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Abstract

These notes contain the material presented at one of the mini-courses of the Workshop on
Character Varieties and Higgs Bundles held in Liberia, Guanacaste, Costa Rica, in August 2025.

We introduce mixed Hodge structures and e-polynomials, together with a series of arithmetic
(counting points over finite fields) and geometric (stratification into parabolic types) techniques
to compute them. We include a complete example of the calculation of the e-polynomial for the
GLs-character variety of the free group in r generators. Finally, we extend the geometric stratifi-
cation into parabolic types to a general reductive group G to obtain explicit motivic expressions
for the G-character varieties and reduce certain topological mirror symmetry conjectures for
these moduli spaces.

Contents
Mixed Hodge structures

The e-polynomial and its basic properties

Techniques to compute e-polynomials of character varieties 10
3.1 Character varieties . . . . . . . . . L e e 10
3.2 Arithmetic methods to compute e-polynomials . . . . ... ... ... .. ... ..... 11
3.3 Stratifications of GL,,-character varieties by partition type . . . . . .. ... ... ... 16

An explicit computation: e-polynomial of the GLs—character variety of the free

group 19
4.1 Step 1: e-polynomials of irreducible character varieties of the free group . . . . . . .. 19
4.2 Step 2: Computation of the abelian strata . . . . . . ... ... ... .. ......... 21
4.3 Step 3: e-polynomial of the GLs—character variety of the free group . . ... ... .. 23
Stratifications of G—character varieties 24
5.1 Pseudo-quotients and cores . . . . . . . ... e 24
5.2 Rootdata .. . .. . . e 25
5.3 Reducing motivic computations via parabolic stratatification and cores . . .. .. .. 27



6 Motivic computations for ABCD Lie groups 28

6.1 Stratification for GL,,-, PGL,- and SL,-, type A . . . . . . .. ... ... ... ... .. 28
6.2 Spy,, type C and SOgp41, type B . . o o o oo 30
6.3 Stratification for SOopn, type D . . . . L L L Lo 34

1 Mixed Hodge structures

In this section we present the notion of mixed Hodge structure, introduced by Deligne in [Del71;
Del74] as an extension of classical Hodge theory of compact Kéhler varieties to the non-compact
and/or non-smooth case. For a complete treatment, the reader can consult the book [PS08].

Let us begin by reviewing basic notions of Hodge theory.

Definition 1.1. A (pure) Hodge structure (of weight k) on a Z-module V7 is the following
decomposition of its complexification:

Vi=Ve=V,8;C-= @ Vp’q, VPa = Vapr
p+q=k

Equivalently, we can define what we call a Hodge filtration which is an index decreasing filtration
Voo FP(V)o FPPY(V) 5.
where FP(V)n F4(V) = VP4 and FP(V) = @5, VIF

De Rham cohomology modules of compact Kéhler varieties naturally have a pure Hodge struc-
ture of the weight given by the order of the cohomology. The pieces of the Hodge structure are
given by the Dolbeault cohomology.

Theorem 1.2 (Hodge decomposition). Let X be a compact Kihler variety, k'™-cohomology
carries a (pure) Hodge structure of weight k:

Hpp(X)eC= @ H™(X)
p+q=k

where each graded piece is HP9(X) ~ HI(X,QP), the ¢'"-cohomology of the p-differential, by Dol-
beault’s theorem. It satisfies HP9(X) = H?P(X), and the dimensions hP? = dimc H?9(X) are
called the Hodge numbers.

Remark 1.3. In particular, projective varieties are Kahler varieties and Hodge decomposition
holds for these.

A nice pictorial way to understand Hodge numbers is through the Hodge diamond:

Rn
hnmfl hnan

hn@ hnle . hlmfl hQn (L4)

hlﬂ hOJ
hOQ

The Hodge diamond satisfies certain symmetries:



e Serre duality HP9(X) ~ H" P77 9(X)", yields h?9 = B P""9. Then, the diamond is sym-
metric with respect to its centre.

e Hodge symmetry HP(X) = H%P(X) yields h?? = h%P. Then, the diamond is symmetric
with respect to the vertical axis. By composing with the central symmetry, it is also symmetric
with respect to the horizontal axis.

Hodge numbers come from De Rham cohomology, therefore they have to encode, in particular,
the topology of the variety. By summing up the number in each row of the Hodge diamond we
obtain the Betti numbers of X:

by =dim H*(X,C) = Y hP4
p+q=k
Let us show explicitly two main examples of pure Hodge structures: Riemann surfaces and
complex projective spaces.

Example 1.5. Let X be a smooth complex projective genus g curve or, equivalently, a compact
Riemann surface. Its Hodge diamond is given by:

ptl =1
R0 = g = dim H(X, Q) ol =g
ho0 =1
with Betti numbers by = 1, b1 = 2g, ba = 1.

Example 1.6. Let P¢: be the complex projective space of dimension n. Its Hodge diamond is given
by

R =1
hn—l,l =0 hn,n—l =0
hn—l,n—l -1
h“o =0 : hoﬂ =0
htt=1
hli): 0 hOJ,: 0
ho0 =1

with Betti numbers boy, =1, k=0,1,...,n.

When we deal with complex varieties which are not smooth nor projective, classical Hodge
decomposition fails. Deligne [Del71; Del74] generalized this by extending the notion to Mixed
Hodge Structures.

Definition 1.7. A Mixed Hodge structure on V := V¢ = Vz ®z C is given by a decreasing
Hodge filtration F*(V):
Vo FP(V)o FPPYV) o,

together with an increasing weight filtration Wi:
0Oc "'Wk‘—l C Wk‘ C .- C V

such that F*(V') induces a (pure) weight & Hodge structure on graded pieces Gr}Y (V) := W,/ Wj._1.
We define VP4 := GT%GT‘E:(I(V) and their dimensions dim¢ VP4(X) are called the mixed Hodge
numbers.



Recall that cohomology with compact support is defined as the direct limit

HY(X)= lim H*(X,X\K)

KcX compact

taken over cohomology relative to the complement of a compact subset. This is the cohomology
given by singular co-chains with support in some compact subset of X. See [Hat02] for details.

Theorem 1.8. [Del71, Théoreme 3.2.5][Del7}, Proposition 8.3.9] If X is a quasi-projective alge-
braic variety (not necessarily smooth nor complete nor irreducible), singular cohomology H*(X)
and singular compactly supported cohomology Hﬁ(X) carry mized Hodge structures.

For each k, we will denote mixed Hodge numbers, i.e. the dimensions of the subspaces VP9 :=
GT%GTIIK‘](V) by hFP4:= dime VP4(X). They satisfy h¥P4 = h¥9P and note that it can be p+q # k.
We call the k-weights of the Mixed Hodge structure to the pairs (p,¢) such that h*P? % 0.

Similarly, we will denote by h’g’p ! the (compactly supported) mixed Hodge numbers
of the singular cohomology with compact support. Observe that mixed Hodge structures yield
compactly supported Betti numbers by dim H f(X ) =Yg h’g’p 4. In the smooth case, by Poincaré

duality, these give the usual Betti numbers.

Remark 1.9. The existence of weights different from the order k£ of the cohomology modules
measure the failure of X from being smooth or projective. In fact, if X is non-singular then
weights are > k (with p,q < k) while if X is projective, weights are < k ([Del74, Théoreme 8.2.4],
[PS08, Proposition 4.20]). Weight filtration stratifies this failure by codimension.

We end this section with a toy but a key example from [Hei24], which shows that diffeomor-
phic complex varieties (with the same differential structure) can have different Hodge structures.
Moreover, these different Hodge structures can be pure and mixed. Then, mixed Hodge structures
are invariants of the complex structure but they do not see the smooth structure of the variety.

