € Q : wv,(q) > 0}, which is
equal to the localization Zy, of Z at the prime ideal (p) and which will be called, from now on,
the ring of p-adic integers. Indeed, the elements of Zy,) are (equivalent to) fractions § where
b € Z\(p), therefore the p-adic valuation equals the number of times we can extract p just from
the numerator, which is non-negative. Understanding the integers m as functions over SpecZ, the
p-adic valuations for the different primes p tell us the vanishing order of m at each prime (p).

The mazimal ideal of this local Ting is pZy,) which are the fractions with valuation at least
1, e

m=pZy ={¢€Q : v,(q) >0} .

A uniformizer parameter, i.e. a generator of m is, whichever fraction of the form p3, where a,b
are coprime with p: for example p (or 337’ if p>5, etc). The non-zero ideals of Z, are

m" = p" Ly = {pn% . a,b coprime with p} ={q€Q : v,(q) >n}.

The units of Zy,) are the elements of valuation zero, i.e. fractions § with a,b coprime with p:

indeed, there exists g € Zy) such that - g = 1. Note that ¥ is not a unit since }Q) & Ly) because

p & Z\(p)-
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Example 48. Consider the ring of rational functions with coefficients in a field k

k(X) = {% cg(X),h(X) e k[X], h(X) # O} = Frac k[X] ,
which is the field of fractions of the ring of polynomials k[X]. Let f(X) € k[X] be an irreducible
polynomial, then (f(X)) is a prime and mazimal ideal. Similarly to Example 47, every fraction in
k(X) can be written as f(X)”% with n € Z, and this defines a discrete valuation (with respect
to f):
o KCOMO} — 2, oy (X0 ) =,
h(X)

whose DVR is the local ring k[ X]py. If k is algebraically closed, then an irreducible polynomial is of
the form f(X) = X —a with a € k, and the valuation of a rational function % at f(X)=X—a
expresses the vanishing order of % at X = a, as a zero or pole.

The mazimal ideal of k[ Xy is f(X)-k[X]( which are the rational functions with valuation
greater or equal than 1, i.e.

_ _[9X) o (95D
m = f(X) k[X]p = {h(X) € k(X) : vy <h(X) >0, .
A uniformizer parameter generating m is given by a rational function of the form f(X)%, where
9(X), h(X) are not multiples of f(X): for example f(X) itself. The non-zero ideals of k[X]s) are
n_ f(3m _ n9(X) —— _
m” = f(X)" k[ Xy = 1 f(X) nx) 9(X), h(X) coprime with f(X) p =

9(X) 9(X)
— e k(X) : =2 > )
Wiy <400 s () 2
Again, the units of k[ X] are the elements of valuation zero, i.e. rational functions % with
9(X), (X)) coprime with f(X).

The following result says that a local domain which is Noetherian, normal (Definition 38)
and 1-dimensional is a DVR, hence these properties characterize DVRs.

Theorem 16. A ring A is a DVR if and only if A is a Noetherian normal local integral domain
of dimension 1.

Proof. If A is a DVR, by Proposition 38 we can collect all the desired properties.

Conversely, let A be a Noetherian normal local integral domain of dimension 1. Since A
is a local domain, (0) and the only maximal m are prime ideals. If there were another prime
ideal p C A, it would be contained in a maximal ideal, then we would get (0) C p C m C A,
contradicting that dim A = 1. Then, Spec A = {(0), m}.
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The main step is to show that the maximal ideal m is principal. First, we see that m? C m.
Otherwise, treating m as an A-module, we would have m - m = m with A local, hence m = 0 by
Nakayama Lemma (Corollary 5). Then, let ¢ € m\m? and let us show that m = (¢).

Consider the A-module m/(¢) and suppose that it is non-zero. Since A is Noetherian, by
Proposition 32 (a) there exists one associated prime of m/(t), i.e. there exists p € Spec A =
{(0), m} such that there exists an element 0 # n € m/(t) withp =Amn={a € A : an=0¢€
m/(t)}. Since the element ¢ is in all the possible annihilators Annn, the only candidate to be an
associated prime is the maximal ideal m itself, then m = Annn = {a € A : an =0 € m/(¢)}
with 0 # n € m/(¢). In particular, mn C ().

Since A is a domain, let Frac A be its field of fractions, and consider the element % € Frac A.
Given that mn C (), the ideal (%) -m C A. Suppose that (%) -m = A. Then, there exists an
element [ € m such that "TZ = 1, which means ¢t = nl € m?, contradicting the choice of . Then
(%) -m C A, hence (%) -m C m.

Let us see that % is integral over A. This follows from the determinant trick (Proposition
11) in the form of Proposition 14 (c)=-(a): we have ¢ : A — Frac A, the element 7 € Frac A
and m C Frac A4 is a finite A-module (it is an ideal of the Noetherian ring A) containing (%) - m.
Therefore % is integral over A. Since A is normal, 2 € A, hence n € (t) and n = 0 as an element in
m/(t), which is a contradiction. Therefore, the A-module m/(¢) is zero and m = (¢) is a principal
ideal.

The local ring A decomposes as A = mUU(A) = (t) UU(A) and we have the chain of ideals

m=(t) 2m’ =) 2m’ = (") 2 2m" = (") 2 -+

=

The inclusions are strict because, otherwise, t* € (t"™!), then
t"=at" ac A<= t"(at —1) =0,

and t would be either a zero-divisor in a domain, or a unit in a maximal ideal, both a contradiction.
Also, the intersection (), (t") is zero. Otherwise, there exists an element 0 # a € [, ("), hence
a = byt = byt3 = bgt® = -+, with 0 # b, € A; we get the ascending chain

(a) G (b1) © (b2) S (b3) G-+ (bn) & -+
which is also strict, if not, (b,) = (b,+1) and there exists ¢ € A with b,,1 = ¢by,, then
a = bpt" = by t" T = b, t" .

As before, this implies t"b,(tc — 1) = 0, which is not possible. Since A is Noetherian, a non-
stationary infinite ascending chain is a contradiction, then a = 0 and ())—, (t") = (0).

Therefore, for every a € A, either a € U(A) or there exists a well-defined minimum n € N
such that a € (t")\(t"*'), then necessarily a = ut", with v € U(A). We set v(a) := n the previous
integer, and define

v:FracA\{0} — Z, v <%> = v(a) — v(b)

plus the convention v(0) = occ.
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The function v is a discrete valuation. It is obviously surjective. Given elements a = ut”,

c=wt"™, u,w € U(A), it is clear that v(ac) = v(a) + v(c), then given §, 5 € Frac A,

v (% . 5) =v <%> = v(ac) — v(bd) = v(a) +v(c) —v(b) —v(d) = v (%) + v (2) :

For the second property note that given elements a = ut”, ¢ = wt™, a + ¢ # 0, with n > m and
u,w € U(A):

v(a+c) =v(ut" +wt™) = vt™(ut" " + w)) = m = min{v(a),v(c)} ,

then

o5 5) = (M) = vlad-+ ) (o) = mino(ad).v(e)) ~ v(sd) =

Cc

min{v(a) +v(d), v(e) +v(b)} —v(b) —v(d) = min{v(a) —v(®), v(e) —v(d)} = min {v (3) v (5) | .

unless § + < = 0 where we get the required inequality with v(0) = oo.
Finally, it is clear by its very definition that the elements with non-negative valuation v are
those of A, therefore, A is a discrete valuation ring. n

Exercise 56. Assume that A is a Noetherian local integral domain. Prove that the maximal ideal
m is principal if and only if m/m? is a 1-dimensional vector space over the residual field k = A/m!.

Exercise 57. Prove that a Noetherian local ring (not necessarily an integral domain) where the
maximal ideal is principal m = (t) is either a DVR or an Artinian local ring with t* = 0 for some
n (see Theorem 5).

7.2 General valuation rings
In this section let us consider general valuation rings.

Definition 56. Let A be an integral domain and let K := Frac A be its field of fractions. We say
that A is a valuation ring of K if for every 0 # x € K, it is either x € A or ™' € A (or both).

Example 49. Observe that A = 7Z is not a valuation ring of its field of fractions K = FracZ = Q

since neither r = % nor x! = % are integers.

We can rephrase this definition in terms of a function called valuation, as in the case of
DVRs, where a valuation ring turns out to be the set of elements with non-negative valuations.