Example 1.10. Let ¥; be a complex elliptic curve. Topologically, X is homeomorphic to a torus
St x S1. As a complex variety, ¥; is analytically isomorphic to the quotient of the complex plane
by a lattice, C/(Z + 7Z), where 7 € C.

The fact that 3 is a complex variety with a group structure makes its cotangent bundle T X
a trivial bundle, then T*%; ~ C/(Z + 7Z) x C. Therefore, we can construct diffeomorphisms

T*X ~C/(Z+7Z)xC =~ S"x §' xR? ~C* x C*

between the cotangent bundle T*>; ~ C and the affine complex algebraic variety C* x C*. Let us
compute the cohomology of these two algebraic structures.

The singular cohomology of the trivial cotangent bundle 7" equals the cohomology of the
elliptic curve X; itself, which is a genus one Riemann surface. Therefore, its Hodge diamond is
pure, as in Example 1.5:

htt=1
O=g=1 Ol =g=1
R0 =1

Observe that the weights 0, 1, 2 coincide with the degree of the cohomology in each row, i.e. p+q =k,
i.e. the Hodge structure is pure.



On the other hand, the cohomology of C* x C* is, by Kiinneth isomorphism,
H*(C*'xC*")~H*(C*)® H*(C").
Because C* is homotopically equivalent to S*, its cohomology is
H*(C*)=H’(C*)e H'(C*)=CeC.
The only weights which can appear in the degree 1 cohomology H'(C*) (of a smooth non-projective
complex variety, see Remark 1.9) are AMH0 = dim H50(C*), AM0! = dim H%'(C*) and AVM! =

dim HY1(C*). Given that, necessarily, by duality of the mixed Hodge numbers, we have the
isomorphism

HYO(C) = HOL(CY)
and the following sum has to be satisfied
pbL0 L pt 0L p LU - i gYO(C*) + dim H%Y(C*) + dim H(C*) = dim H'(C*) = 1,
we conclude that H19(C*) = H%'(C*) = 0 and dim H*!(C*) =~ C. Therefore
H*(C*) = H*O(C) @ HYL(CY).
Now we use the Kiinneth isomorphism in cohomology to have
H°(C* xC*) ~ H'(C*) @ H(C*) = H"*(C*) @ H"(C*) =C®C=C=H"((C*)?)
H'(C* xC*) ~ (Hl(C*) ® HO(C*)) ® (HO(C*) ® Hl((C*)) =
(H"'(C*) e HY(C)) @ (H*(C*) @ H'(C*)) = (C®C)® (CeC)=CaC=C*=H"" ((C*)?)
H*(C*xC*)~HY(C*)e H'(C*) =H"(C*) @ H"'(C*) =C®C =C=H>*((C*)?)
Hence, its mixed Hodge structure has hodge numbers given by
R0:00 (((C*)Q) =1,  weight 0 in the 0*t-cohomology,
pbbl (((C*)Q) =2, weight 2 in the 1%*-cohomology and
h%22 (((C*)Q) =1, weight 4 in the 2"%-cohomology.

Observe finally that, being (C*)? a non-singular variety, its weights are greater or equal than the
order of the cohomology, as pointed out in Remark 1.9.

2 The e-polynomial and its basic properties

There are a number of geometric invariants that we can construct by combining the mixed Hodge
numbers h¥?4 = dime H*P9(X) and the compactly supported ones h¥P4 = dime HEP9(X).

Definition 2.1. Let X be a complex variety, not necessarily smooth or projective. We define the
mixed Hodge polynomial of X as the polynomial on three variables given by

w(X; tu,v) = > RFPA(X) tRuPv? € No[t, u,v], (2.2)
k.p.q
Analogously, define the compactly supported mixed Hodge polynomial by

pe( X5 tu,v) = Z hlé’p’q(X) thuPyd € No[t,u,v], (2.3)
k.p,q



Observe that both mixed Hodge polynomials specialize to the corresponding Poincaré polyno-
mials (usual P(X) and compactly supported P.(X)) by setting u = v =1, P(X) = u(X; t,1,1).
and P.(X) = pe(X; t,1,1).

By substituting ¢ = —1, compactly supported mixed Hodge polynomials become a very useful
generalization of the Euler characteristic, called the e-polynomial of X.

Definition 2.4. Let X be a complex variety, not necessarily smooth or projective. We define the
e-polynomial of X as the polynomial on two variables given by

e(X; u,v) = kz (-1)*RFP9(X) uPv? € Z[u,v). (2.5)

Note that from the e-polynomial we can compute the compactly supported Euler characteristic
of X as

XC(X)ZE(X; 171):MC(X; _17131) (26)
Observe that the compactly supported Euler characteristic equals the usual one for complex quasi-
projective varieties.
Defining the (p, ¢)-(compactly supported) Euler characteristic as x24(X) = ¥.(-1)FhEP(X)
we can express the e-polynomial as a two variable polynomial whose coefficients are these (p, q)-
(compactly supported) Euler characteristics:

e(X; u,v) =) xPU(X) uPv? € Z[u,v]. (2.7)

Definition 2.8. A complex variety X is said to be of Hodge-Tate type or balanced type if all its
k-weights are of the form (p,p) with p € {0,...,k}.

Complex affine algebraic groups and smooth toric varieties are examples of balanced varieties.
When computing e-polynomials of balanced varieties we will use the notation z := uv and e(X;z) :=
e(X;uv), yielding polynomials in one variable.

Remark 2.9. If X is non-singular and balanced, then there is a well-defined notion of highest-
degree monomial in its compactly supported mixed Hodge and e-polynomials, given by

hk’p’p(X)tkupvp — hk’,np(X)thp’

where 2p > k. This is the leading term of the e-polynomial and the leading coefficient is the top
mixed Hodge number h*PP(X) telling how many irreducible components X has. Therefore, if the
e-polynomial of X is monic, X is irreducible.

The following shows a useful relationship between mixed Hodge polynomials and e-polynomials
for smooth varieties.

Proposition 2.10. [HR0S, Corollary 2.1.5] Let X be a smooth connected complex variety of com-

plex dimension d. The following equality holds between mized Hodge polynomials
111
,LLC(X;t,'U,,U) = (tZ’LL’U)dIu,(—,—,—) (211)
t u v

Therefore, we have this relationship between the e-polynomial and the mixed Hodge polynomial.
11
e(Xsu,v) = () (-1, (2.12)
U v

6



Let us compute these polynomials in simple classes.

Example 2.13. The variety C* is smooth and connected of complex dimension 1. From Example
1.10 we know its mixed Hodge numbers, hence we have that its mixed Hodge polynomial is

(Tt u,v) = RO 000 + Uy ot = 1+ tuw. (2.14)

By Proposition 2.10 we get

111 1
1e(C*st,u,v) = (HPuv) - p ((C*; - = —) = (t*uw) (1 + —) =t +t*uv (2.15)
tu v tuv
and
e(C*u,v) = pe(C*, -1, u,v) = =1 + uw. (2.16)
Being C*a balanced variety, we can rewrite its e-polynomial as
e(C*x) = pe(C* -1, u,v) = -1+ 2. (2.17)

The e-polynomials satisfy a number of good properties which makes them suitable for compu-
tations.

Proposition 2.18. Mixed Hodge and e-polynomials satisfy a multiplicative property with respect
to Cartesian products, i.e.

(X xY) = p(X) - u(Y)
/"LC(X X Y) = NC(X) 'MC(Y)
e(X xY)=e(X) -e(Y).

Proof. This comes from the fact that Kiinneth isomorphism H*(X xY) ~ H*(X) ® H*(Y) is
compatible with mixed Hodge structures, see [PS08; HRO0S|. O

Moreover, compared to mixed Hodge polynomials and Poincaré polynomials, e-polynomial are
additive over locally closed stratifications, because of the following;:

Proposition 2.19. [Del7, Théoréme 8.3.9] Let X be a complex variety and let Z ¢ X be a closed
subvariety. Then we have
e(X)=e(Z)+e(X\2),

and also
XC(X) = XC(Z) + XC(X\Z)'

One of the crucial facts about the good behaviour of e-polynomials, allowing to compute them
in many cases, is its multiplicativity under certain fibrations. Let X, B be quasi-projective varieties
and let m: X — B be an algebraic morphism which is an algebraic fibration, i.e. where all fibres
are isomorphic to an algebraic variety F'.