Let A be an integral domain and let K := Frac A its field of fractions. Denote by K\{0}
its multiplicative group. Let U(A) be the subgroup of units of A and take the group quotient

'Indeed, under the hypothesis of A being a Noetherian local integral domain, these two properties are equivalent
to A being normal and A being a DVR, see [AM, Proposition 9.2].
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[':= K\{0}/U(A). We denote the elements of I' by [z], with representatives x € K\{0}. We will
use the additive notation for the abelian group I'. Define a partial order in I' by

[z] >0 x € A equivalent to [z] > [y] & Tea.
Y
Define the map v : K\{0} — I' = K\{0}/U(A), = — v(x) := [z] the canonical quotient group
homomorphism.

Proposition 39. With the previous notations, A is a valuation ring of K if and only if I is a
totally ordered group (with the order compatible with the group operation) and v satisfies

(a) v(zy) = v(x) +v(y) (i.e. v is a group homomorphism)

(b) v(z +y) > min{v(z),v(y)}

We call the map v a valuation of K\{0} with value group T'. Conversely, any group homomor-
phism v : K\{0} — T satisfying (a) and (b) with I' totally ordered determines a valuation ring
A:={a € K\{0} : v(a) =[a] >0} U{0}.

Proof. The relation > defines a total order in I' if for every [z],[y] € T, it is exactly one of
[z] > [y], [#] = [y] or [z] < [y]. By definition of > this is equivalent to ¥ € A, 2 € Aor 7,2 € A
(which means seu (A)), which is equivalent to A being a valuation ring of K. Proving that >
is compatible with the group operation in T', i.e. [z] > [y] < [x] + [2] > [y] + [2], for every [z] € T
is left as an exercise.

Note that, by the definition of I' as an additive group, condition (a) derives from the definition
of homomorphism:

v(zy) = [zy] = [2] + [y] = v(z) + v(y) .

Condition (b) is equivalent to

v(z +y) 2 min{o(z),v(y)} < v(z+y) 2 o) or v(z+y)=v(y) <

x+y:1+g€A or x_‘f'?J:1+f€A<:>Q€A or EEA.
x x Y Y x Y
which is equivalent to I' being a totally ordered set as we have seen. O

Example 50. Given A = 7Z and its field of fractions K = FracZ = Q, consider the additive group

[':=Q\{0}/U(Z) = Q\{0}/{£1} = Q=o. The partial order is [%} > [g] & ZT/S = %—? € 7Z. Note
25

that this 1s not a total order since the elements % and g are not comparable because neither 3 nor
2% are integers. Therefore, again, 7. is not a valuation ring of Q.

Let us discuss the main properties of general valuation rings. Compare with those of Propo-
sition 38.

Proposition 40. Let A be a valuation ring of its field of fractions K = Frac A.
(a) The units are U(A) := {a € K\{0} : v(a) =0}. Also, v(z™!) = —v(z).
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(c) Every finitely generated ideal I C A is principal.

(d) A is normal.

Proof.  (a) It is equivalent v(a) = 0 to v(a) > 0 and v(a) < 0, which is equivalent to a € A and
a~! € A, which means a € U(A). For the second, use the property (a) of the homomorphism
valuation.

(b) The proof is the same as in Proposition 38 (d).

(c) Suppose that I = (z1,x9,...,2,) C A, x; # 0,7 =1,...,n. Then, given the field element
L it is either 7 € Aor 2 € A Suppose Led then T1 = 29 2L € (12,...,1,), then
I = (z3,...,2,). By induction, [ is principal.

(d) Let y € K be an integral element over A. Then, there exists elements ag, ai,...,a,_1 € A
such that y™® + a,_1y" ' 4+ -+ 4+ asy? + a1y + ap = 0. Since A is a valuation ring we have
that y € A or y=' € A (or both). If y € A we are done, and if y~! € A we can multiply the
previous integral expression by (y~1)"~! = ! to get

Yt an 1+ a, oy tayt "+ ayt " tay " =08y =

-1 3—n 2—n 1-n
—Qn-1— Qp2y  — - —ay” " —ay”T " —ay €A

and we are also done.

]

Valuation rings are not necessarily discrete valuation rings. Indeed, this condition is equiv-
alent to being Noetherian.

Theorem 17. Let A be a valuation ring. Then, A is Noetherian if and only if A is a DVR.