Theorem 2.20. Let m: X — B be an algebraic fibration with fibre I as above, such that all three
spaces X, B, F' are smooth, the fibration is locally trivial in the analytic topology and the fundamental
group of the base w1 (B) acts trivially on H}(F), the compactly supported cohomology of the fibre.
Then,

then, e(X)=e(F)-e(B).



Proof. See [LMN13, Proposition 2.4] or [DL97, Theorem 6.1]. O

Remark 2.21. The hypothesis of Theorem 2.20 are satisfied in many relevant situations where
computations of e-polynomials arise:

(a) If the fibration is locally trivial in the Zariski topology of the base B and B is irreducible
([LMN13, Remark 2.5]).

(b) If F is complex connected algebraic group and 7 is a principal F-bundle

(c¢) In particular, if F' is special [Gro58|, which means that all principal F-bundles are locally
Zariski trivial.

(d) If X = @ is an algebraic reductive group, its centre F' = Z(G) is connected and the base is
the adjoint group B = PG = G/Z(G) ([FNZ21, Proposition 2.6]).

Let us explore these properties to compute e-polynomials.

Example 2.22. Let X, be a genus g compact Riemann surface. In this case, compactly supported
cohomology equals usual cohomology and the (pure) Hodge numbers were given in Example 1.5.
Then, the different invariants are

p(Sg; t,u,0) = p1e(Sgi tyu,0) = L+ gt(u+v) + uw

P(Z5t) = 1+2gt +1°

e(Xgu,v) =1-g(u+v)+uv

X(3g) =2-2g
Observe that a compact Riemann surface Y, carry a pure but not balanced Hodge structure,
because there are weights A0 = A101 + 0 which are not of the form A*PP. As a consequence, its

e-polynomial cannot be expressed as a one-variable polynomial.

Example 2.23. Using the Hodge numbers described in Example 1.6, the invariants of the projective
space are
(Pt u,v) = pe(PEt,u,v) = 1+ t2uv + tru20? 4 e+ 2"
P(PL;t) =1+ t2 +t* 4+ t2"
e(Pl;u,v) =1+uv+u?v? + - +u™v" =1+z+22 + + 2"
X(P¢)=n+1

Observe that the projective space carries a pure and also balanced Hodge structure.

Example 2.24. The locally closed decomposition C = C* 1 {pt} yields the equality
e(Cyu,v) =e(C*u,v) +e({pt};u,v) =(uww-1)+1=(x-1)+1=x

between the corresponding e-polynomials.



Example 2.25. By the computations in Example 1.10, the mixed Hodge polynomial of (C*)? is
p((C)2:t,u,v) = 1+ 2tuw + t2uv?.

Using Proposition 2.10, we obtain the compactly supported mixed Hodge polynomial

2 1

1e((CH%tu,v) = (Fuv)?w((CH?5t, u,v) = (Puw)? (1 +—+
tuv  t2uv?

) =12 + 283w + t*uv?.

From this, we can extract the compactly supported mixed Hodge numbers of (C*)2, obtaining
R0 (((C*)Q) =1, B! ((C*)Q) =2, hb?? (((C*)Q) = 1. Now, we can apply the definition (2.5) to
get the e-polynomial:

e((CH2%u,0) = pe((CH%: -1, u,v) = 1 - 2uv + u?v?
We observe that (C*)? is a balanced variety, then we can express its e-polynomial in one variable
e((CH%z) =1 -2z + 2%
Finally, note that Proposition 2.18, holds in this case:
p((CH%tu,v) = 1+ 2tuw + t2u0? = (1 + tuw)? = p(C*5 t,u,v) - (T3t u, v)
e ((CH25t,u,v) = 2 + 28w + t*u0? = ( + 2uv)? = pe(C*5t,u,v) - pe(CF 5t u,v)
e((CH)?:t,u,v) = 1 - 2uv + u®v? = (-1 + ww)? = e(C*; t,u,v) - e(C*; t,u,v).

Observe that all these varieties X, P¢, C*, (C*)? are irreducible, which can be seen from their
e-polynomials (see Remark 2.9).

Example 2.26. Let us compute the e-polynomial of GLs := GL2(C) by using the property on
fibrations. On the one hand, we have the surjection

GLa - CA(©.0) (& ] ) (@)

where fibres are given by vectors (b,d) linearly independent with (a,c), i.e. fibres are isomorphic
to C2\C. Then, this is a locally Zariski trivial fibration

C*\C = GLg - C*\{(0,0)}
where the e-polynomials of the base and the fibre can be computed by Propositions 2.18 and 2.19:
e((C2\(C;u, v) = 6(((:2; u,v)—e(Csu,v) = e(Cyu,v)-e(Cyu,v) —e(Cyu,v) = (wv) - (uv) —uv = w?v? —w

e(C*\{(0,0)};u,v) = e(C?;u,v)—e({(0,0)};u,v) = e(C; u, v)-e(C; u, v)—e({(0,0) };u,v) = (uv)-(uv)-1 = u?v*-~1
Therefore, by Theorem 2.20 and Remark 2.21,

e(GLa; u,v) = e(C?\C; u,v) - e(CH\{(0,0)}; u,v) = (v*v? — wv)
which can be expressed as the e-polynomial in one variable for a balanced variety

e(GLg;x) = e(CA\C;z) - e(C?\{(0,0) };2) = (2% —2) - (2® - 1) =2 - 23 - 2% + 2.



Example 2.27. This example shows that when applying Theorem 2.20 and Remark 2.21, discon-
nected fibres can cause trouble. Let us consider the fibration

Zy — P x P& — Sym?(PL) = PZ.

The e-polynomial of the middle term

e(Pe x PE;u,v) = (1 +uv)? = 1+ 2uv + u?v?

does not equal the product of the other two e-polynomials
e(Zo;u,v) - e(PE;u,v) = 2- (1 +uv + u*v?) = 2 + 2uw + 2u0?.

Remark 2.28. Let KVar denote the ring generated by isomorphism classes [ X ] of algebraic vari-
eties modulo cut-and-paste relations [X]=[Y]+[X -Y], for Y ¢ X closed subvariety, and where
multiplication in the ring is given by [X x Z] = [X]-[Z]. The elements in this Grothendieck ring
of algebraic varieties are called virtual classes or motives of the varieties. It can be shown that the
e polynomial factors through the Grothendieck ring e : KVar — Z[u, v], making the e-polynomial a
coarser invariant for complex algebraic varieties, than motives.

3 Techniques to compute e-polynomials of character varieties

In this section we will introduce character varieties, which are affine algebraic varieties playing a
prominent role in algebraic geometry, and will learn a combination of arithmetic and geometric
techniques to compute their character varieties.

3.1 Character varieties

Let us start by defining the notion of representation variety.

Definition 3.1. Let G be a reductive algebraic group over C. Let I = (y1,...,7vs | r¢(71,---,7s) = 1)
be a finitely generated group. We define the G-representation variety as

Ra(T) = Hom(T, G) = {p(7) = (p(m)s -, p(7s)) € G* s 14(p(7)) = 1},
which is an affine algebraic variety.