Proof. Let A be a valuation ring, then it is a normal local integral domain (Proposition 40 (b, d).
Suppose that A is Noetherian, then its maximal ideal m is finitely generated, then it is principal
m = (¢), by Proposition 40 (b). Along the lines of the proof of Theorem 16, every element = € A
can be uniquely written as a = ut”, u € U(A), then every non-zero ideal is of the form (") = m”™
and there is no other prime ideals between (0) and m, hence A is a DVR. Conversely, a DVR is
Noetherian, by Proposition 38 (h). O

Example 51. Let us see an example of a general valuation ring which is not a DVR, i.e. which
1s not Noetherian.
Let A be a DVR with mazimal m = (t), t the uniformizer parameter. Construct the ring

Ay = A[tJU AU AU - U A" U - U A[tH/m]
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resulting from adjoining all the n'"-roots of t. The ring Ay is a domain (we do not add zero-
divisors in the construction) whose ring of fractions K = Frac A, contains quotients of expressions
involving n'*-roots of t, i.e. is infinitely generated by all possible fractional powers of t, t*/°, as an
A-module, hence A is not Noetherian. Defining the valuation

v: K\{0} - T'=Q

where v(f/g) = v(f)—v(g) and, for f € A, v(f) is the highest fractional exponent of t in f (i.e.

$1/2)341/5 o ) . ) )
for example v (Wﬁ = % - % = —% it is easy to see that Ay is a valuation ring (Ezercise,

use Proposition 39) which is not a DVR.

7.3 Normal Noetherian rings

Let us characterize Noetherian integral domains which are normal.

Definition 57. Let A be an integral domain and let K = Frac A be its field of fractions. For
every element v € K we define its ideal of denominators of x as

b
D(x)={acA:are A} ={ac A : x:5withb€A}U{O}.

The ideal of denominators D(x) is an ideal of A.

Example 52. The ideal of denominators of a rational number in Q = Frac Z is the principal ideal
generated by its denominator, after reducing the fraction. For example,

4 4
D= )= Z :n—elp,=151.
(2)-lnez b ezl o

Lemma 6. Let A be an integral domain and let K = Frac A be its field of fractions. Then,

A= () 4= () A

pESpec A meSpecmax A
where the intersections take place in K.

Proof. Let z € K. It is equivalent = ¢ A to D(x) # A, which is also equivalent to the existence
of a maximal ideal m C A such that D(z) C m. And this is equivalent to = ¢ A,,. Therefore A is
the intersection of all its maximal ideals. O

Let us see that normality is a local condition for integral domains.

Proposition 41. Let A be an integral domain and let K = Frac A be its field of fractions. Then,
the following are equivalent:

(a) A is normal.
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(b) A, is normal for every p € Spec A.

(a) Aw is normal for every m € Specmax A.

Proof.

(1)=(ii)

(if) = (iii)

(i) = (1)

Let z € k(p) = A,/pA, C K be an integral element over A,. Then, there exist elements
o inj € Ay, with b, € A, ¢; € A\p, such that

CO,...,

by b b
gt el 2 0
Cn—1 1 Co

By clearing denominators in this expression, we multiply by (cocp---c,—1)" and get an

integral dependence relation for the element cgcq---c,_1z over A. Since A is normal,
CoCy -+ cp1x € A and, since every ¢; € A\p, cocy -+ ¢m1 € A\p, hence x = % € A,.
Therefore A, is normal.

Trivial.

Let x € K be an integral element over A, then there exist elements ag, ..., a, € A such that

"+ @y 2" Far+ag=0.
Since, for each 7, a; = % and 1 € m for every m € Specmax A, this is also an integral
relation for x over A, for each maximal. By hypothesis A, is normal, hence, x € A, for
every m € Specmax A. By Lemma 6, x € [ An = A

meESpecmax A

O

Remark 14. Observe that Proposition 41 implies that if A is a normal integral domain, all its
fraction rings STYA are normal, for every multiplicative set S.

Let us see now that localizing normal Noetherian integral domains into minimal primes yield

DVRs.

Proposition 42. Let A be a normal Noetherian integral domain.

(a) Suppose that 0 # I = (x) C A is a principal ideal and p € Ass A/I. Then p is a minimal

non-zero prime ideal.

(b) If p C A is a minimal non-zero prime ideal, then A, is a DVR.

Proof. (a) Consider the local ring (A,, m := pA,) and let J := I A, = xA, be an ideal of A;.

By Proposition 26, taking S = A\p, we have A,/J = A,/IA, = S™*(A/I). Since, by
hypothesis, p € Ass A/I, then by Proposition 37, m € Ass(A,/J). We will prove that m is
a minimal non-zero prime of A, and, by Exercise 40, we will conclude that p is a minimal
non-zero prime of A.
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Let m € Ass(Ay/I) = Ass(Ay/(x)), then there exists an element y € A,\(z) such that
my C (z), hence the element ¥ € FracA, = A,/pA, verifies m¥ C A,. Let us see that

m= (=

.-
Since m? C A, is an ideal in a local ring, either m? = m or m¥ = A,. In the first case, using
the same arguments as in Theorem 16, we get that £ is integral over A,, which is normal (A

is normal and normality is local), then £ € A,, contradiction. In the second case, 1 € m¥,
then there exists an element t € m with 1 = ¢£ and, for any other a € m, a? = ¢ € A,,

therefore a € <§> Finally, since m = <§> is principal, Theorem 16 implies that A, is a
DVR and, hence, m = pA, is a minimal non-zero prime ideal.

(b) By Proposition 41, the local ring A, is normal. By Exercise 40 (c), A, is Noetherian and by
the same Exercise 40 (d) and minimality of p, we have Spec A, = {(0),pA,}. Then A4, is a
Noetherian normal local domain of dimension 1 which, by Theorem 16, is a DVR.

0

Theorem 18. A normal Noetherian integral domain A is the intersection of the DVRs A,, where
p are the minimal primes.

Proof. By Lemma 6 A is the intersection of all localizations at primes, which is contained in the

intersection of just the localization at minimal primes. Then we need to prove that an element

contained in all localizations A, with p a minimal prime, is indeed in A. Equivalently we will show

that, given an element x € K such that x ¢ A there exists a minimal prime p such that x ¢ A,.
Let us write x = IE’ The ideal of denominators of x is

D(m):{aeA : ax:ageA}:{aeA . ab € (c)} = Ann(b)

where b € A/(c) is the residual class of b modulo the ideal (c). If & A, then 0 # b € A/(c).

Let us see that there exists a prime ideal p € Ass(A/(c)) such that D(z) C p. First,
D(x) = Annb, with 0 # b € A/(c), then the set of annihilator ideals is non-empty. Since A is
Noetherian, by Proposition 8 (c) there exists a maximal annihilator ideal containing D(x), and
by Proposition 30 (c), this annihilator is an associated prime in Ass(A/(c)). By Proposition 42
(a), this prime ideal p € Ass(A/(c)) is a minimal non-zero prime. Since D(z) C p, then z ¢ A,,
completing the proof. O

Let us understand the geometric meaning of Proposition 42 and Theorem 18. Let k& be an
algebraically closed field and let Z = V(p) C k™ be an irreducible variety with p C k[X7, ..., X,)]
a prime ideal of the ring of polynomials in several variables. Let A = k[Z] = k[X4,...,X,]/p be
the coordinate ring of the variety Z. Let ¢ C A be a minimal prime (i.e. a prime ideal which
does not contain another prime ideal different from zero). Then, necessarily Y := V(q) C Z is an
irreducible subvariety of Z of codimension 1, i.e. Y is a hypersurface of Z.

Assume that Z is normal, i.e. its ring of coordinates A = k[Z] is a normal ring. Observe
that it is also a Noetherian integral domain. Then, the local ring

Aq:k[Z]q:{g : f,gek‘[Z],gyéOonY}
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is a DVR by Proposition 42 (b) and measures the vanishing order of the rational function g along
the hypersurface Y.

Now let f € A = k[Z] be a polynomial function on Z. Then (f) C k[Z] is a principal
ideal and V((f)) C Z is a subvariety determined by the points z € Z such that f(z) = 0. Let
W C V((f)) be an irreducible component of V((f)), then W = V(q') with ' € Ass A/(f) (by
Theorem 11). By Proposition 42 (a) this q’ is a minimal non-zero prime ideal of A = k[Z], hence
W is, itself, a hypersurface of Z. This means that a polynomial function on a normal variety has
zeros along hypersurfaces and not along lower dimensional varieties.