There is an action of G on Rg(T") by conjugation. For p e Rg(T'), g€ G, v € T', we have

(9:-0)(7) =9p(7)g " = (gp(1)g™", ... 9p(7s)g")

The next definition presents character varieties as Geometric Invariant Theory (GIT) quotients.
Readers not familiar with GIT can consult the seminal works [MFK94; New12]. Essentially, affine
GIT combines together orbits in the quotient whose closures intersect (hence the double slash),
in order to have a Hausdorff quotient and such that the ring of functions of the quotient equals
the ring of G-invariant functions in the domain: this way invariant theory turns out to have a
geometrical meaning.
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Definition 3.2. We define the G-character variety of I' as the affine GIT quotient of the G-
representation variety by the conjugation action

Xg(T) == Ra(D) G = Spec C[Re(T)]¢

Let us also denote by R/ (T") the set of irreducible representations and X7 (I") := R5(I")/G
the corresponding GIT quotient, which is a geometric quotient or an orbit space, where each point
corresponds to an orbit.

The name character varieties comes from the fact that these varieties are generated by charac-
ters. Given a representation p € Rg(T"), the character of the representation is

Xp: T —C, ~ywtr(p(7))

Artin [Art69] conjectures that the invariants of complex matrices under simultaneous conjugations
are polynomials in tr(Xj;,---X;,). This was proved by Procesi in [Pro76]. Basic examples of this are
the isomorphism of algebras

C[GL, ] ~Cle, ..., 5]

r n

where ¢g =1, ¢; =tr X, ..., ¢, = det X are the coefficients of the characteristic polynomial of X. A
more elaborated one says that the invariants of pairs (A, B) of 2 x 2 matrices under simultaneous
conjugation are generated by five traces tr A, tr A%, tr B, tr B2, tr AB. And, the classical result of
Fricke and Klein [KF17] stating that the ring of SLg invariants of pairs of matrices in SLy is the
ring of polynomials generated by the traces of both matrices and the trace of the product, this is

C[RsL, (F2)]™2 = C[tr A, tr B, tr AB],

where F,. denotes the free group in r generators. From this we obtain that the character variety
X, (Fy) is isomorphic to C3.

When the finitely generated group I is m1(%,), the fundamental group of a genus g Riemann
surface X, character varieties are related to moduli spaces of Higgs bundles through the non-
abelian Hodge correspondence ([Hit87], [Don87], [Cor88], [Sim94]) stating that the character
variety (sometimes called the Betti moduli space) X (I') = Re(T") /G » is diffeomorphic (but
not complex algebraic isomorphic) to the Dolbeault moduli space of G-Higgs bundles over ¥,,.

3.2 Arithmetic methods to compute e-polynomials

Here we will recall the ideas behind the use of arithmetics to compute e-polynomials as polynomials
counting the number of points of a variety over a finite field. This is the strategy used in [HROS]
to compute the e-polynomial of the character varieties xar, (I'), for I = m1(3,) the fundamental
group of a genus g Riemann surface. It is based on a particular propriety of certain varieties, where
there exists a polynomial counting the number of points over finite fields, and which coincides with
the e-polynomial. This method is inspired in the Weil conjectures.

Let IF, be a finite field with ¢ elements and characteristic p, so that ¢ = p*, s € N. A scheme X,
defined over Z, is called of polynomial type if there exists a polynomial Cx(t) € Z[t] (called the
counting polynomial for X) such that the number of I, points of X is given by the evaluation
of the

[ X/Fq| = Cx (),

for every s and almost every prime p (i.e. for every prime except a finite number of them).

11



Theorem 3.3. [HR08, Appendiz] Let X be a scheme of polynomial type with counting polynomial
Cx, then X is balanced and the e-polynomial of the complex variety X (C) := X ®7C coincides with
the counting polynomial:

e(X(C);z) = Ox (x).

Remark 3.4. Observe how the e-polynomials of the varieties C, C*, P¢ and GL,, precisely count
the number of points of them over finite fields. Indeed, these varieties are of polynomial type.

In [HRO8, Theorem 3.5.1] the authors compute the e-polynomial of the character varieties
XGL, (m1(34)) with this method. To compute the counting polynomial, it is used the character
formula [HRO8, Proposition 2.3.2] counting the number of solutions of equations in finite groups.
This method has been shown to be successful in [Merl5] for SL,, and in [BH17] for GL,,, SL,,
n = 2,3, simplifying the calculations. Computations for a general I' and GL,, n > 4 become
intractable.

Let us describe explicitly this method in a particular and simpler example, following [MR15],
where the counting polynomial of the GL,-character variety of the free group is obtained via
counting irreducible representations.

Let I' = F, be the free group in r generators and let G be the general lineal group GL,,(C). Let
[F, the finite field of ¢ elements, ¢ = p°, p a prime number. Let

Xar. (F,) = GL,(C)" JGL,(C)

be the GL,-character variety of the free group in r generators.
We define the Z-scheme

Xy = Spec(Z[Hom(F,, GL,(Z))]¢®)) = Spec(Z[GL, (Z)) ]t 2)).

For each ¢, denote by

An,r(Q) = Xn,r(Fq)

A (q) = X7, (F,),
respectively, the number of representations and irreducible representations of these character va-
rieties over ;. By [HRO8, Appendix] these A, , and A;, . are the counting polynomials for the
character varieties XgL,, (F7) and Xgp (Fr).

Let us define some operators in the power series ring Q[¢][[¢]], whose maximal ideal tQ[q][[¢]]-
Define the Adams operator ¥ as

‘s

in qimtnm
v Qall[t]] ~ Qlal[[]],  (q't") = > — (3.5)
m2>1
and extended by Q-linearity, whose inverse is given by
~ in m qimtnm
(g = 3 M (3.6)

m>1 m

where ;: N - {~1,0,1} is the Mdbius function such that u(m) = (~1)* if m is square-free and have
k primes in its arithmetic decomposition, and pu(n) = 0 otherwise. Define the plethystic exponential
PExp given by

PExp:t-Q[q][[t]] > 1 +tQ[q][[t]] PExp(q't") = (1-¢'t")™" (3.7)
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on each monomial and extended by PExp(f + g) = PExp(f) PExp(g). The inverse of this map is
the plethystic logarithm denoted by

PLog : 1 +tQ[q][[t]] — Q[q][[¢]]. (3-8)

Given an element f(q,t) = 1+ Y51 fu(z)t"™ € Q[q][[t]], the plethystic operators relate to the Adams
operator by
PExp(f)=¢"", PLog(f) ="' (log f) (3.9)

Define the shift operator S on Q[q][[t]] by
S(t") = ¢ DG (3.10)

and define the power series

Fit)=3 ((g-1)(P-1)...(¢" - 1)) "~ (3.11)
n>1

We want to compute explicitly the number of isomorphism classes of absolutely irreducible
representations of the free group in r generators, in order to obtain a generating series for these
quantities. Given that representations of the group algebra kI' = F, F}. are equivalent to representa-
tions of the path algebra of the quiver with one vertex and r loops, we will use the theory of quiver
representations in [MRO09].

Let

H,,=]]Q-V
(V]

be the Hall algebra of the group algebra F,F),., where the product is taken over all isomorphism
classes of finite-dimensional representations V' of F F,.. In this Hall algebra, the grading is given
by the dimension and the product is defined by

[V]-[W]= 3 gvwx[X],
[X]

where gy x is the number of subrepresentaions U ¢ X such that U ~ V and X/U ~ W. This
makes H , a Zyo-graded complete local associative unital Q-algebra, where elements with constant
term 1 (the class of the zero-dimensional representation) are invertible.

Define the evaluation ,

tdlmV
.

| Aut (V)]
which, composed with the inverse of the shift operator (3.10) gives a homomorphism of Q-algebras
Storl:H,, - Q[[t]] (c.f. [MR09, Lemma 3.4]).

Recall that Hom(F,, GL,(F;)) = (GL,(F;))". To compute the number of points of GL,,(Fy)
we observe that the first row of the matrix can have whichever values except by the zero vector,
then there are ¢" — 1 possibilities. For each one, the second row can take whichever value except a
multiple of the first row, then having ¢ — ¢ possibilities. Given the first two rows, the third row
can take whichever value except a linear combination of the first two rows (which are ¢° linear
combinations), then having ¢" — ¢? possibilities. Finally we get

I:Hyp = Q[[t]], [V] (3.12)

n-1 ) T )
(GLu(F)| = [T(a" - ) - g(2) [T - D). (3.13)

13



Denote by z the element 2 = ¥y1[V] € Hy,, the sum of all (isomorphism classes of) repre-
sentations in the Hall algebra, and observe that this element is invertible because it contains the
zero-dimensional representation which is the unit in H,,. Then we obtain the expressions

GLn(F,)I"
1) - X Il - 3 (O[] 1) - (Se 0 - SR (314

where S and F are defined in (3.10), (3.11). Given that this implies (S™'oI)(2) = F(t) and S~*
is a homomorphism we get (S~toI)(z71) = F(¢t)! and

IzhH=8F@)™) (3.15)

Let us write 27! = Yv1w[V]. Observe that

Hq,ralzz"z_l:W;[V]'ZVV[V]: ( Z rYU)[X

(V] [X] Uex

where the inner sum is taken over all possible sub reprentations in a isomorphism class [X].
Therefore Y cxyu = 0, unless [X] is the zero representation. Note that if V' is not completely
reducible then 7y = 0, otherwise it cannot cancel in the equality 1 = z- 27!, Now we apply [MRO09,
Lemma 3.5] to compute the coefficients 7y .

Lemma 3.16. [MR09, Lemma 3.5] Let S be the set of isomorphism classes of irreducible repre-
sentatons of FoFy. If V = @[g1es5™° is completely reducible, then

v = [ (-1)™|End(5)|("+")
[S]eS

Proof. Let V' ~ @&[g1cs5™ be a completely reducible representation. A polystable sub represen-
tation U c V (otherwise 7y = 0) is of the form U =~ B[5]es 5", where 0 < ag < mg for each
[S] € S. Fixing the tuple (ag)[ Sles> the number of subrepresentations U ¢ V' with that isotypical
decomposition is the cardinality of this product of Grassmanninans

#( [T Gras (End(5)™s)) = T] [ms] (3.17)
[S]eS [S]es | End(S)|

where [Zl]q = %, [n]; = [Tiv1[?]q and [i], = ‘1;_—_11. Then, let us compute Y7oy yu which

is the sum, over all possible tuples (as)(g]es, the number of sub representations (3.17) times the
coefficient vy of the statement of the Lemma:
mg

i mS] (s maa(s)(9) - | End($)[)
>w- ¥ I i) = TT 3 ["] 1 Bnas)

UcV as<mg [S]eS as :||End(5)| [S]eS a=

Showing (by induction) that /", [T]q(—l)aq(;) =0 if m > 1, we obtain that Y.y v = 0, complet-
ing the proof. O
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Then we can compute I(z71):

i im
1 (ZW 1)- |Au‘t/V|td i

> (—1)mSIEndS|<”éS>
Sles | Aut Dpsies S|

(ms)ses [
S I (—1)mS|EndS|("§S)tZ[S]EsdeimS )
(me)ses [S]es | [GLmg (End S|

(—1)m|EndS|(?) Y rgles mdim S
[1 (Z G (EndS) ‘ (8.18)

[S]eS \m=0

Z[S]ES mg dim S —

Observe that for each irreducible representation S € S, we have |End S| = ¢°, where b = dimp, End S.
Then, (3.18) is equal to

m( b .
Y (Z (\éim((%)m t ”esmdlms) )

[S]eS \m=>0
By applying (3.13) for the finite field of ¢® elements we obtain that (3.19) equals
I1 (Z (H(l - (qb)i)‘l)tz[slesmdims). (3.20)
[S]es \m=0 \i=1

Defining s45(¢) the number of isomorphism classes of irreducible representations S of F,F, with
dimension o and dimp, End S = b we get that (3.20) is equal to

tOé Sa,b(Q)
) (3.21)

m 50,5(q)
H Z H(l _qbi)—l) gme H PEXp(l qb

aeN b>1 (WZU =1 aeNT b>1

To finish, we need to make use of certain arithmetic functions (see [MR09, Lemma 2.3, Corollary
3.3, Theorem 4.2]) to conclude that

I(="") = PExp (%_q > A;yr(q)t”) . (3.22)

Relating with (3.15) we finally obtain a relationship for the generating series whose coefficients give
the number of irreducible representations of the free group in r generators over [F,.

Proposition 3.23. [MR15, Theorem 2.5] The generating series of irreducible representations of
the free group in r generators over Fy can be computed from the pletyhistic operators as

> A (@)t" = (1-q) PLog(S(F(1)™)) (3.24)

n>1
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Remark 3.25. In [MR15, Theorem 2.5] it is further shown that

5 (0" = P (5 43,00, (3.20
n>0 n>1
which relates the generating series of irreducible representations to the generating series of all
representations. Moreover, all series A, (q) and A}, (q) are in fact polynomials in ¢ with inte-
ger coefficients. By Katz’s result Theorem 3.3, these are the e-polynomials of the GL,-character
varieties of the free group, which are balanced varieties and their polynomials are 1-variable poly-
nomials.

In [FNZ23, Theorem 4.10], this result is generalized to GL,-character varieties of an arbitrary
finitely generated group I', whose character varieties are not necessarily of balanced type, then their
e-polynomials are, in principle, 2-variable polynomials.

3.3 Stratifications of GL,-character varieties by partition type

The seminal work [LMN13] computes the mixed Hodge polynomials and e-polynomials of SLo-
character varieties of the fundamental group of a Riemann surface of small genus, g = 1,2. The
method used is purely geometrical, opposed to the arithmetic ideas described in the previous
subsection, and relies on decomposing the character variety into Jordan types of matrices, given that
the conjugacy action defining the character varieties respect this decomposition. For each Jordan
type, the e-polynomial of that strata is obtained by a careful study of the fibrations appearing there
and the monodromy action (c.f. Theorem 2.20). The e-polynomial of the whole character variety
results as the sum of each piece, by Proposition 2.19. This strategy has produced a many results,
for example [MM16] for general genus g and [LM16] for SLs.

In this section we are going to describe a similar but slightly different technique to stratify
GL,,-character varieties into Jordan or semi-simplicity types, which we will call partition types.
This is described in the paper [FNZ23].

Definition 3.27. Denote by P, the partitions of the natural number n, whose elements are
[k] = [1F12k2..nfn] e P, (3.28)

where 3.7 j - kj =n, and let |[k]| = X7, k; be its length, the number of elements counted with its
multiplicity.
Recall that Rqr,, (I') denotes the set of representations p: I' > GL,,.

Definition 3.29. Denote by Rgcﬂn (I') the [k]-polystable representations p which are those
representations conjugated to a direct sum @?:1 pj, where each summand p; € R:}L%j (T) is an
i

irreducible representation of the corresponding size.

Observe that

Ran, (D)= || RE (D).
[k]ePn

Since the stabilizer dimension of a representation is invariant by conjugation, the action of GL, on
R, (T') respects each Rgﬂn(f‘), then we can define the [k]-stratum as

x4 (1) =RE (D)JGL,. (3.30)
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Observe that the irreducible stratum of irreducible representations corresponds to the trivial
partition X (T') = Xgy, (T).

Theorem 3.31. [FNZ23, Proposition 4.3] There exists a locally closed stratification

Xen, (D) = | &4 (@)
[k]ePn

Proof. Observe that the stable locus Rgﬂn (T"), i.e. the irreducible representations, is an open
subset of Rgr,, (I') and Rgr, (I')/GL,, is geometric quotient inside the GIT quotient. Then, its
complement, the reducible representations, is a closed subset. Repeating the argument for partitions
of greater length we obtain a locally closed stratification where each [k]-strata is an irreducible
component of the representations sharing a stabilizer of the same dimension. O

Thanks to Theorem 3.31, the computation of the e-polynomial of a GL,-character variety re-
duces to the computation for each strata, by Proposition 2.19. But this still forces us to understand
the monodromy action of GIT quotients by GL,,, which is an infinite group. Let us further reduce
this computations to understand the monodromy under finite quotients.