Finally, Theorem 18 says that if Z is a normal variety with ring of coordinates k[Z], a rational

function § € Frack[Z], is either in k[Z] (it has no poles) or it has poles along a hypersurface of

Z. Otherwise there would exists a non-minimal prime q C k[Z] such that g € q, then § ¢ k[Z),,
but for each minimal prime p C q we have g € p, then 0 # 5 € A,. Hence, by Theorem 18,

I e N k[Z), = k2] .

g (0)#pCk[Z] minimal

This way, the set of rational functions with no poles along any hypersurface of Z is precisely the
ring k[Z].

Example 53. Let W = V(X Z —Y?) C k3 be the affine cone of Example 45 with coordinate ring
kW] = k[X,Y, Z]/(XZ — Y?). Observe that it is not a UFD since XZ = Y? are two different
factorizations of the same element.

Let us see that the cone is normal. This is an example of the implication UFD = normal
not being an equivalence. Let k[W| = k[X,Y, Z]/(XZ —Y?) be the ring of coordinates of the cone
X and let k(W) := Frac k[W] be its field of rational functions. Since Y? = X Z, their elements
can be written as f(X,Z)+ g(X, Z)Y € k[W] and igg; + fggQY € k(W). This shows thatY is
integral over k| X, Z] and, hence, k[W] is a finite module over k|X, Z] (Proposition 1/). Assume
that an element {ng + fggY € k(W) is integral over the ring k[W]; then, by transitivity of
integrality (Ezercise 21), it is integral over k| X, Z]. In this case, the polynomial in T

fo P&
T?—2-T+ 5 — =XZ € k[X, Z]|[T
R L

vanishes at T = %—i— 2Y’, then it should have its coefficients in the ring k[ X, Z]. Then, % € k[X, Z],

hence h is a unit. Now £—§ — g—jXZ € k[X, Z], hence g—jXZ € k[X, Z]. Since XZ is the product of
two irreducible elements with no common factor in the UFD k[X, Z], i is necessarily a unit and
L+ 9y € kW), therefore kW] is normal.

The only singularity of the cone is the apex point (0,0,0), corresponding to the mazimal
ideal (X,Y,Z) (which is a non-minimal prime). The localization at this singular point is not a
UFD (the same two distinct factorizations X Z =Y? hold locally), hence the local ring k[Wxy.z)
is not a DVR. But this is not in contradiction with Theorem 18 since a point in a surface is a
codimension 2 subvariety: the cone is normal and is smooth in codimension 1!

The rational function ﬁ has poles in the cone W when X = —Z, this is when Y?*+Z% = 0.
Do not get confused thinking that this denominator X + Z = 0 is the real plane intersecting the

85



‘ ~
W e Commutative Algebra — Year 2025-26 B
4% Alfonso Zamora Saiz

cone in just the singular point! Over the complex numbers, the solutions of Y? + Z? = 0 are
two lines, exactly a codimension 1 subvariety given by minimal primes of k|[W], as prescribed by
Proposition 42 and Theorem 18.

Example 54. This example is taken from Enrique Arrondo’s notes [Ar, Exercise 7.12 and Ez-
ample 7.14] and you can check the details there.
Let k be an algebraically closed field. Consider the ideal

I=(TZ-XY,X*-T%,Y® - XZ* X*Z -TY?* C k[X,Y,Z,T]

and the quotient ring k[X,Y,Z,T]/1 which is the ring of coordinates of the variety W = V(I).
Then it can be shown that:

(a) W is a surface, i.e. the ring k[W] has dimension 2.

(b) kW] is not integrally closed in its field of fractions, i.e. k[W] is not normal, by showing
that the element XTQ € k(W) is not integral over k[W].

(¢) The rational function XTQ € k(W) has a single pole at the origin (0,0,0,0) € k*, i.e. at the
mazximal ideal (X,Y,Z,T), which is a non-minimal prime of k[W].

Therefore, this is an example of a non-normal ring of coordinates corresponding to a surface,
having a rational function with poles along a subvariety of codimension 2.

Since in dimension 1 there are no space for codimension 2 issues, a consequence of Theorem
18 is that normality of algebraic curves is equivalent to smoothness.