Definition 3.32. Let [k] € P, be a partition and let Xgﬂn (') be the corresponding stratum of the
GL,-character variety of I". Define the [k]-Levi by

Ly = GLY' x GLS? x - x GLE" ¢ GL,, (3.33)
the [k]-symmetric group
S[k}] = Sk/'l X Skg X eee X Skn C Sn (334)
and the [k]-normalizer
N[k] = L[k] X S[k] (3.35)

The conjugation action of GL,, under the stratum Xgi]n (T') reduces to the action of the [k]-
normalizer (3.35), then notice that

X5 (1) 2 RE (D) INGy = REL, (O (Ley = Spay) = Hl (A&, ()™) /S, (3.36)

where the last isomorphism comes from including the action of each block in the [k]-Levi (3.33)
into the corresponding irreducible representation to give an irreducible characer variety, therefore
describing each stratum as a product of irreducible character varieties acted by finite symmetric
groups.

Proposition 3.37. The e-polynomial of the GL,-character variety of I' is computed additively on
the strata as

e(Xor, (D)= Y e m)= % e(lj(XéLj(r)xkf)/Skj)-

[k]ePn [k]ePn

17



Proof. Using the stratification in Theorem 3.31 and the additivity of the e-polynomial under locally
closed subsets in Proposition 2.19, we can compute the e-polynomial of the GL,-character variety
of I' as

e (X, ()= Y (A @)= 3 e(RE 0)N) =

[k]ePn [k]ePn
> e(REL (Lg% Sp)) = 3 e(H(XéLj(F)ij)/Skj).
[k]ePn [k]eP, \j=1

O]

Remark 3.38. Note that, in the expression of Proposition 3.37 we cannot compute each e-
polynomial in the sum by partition types, just by multiplying the e-polynomials of each irreducible
character variety in the product. This is due to the fact that the action of Sp; is not diagonal in
the product and permutes representations in the k; irreducible GL;-character varieties of the same

J.
We conclude the section with an example of a stratification of a character variety.

Example 3.39. Let us describe one of the strata in the stratification of the GLjp-character variety
of a general group I

Consider the partition [k] = [1% 22 3] € Pyg, where 1-3+2-2+3 = 10. The [k]-polystable
representations in Rgﬁm (I") are those reprentations p such that the image of all generators of I'
are simultaneously conjugated to a matrix of this shape:

* * * * *
* * * * *
* * * * *
* * * * *
* * * * *
* * * * *
* * * * *
* * *
* * *
* * *
The associated [k]-Levi are matrices of this form:
[+ ]
*
*
* *
Ly = L = GL{® x GL3? x GL.
* *
* * *
*
* * *




And the [k]-symmetric group is S(k] = S3 x Sa, permuting the three blocks of size one and the
two blocks of size two.
Therefore, the e-polynomial of the stratum can be computed as

e (;cg;]w(r)) —e (Rggmm//(L[k] x s[k])) = e (X, (T)3 S5 x Xy, (T)2 /S5 x Xp, () .

4 An explicit computation: e-polynomial of the GLs;—character va-
riety of the free group

In this section we give use the techniques presented before to actually compute something: the
e-polynomial of the GLs-character variety of the free group. This follows the arithmetic methods
of [MR15] combined with the geometric technique of partitions in [FNZ23; FNZ21].

4.1 Step 1: e-polynomials of irreducible character varieties of the free group

Recall (c.f. [HRO8, Appendix|) that the e-polynomials of the irreducible GL,-character varieties
over the free group ¢ | (F}) equal the polynomials A;m(q), counting the number of points of these
varieties over the finite field IF,. Let us use the combinatorial techniques in [MR09; MR15; FNZ23;
FNZ21] to compute these polynomials.

Proposition 4.1. [FNZ21, Proposition 6.2] The e-polynomials of the irreducible character varieties
Ay, (z) = e(Xiy, (Fr)) are explicitly given by:

n/m —1)I+]] m nr13k; 5
m j=

i M i, RN Nk

where the polynomials bj(x) are the coefficients of the series F~1(t) = 1+ ¥,51 bp(2)t" and F(t) is
given in (3.11).

Proof. By (3.24) and (3.9), we have that generating series of the polynomials A} .(z) satisfy

> An (@)t = (1-2) PLog(S(F(1)™)) = (1 - 2) ¥ (log(S(F()™))) ,

n>1

with F(t) as in (3.11), and S as in (3.10), then

S(F(E) ™) =1+ 3 bu(a) 2 DE) ¢

n>1

Using the Taylor series log(1+2) = 2z — % + % — -, and the multinomial theorem:
log (1 + > bu(x) 21 () t”) =
n>1

2 3
(Z () 2" DE) t”) —%(Z bu() 2 DE) t") +%(Z () 2 DE) t”) s

n>1 n>1 n>1
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(-1 (k]| o o) |
Z[[k];mW(kl,---,km)HbJ(x) S (4.2)

m>1

where

( (%] ) _ k]

ki, km/  kilekg!

are the multinomial coefficients and the inner sum runs over partitions P,, from Definition 3.27.
Finally, let us apply the Q-linear operator ¥=! in (3.6) to the expression (4.2):

1)kt ]

\P_l(z 2 (_!W(k Hk,]'km)ﬁb (z)ks 2R (=D ) tm):

m21| [k]ePm

_1)I[k]-1 m ;
> ‘I’_l( > ¢ 1|[)k;]| (klu.k.”k )Hlbj(w)kj D) tm)=
9 s 'vim J=

mz1 | [k]ePu

D (—1)|[k]|_1( I[%]] )ﬁ M(Z)bj(xl)ijlkj(rfl)(é)tlm:

m>1 [k]ePy, k]l Nk k) ja 50 1

sy Hm) s (_1)|[k]|_1( g )Hb(xn/m)% @)

wstmn MM giep,,  IEIL S Ve,

The proposition follows from here, multiplying by (z —1). O

Recall that
Ft)=1+Y,51an(x)t", and Flt)=1+ Yt bn(z)t"

where a,(z) = ((z-1)(2*-1)... (av”—l))r_1 are formal inverses. They are related by ;.50 arbp-k =
0, ap = bp = 1. From this, we can compute the first three b, (x) recursively as

bl =-a , b2 = a% -a 63 = —a‘;’ + 2a1a2 —as, (4.3)
obtaining

bi(x) = —ar(x) = ~(x-1)""",

ba(z) = aj(z) —ag(z) = (x-1)* 7 = (- 1) ' (2 - 1)
=(z- 1)2T_2( —(z+1)" 1+ 1),

b3(z) = —ai{’(az) +2a1(x) ag(x) - as(z) =
= (-1 (= @+ 1)@ o+ 1) 2+ 1) - 1)

Then, by substituting in the formula of Proposition 4.1, we get explicit calculations of the e-
polynomials of the irreducible character varieties A, ,(z) = e(Xgy, (Fr)), for n=1,2,3.
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Proposition 4.4. The e-polynomials of the irreducible character varieties A}, . (x) = e(Xgy, (Fr)),
forn=1,2,3, are given by

(XL, (Fr)) = A7, (2)
e(Xar, (Fr)) = Az, ()

(iL‘ - 1)r )
(z-1) (%bl(ﬁ) . %bl(:cﬁ - bg(x)x’"-l) ,

(- (-1 () ) a1y e,

(X, (F) = A7,(@) = (@-1)(5h(@") = 30 @) + @@ = by()a®?)