Theorem 19. Let k be an algebraically closed field and let f(X,Y) € k[X,Y]. Let Z = {(x,y) €
k% ¢ f(x,y) = 0} be an irreducible plane curve, i.e. Z =V ((f)). We have that Z is a non-singular
curve if and only if its ring of coordinates k[Z] = k[X,Y]/(f) is normal.

Proof. Observe that, in an irreducible curve Z = V((f)), non-zero primes coincide with maximal
ideals which are minimal non-zero primes, and those are of the form m = (X —a,Y —0) + (f) C
k[Z] = k[X,Y]/(f), where f(a,b) = 0.

Suppose that k[Z] is normal. Then, by Proposition 41, it is equivalent to k[Z],, being
normal, for every maximal ideal m = (X —a,Y —b) + (f). Being k[Z], a Noetherian local domain
of dimension 1, by Theorem 16 it is equivalent to k[Z], being a DVR or the maximal ideal m
being a principal ideal. And, using Exercise 56 (and Nakayama Corollary 6) this is equivalent to
dimm/m? = 1, where the module m/m? is a vector space over k ~ k[Z]/m.

Note that k[Z]w = (K[X,Y]/(f)(x_ay_ns() = (k[X,Y](x—ay—s) /(f) (c.f. Proposition
26), then the vector space m/m? is generated by two elements, X —a + (f) and Y — b+ (f). We
will show that Z is non-singular at (a,b) if and only if there is a linear relation between the two
generators X —a+ (f) and Y — b+ (f).

Suppose that f(X,Y) =a(X —a)+ (Y —b) + g(X —a,Y —b), where g(X —a,Y —a) €
(X —a,Y — )% We have that f is non-singular at (a, b) if and only if a(X —a) + (Y —b) # 0.
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Then, we assume that 8 # 0 and we will prove that X — a + (f) generates m/m? by showing that
Y — b+ (f) belongs to the ideal generated by X —a + (f), i.e.

Y —be (X —a, f(X,Y)) X, V]ixay s -
Note that we can rewrite f as
FXY) =B =b)fi(Y —b) + (X —a)fo(X —a,Y —b),
where f1(Y —b) =14 ---, hence it is a unit in k[X, Y](x_q,y—s). Then,
(X = a, f(X,Y)) - kX, Y]ix-ay ) =

(X = a, B = DAY =5+ (X — a)olX = 0, — b)) - bX, V] ix a1y =
(X - a,B(Y - b)fl(Y - b)) ' k[Xv Y](Xfa,be) =
(X —a,Y —0) - k[X, Y](X_ayy_b) ,

hence Y — b € (X — a, f(X,Y)) - k[X,Y](x—ay-p and the vector space m/m? is generated by
X —a+ (f), therefore, dimm/m? = 1. O

Example 55. Recall the cuspidal curve Z from FEzample 17, whose ring of coordinates is
k[Z] = K[X,Y]/(Y? — X3). We already saw in the Example 17 that this ring is not normal.
Indeed, all localizations are normal except for the localization at the singular point (0,0). The
rational function % € k(Z) = Frack[Z] satisfies (%)2 — X =0, then it is an integral element
over the ring k[Z]. However, this rational function does not belong to the localized ring k[Z]x vy,
since the denominator X belongs to the prime (X,Y). This shows that this Y/X = /X is an
extra rational function vanishing at the origin, yielding an additional generator of the mazximal
ideal (X,Y) - k[Z](x)y), and making this maximal ideal not principal.

Note that, for a non-singular point (a,b), the equation of the curve Z can be written as
fX,Y)=1(X —a,Y —b)+g(X —a,Y —b) with linear part | #0 and g € (X —a,Y — b)%. For
example, at the non-singular point (1,1) we get:

fX,Y)=Y2 - X3 = 3(X —1)+2(Y = 1) = (X +2)(X =12+ (Y —1)?,
where [(X,Y) = —-3(X —1)+2(Y = 1) #0 and g(X,Y) = —(X +2)(X —1)*+ (Y —1)* € (X —
1,Y — 1) However, for the point (a,b) = (0,0), it is clear from the equation f(X,Y)=Y?— X3
that | = 0 and the curve Z is singular, coinciding with the localization at (X,Y’) not being normal,

as prescribed by Theorem 19.

Let us finish the section generalizing the idea of a 1-dimensional ring where all the localiza-
tions are DVRs: Dedekind domains.

Definition 58. A Dedekind domain is a normal Noetherian integral domain of dimension 1.
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Observe that a Dedekind domain is not necessarily local. For example, the coordinate ring
k[Z] of a non-singular algebraic curve, k algebraically closed, is a Dedekind domain (Theorem 19).
The ring of integers of a number field is the other main example of a Dedekind domain ([AM,
Theorem 9.5|).

Dedekind domains are the rings where the arithmetic property of a number factoring as a
finite product of primes holds at the level of ideals.

Proposition 43. Let A be a Dedekind domain. Every ideal I C A has a unique factorization as
a product of a finite number of prime ideals.

Proof. Let A be a Dedekind domain and let p C A be a non-zero prime ideal. Since dim A = 1,

p is a minimal prime and also a maximal ideal. By Proposition 42 (b), all localizations A,

are DVRs. For every ideal I C A, its localization e(I) C A, is of the form (¢,”), where ¢, is a

uniformizer parameter in Ay, n, > 0. By Noetherianity (Corollary 13), there exists a finite number

of associated primes in Ass A/I and these are the prime ideals such that n, # 0. Therefore
[:p?"l NN plies :prl... Tps

S S

7.4 Completion of a DVR

We use Cauchy sequences of rational numbers to define real numbers as infinite decimal expansions
where two expansions are equivalent if their limits are equal. We call the real numbers a complete
space because every Cauchy sequence has a limit, i.e. every Cauchy sequence has a real number
in its equivalence class. In general we call completion of a metric space to the space of equivalence
classes of Cauchy sequences.

Here we will show the analogue in commutative algebra where we will complete a DVR by
measuring the vanishing order of a function at the maximal point, i.e. the lowest power of the
uniformizer parameter in every element. An extended treatment of completions of rings along
other ideals (/-adic completions) can be found in [AM, Chapter 9|.

Definition 59. Let A be a DVR with mazimal ideal m = (t), t being the uniformizer parameter.
We say that a sequence of elements ag,aq,...,a,,... € A is a t-adic Cauchy sequence if for
every i, there exists an N € N such that for every n,m > N it is a,, — a,, € m' = ().

Two Cauchy sequences (ay,), (b,) are equivalent if for every i, there exists an N € N such
that for everyn > N it is a,—b, € m' = (t'). We define a sum and a multiplication of (equivalence
classes of ) Cauchy sequences, term by term, to define a ring A called the completion of A.

Remark 15. Observe that, by the proof of Theorem 16, there is no non-zero element in the
intersection of all powers of the mazimal ideal, i.e. ()2, m' = (0). Otherwise there would exists
0 # a € 2, and the constant Cauchy sequence a would be equivalent to the constant Cauchy
sequence zero.
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The elements of A can be written as

o
a:Zaiti:a0+a1t+a2t2—|—---+ant”+---
i=0

where a; ¢ m = (t) for every i, i.e. a; are units in A or zero. We can see that this is a local
domain with principal maximal ideal m = (t), hence a PID which is Noetherian. By Theorem 16,
A is a DVR where the valuation of a Cauchy sequence a =y >° 0 Ant™ + Apy t" - s v(a) = n,
the vanishing order of the series at zero, or the lowest power of m such that a € m" = (¢"). We
also observe that

Afm" = AJ(t") = A)(t") = A/@"
Let us comment on the two main examples of completions of DVRs.

Example 56. Let k[X]x) be the localization of the affine line Speck[X] at X = 0. This is a
DVR whose mazimal ideal is m = (X) - k[X ]( (see Example 48). Its completion is the ring of

formal power series denoted by k[[X]] := k[X] (x) whose elements are
=Y aX'=as+tamX +aX 4 a, X" 4

where a; € k.

Example 57. Let Zy, be the localization of the arithmetic line SpecZ at the prime (p), which
is a DVR whose maxzmal ideal is m = (p) - Z¢y) (see Example 47). Its completion is the ring of

p-adic integers denoted by 7, := Z,) whose elements are

N~Gig G0 01 Gy G
n—zbip b0+b1p+b2p+ +bnp+

where 3+ € Ly, i.e. p does not divide b;. The valuation of a series of the completion is the lowest
order of the expansion in powers of p.
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