(z-1) (——(ac ro1) e (- 1) 2( 2 am e 1)

+28 3 4 B2+ 1) (@2 + 1) —2953T_3(:c+1)r_1)) .

4.2 Step 2: Computation of the abelian strata

Let us compute separately the e-polynomial of the smallest and most singular strata, Xc[;lsj(Fr),
which corresponds to representations of the free group in r generators into GL,, which are simulta-
neously reducible to diagonal matrices fore each generator. This strata will be called the abelian
strata, due to the fact that their representations reduce to an abelian subgroup of GL. The
following lemma shows that studying representations in the partition [1"] is equivalent to studying
representations of the abelianization of F)., this is of Z", into GL,,.

Lemma 4.5. [FNZ23, Lemma 5.2] The abelian stratum is isomorphic to the character variety of
the abelianization of F.:

x5 = X, (20).

Proof. By Schur lemma, if ¢ € Aut(C™) and p:T' - GL, is an irreducible representation such that
p(7) € GL,, commutes with ¢ for every 7 € I" then 1) must be a scalar multiple of the identity. Then,
if I' = Z" abelian and p is irreducible, p(7) is a multiple of the identity for every ~ € I', hence the
irreducible representations of the abelian group Z" are necessarily 1-dimensional.

Therefore, a polystable representation p : Z" - GL, splits into a direct sum of irreducible

(1]

representations and, hence, belongs to the strata Rep, (Z™). By composing with the quotient
F, - 7" we get a representation of R (F "), then REy (Z") c Rg;i(F’"), this inclusion of the
polystable points being a morphism of algebralc varieties.

On the other hand, a representation of R[C};]L(F ") has its image into an abelian subgroup of
GL;,, then under the quotient F,, - Z" it defines a unique representation of Z" given that all
commutators are sent to the identity in GL,. Then, we obtain an isomorphism

1 S r
RU ) (F) = RYy (7).

which provides the isomorphism of the statement of the Lemma by quotienting in the character
varieties. O

Now let us compute the e-polynomial of the abelian character variety Xgr,, (Z"). For a detailed
study on abelian character varieties, see [FS21].
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Proposition 4.6. [F'S21, Theorem 5.1] The e-polynomial of the GL,-character variety of the free
abelian group in r generators is
n )Tk
e((XL,(Z7) = 3, H

[ 1ePn j

Proof. As we said before, all irreducible representations of the abelian group Z" into GL, are
1-dimensional, therefore,
e(Xiy, (Z,) = A% () =0, forn>2

For n =1, the conjugation action in the GL; = C*-character variety is trivial, then
e(Xar, (Z")) = e(Rar, (Z7)) = e(Hom(Z",C")) = e((C7)") = (z -1)"

using the computations in (2.16) and Proposition 2.10.
Now, using the relationship (3.26) between the generating series, we obtain:

> AZ’" (z)t" = PEXp( Al (:L‘)t) PExp ((z-1)"t)

n>0

Let us compute this plethystic exponential using its definition in (3.7):

PExp((z - 1)"t) = eM(@=D"0) - (zp1 M) 11 e(%) ]

721
(.Z‘] _ l)rkt]k N n (.CL‘j _ 1))rkj
- t T B
M "\ & 0w

where note that, in the last equality, we put together all terms contributing to t", which are precisely
all partitions n = Z?:I Jjkj. The proposition follows from this. O

Let us finish the section by applying these results.

Proposition 4.7. The e-polynomial of the abelian stratum of the GLs-character variety of the free
group in r generators s

3 $2+SL' r IL‘2— r T — 2r
e (AN) = oy (gl LD, 2T

Proof. By Lemma 4.5 and Proposition 4.6, we have
" (27 )”“
e (AU )ED) = e ((Kar,(z)) = % 1‘[ -
(klePsj=1  Rj* "

There are three possible partitions in Ps of the integer 3:

[3], with k1 =0,k =0,k3=1

[12], with k1 =1,ka=1,k3=0

[13], with k1 =3,k =0,k3=0
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Then, by plugging these numbers into the previous expression, we get:
3 (29 — 1)k

DI
(z-1)"0 ‘ (22— 1)"0 . (23 - 1)

01 10 01 20 TE
(:L’—l)r'l (l.2_1)r-1 (133_1)7*‘0
TR T BT (R
(3;‘—1)?'3 (xZ_l)r-O (x3_1)r-0 ~
3113 0120 0130 B
3 _ 1\ 2 _1\r _1)\3r
@1, @ m @D)
3 2 6
from which we get the expression of the statement, factoring by (z -1)". O

4.3 Step 3: e-polynomial of the GLs;—character variety of the free group

Finally, let us compute explicitly the e-polynomial of Xgr,,(F;), the GLs-character variety of the
free group in 7 generators.

By Theorem 3.31, we will stratify the character variety into three strata, corresponding to the
three possible partitions of the integer 3, P3 = {[3],[1 2], [13]}:

3
Xor, (F) = [ |]_| X (7 =2l (Fmyux P Emy vl Jm). (4.8)
k]ePs

The stratum labelled by the partition [3] corresponds to the irreducible representations and the
label [13] corresponds to the abelian stratum. By (2.19), the e-polynomial can be obtained as the
sum of the e-polynomials of each stratum:

e(Xar,(F)) = e(XE (B) + e(XL 2 (F)) + e (7)) (4.9)

Using Proposition 3.37 we can further decompose the calculation of the first two strata into those
for irreducible character varieties and get

e(Xn, (F)) + e(Xan, (F) - e( X, (F) + e(X5 (F) =
A5 (2) + A3, () - A () + (X (F))

The e-polynomials A;T, j =1,2,3 of the three irreducible character varieties are computed in Propo-

3
sition 4.4 and the e-polynomial of the abelian character variety Xc[;le (F}) is computed in Proposition
4.7.
Gathering together all the computations we obtain the following

Theorem 4.10. [FNZ23, Theorem 6.7] The e-polynomial of the GLs-character variety of the free
group in r generators is

e (Xa (F)) = (z—-1)" [é(gﬁ bo 1) o+ e %(g; ) (@4 1)

1
+ (z-1)%2 [(x +1) ! (:1337’_3(952 +rz+ 1)y - 2953’“_3) +a3r3 g Ex(:v - 1)]]
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We can obtain some direct geometric information from the e-polynomial computed in Theorem
4.10.

Corollary 4.11. The GL3-character variety of the free group in r generators is an irreducible
affine algebraic variety of complex dimension equal to 9r — 8 and Euler characteristic equal to zero.

Proof. Note that the leading monomial of e (Xgr,(F,)) has exponent (see the first terms of the
second line)
r+(2r-2)+(r-1)+@Br-3)+2(r-1)=9r-38

The leading coefficient is equal to one, then the top Hodge number is one, hence the irreducibility
(c.f. Remark 2.9). By setting = = 1, the factor (z — 1)" yields the Euler characteristic equal to
Z€ro. O

Remark 4.12. To proceed with the calculation of e (Xgr,(F)) in rank 4 is not automatic from
the steps followed in Theorem 4.10. This is due to the presence of partition [22] whose polynomial
is not the product of the polynomials of two irreducible character varieties, but a quotient of these
by S3. See the notion of rectangular partitions in [FNZ23; FNZ21] for details on achieving the
calculation for general n.

5 Stratifications of G—character varieties

In this final section we sketch the results of [GZ24] where the authors extend the GL,-stratification
in [FNZ23] (see Section 3.3) to a general G-character variety, where G is a complex reductive
algebraic group G. We will produce a locally closed stratification of X (I") into strata indexed by
the parabolic subgroups of G, and will reduce the computation of each strata to a subvariety of
representations (forming a core and a pseudo-quotient), which simplyfies considerably the problem.

5.1 Pseudo-quotients and cores

Here we recall the main ideas of [Gon24] about the notions of pseudo-quotient and core of an action
of a group in a variety. We will observe that pseudo-quotients are the right quotient notion to deal
with motives in the Grothendieck ring (c.f. Remark 2.28) and, therefore, with e-polynomials.

In the following, we denote by (X,G) the pair consisting on an an algebraic variety X and a
complex reductive algebraic group acting G acting on X.

Definition 5.1. (Y, 7) with 7: X - Y a regular morphism such that
1

7 is surjective.

2) 7 is G-invariant.

4) If Wy, W5 ¢ X closed G-invariant, Wh n Wy = @ < (W) nn(Ws) = @.
5) If V ¢ Y open, 7 induces isomorphism 7* : Oy (V) 2 Ox (71 (V)% c Ox (7~ 1(V)).

(1)
(2)
(3) W c X closed G-invariant, then (W) ¢ Y closed.
(4)
(5)
(6)

It is an orbit space, i.e. G-z is closed in X for every x € X.
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If items (1), (2), (3) and (4) are satisfied, then (Y, ) is a pseudo-quotient of (X, G).
If, moreover, item (5) is satisfied, then (Y, ) is a good quotient of (X, G).
If, furthermore, item (6) is satisfied, then (Y, 7) is a geometric quotient of (X, G)

Good quotients are the notion used in Geometric Invariant Theory [MFK94; Newl2], and
therefore character varieties are good quotients, which are unique and categorical. However, good
quotients do not behave well motivically, in the sense that they may not commute with stratifica-
tions. Pseudo-quotients, by contrast, are not unique, nor categorical quotients. This is a weaker
notion capturing topology but not algebra in the sense that if 7 is a pseudo-quotient, VV c Y =«
induces the morphism

Oy (V) > Ox(m H(V)E > Ox(x 1(V))

which is not necessarily an isomorphism. However, they capture completely the motivic information
of the quotient.

Proposition 5.2. [Gon?2/, Proposition 3.7, Corollary 3.8, Corollary 4.3] If (Y,n), (Z,&) are
two pseudo-quotients of (X,G), then the motives Y] = [Z] are equal in KVar and, then, the
e-polynomials e(Y') = e(Z) are equal.

Using the notion of pseudo-quotient, we will reduce the motivic computation of each stratum
to a core, which comes from the following idea. Given a pair(X, &), suppose that there exists a
subvariety Y € X such that meets all closures of orbits, this is, G-z nY # @. Then, for every point
in the GIT quotient [x] € X |G, there exists a representative y € Y with [x] = [y]. However, Y
is not a slicing: we must quotient by a subgroup H <€ G leaving Y invariant. This idea resembles
on the notion of polystable points in moduli theory: all S-equivalence classes in a moduli space

contain a polystable representative.

Definition 5.3. A core for (X,G) is a pair (Y, H) given by a subvariety Y ¢ X and a subgroup
H c G such that

(i) Y is orbitwise-closed for the H-action, i.e. H-ycY, forall yeY.
(ii) For every xz € X, we have G-xnY # @.

(iii) For every two Wi, W5 €Y disjoint closed (in Y) H-invariant subsets, we have that G- W n
G-Wy=g.

Proposition 5.4. [Gon24, Proposition 5.8] Suppose that (X,G) has a core (Y,H) and (X,G)
admits a categorical quotient. Then, for any two pseudo-quotients X - X, Y - Y of (X,G) and
(Y, H) we have [X] =[Y] in KVar.

In particular, if there exists good GIT quotients X — X |G and Y — Y |H then the motives
[X|G] =[Y|H] are equal in KVar and, therefore, the e-polynomials e (X |G) =e (Y |H) are equal.

5.2 Root data

Here we collect some basic knowledge about root data of Lie groups. For an extensive treatment
on this, see [Spr98; Bor91].

Let G be a complex reductive algebraic group. Fix a Borel subgroup B and maximal torus T
such that T'c B c G. Each conjugacy class of parabolics P contains a unique standard parabolic
such that Tc Bc P c (.
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Figure 5.1: Core (Y, H) of (X,G).

The characters and cocharacters of T' are dual free abelian groups
XeX'(T)={x:T->C"} |, XeX.(T)={\:C">T}

with pairing (x,A) € Z. The roots ® ¢ X*(7T') are weights for the adjoint action of 7" on Lie(G).
Roots are in bijection with the coroots ®Y ¢ X, (T) by ® > a < o' € ®¥ satisfying the pairing
(a,a") =2.
The Weyl group of G is defined as W ~ Ng(T')/Z(T) c Aut(X*(T)), and it is generated by
the reflections
S0 : X(T) > X (T), x>z (2,0

We will call root datum to the set
R=(X"®,X,,d")

given by character, roots, cocharacters and coroots. The information in the root datum recov-
ers completely the group G. The dual root datum is given by interchanging characters with
cocharacters, and roots and coroots,

RY = (X.,®",X*,®)

and recovers another reductive gthe roup which is defined to be Langlands dual “G of G. For
example, the complex groups G = SL,, := SL(n,C) and *G = PGL, : PGL(n,C) are Langlands
dal groups, as well as G = Spy, := Sp(2n,C) and “G = SOs,,1 := SO(2n + 1,C). The groups
GL,, := GL(n,C) and SOy, := SO(2n,C) are self-dual.

Let us recall how parabolic subgroups are given by subsets of Dynkin diagramm. Pick a set of
positive roots ®* and a set of simple roots A ¢ ®* (which are the nodes of Dynkin diagram of
the semisimple part of G). Subsets I € A are in bijection with conjugacy classes of parabolics P;
or standard parabolics such that T c B ¢ P; c G. Observe that Py = B and Pa = G. There are 2lAl
(conjugacy classes of)) parabolics.

For each I ¢ A we define define the following groups:
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e &7 C ® is the subset of roots generated by « € I, and we define ®Y similarly.
e [-torus is defined as T7 := Nyer kera c T

e [-Levi subgroup is defined as L := Zg(T7).

e [-normalizer is defined as Ny := Ng(T7).

o [-Weyl is defined as Wy := Ng(T7)/Zc(Tr) = N1/L1 (not to be confused with the Weyl group
of L])

Observe that the root datum of Ly is (X*(T),®r, X.(T), ®7).

5.3 Reducing motivic computations via parabolic stratatification and cores

Let X (T') be the G-character variety of a finitely generated group I'. Let us produce a stratification
of X5(T') in to parabolic types in order to compute their motives and e-polynomials using the idea
of pseudo-quotient and core.

First, we decompose the representation space Rg(I') = Urca ﬁ}l (T") into conjugacy classes
of parabolic representations where we will denote:

e Rp,(I'):={p:T'-> G, p(I') c Pr}, the P;-representations

. ﬁpl (I') :=Upep, Rp(I') = G- Rp, ('), the conjugacy class of P/-representations
e Rp, (I') =Rp, (I)\Ujgr Rp, ('), the Pr-irreducible representations

° ﬁ}l (T)=G- R}I (T"), the conjugacy class of P;-irreducible representations

And define similarly the subsets Ry, ("), Ry, (), R, (D), 7@21 (T") for Levi L;-representations
The following result produces the desired motivic decomposition via a parabolic stratification.

Theorem 5.5. [GZ2/, Theorem 4.13 and corollary 4.14] For each subset I c A, the pair (RZI,NI)
is a core for (ﬁ}I,G). Therefore the motives

[RE,(D)IG] = [R, () Nr]

are equal in KVar and, hence, the e-polynomials

¢(Rp,(1))G) = e(Ry,(T)[N1)
are also equal.

Proof. To prove this result we check the conditions in Definition 5.3 of core. First we show that RZI
is polystable and Ny-invariant, therefore it is orbitwise-closed. Then, if a representation p € R}BI (1),
then G-pn R (I') # @. Finally, if two representations p1,p2 € Ry (I') satisfy G-p1nG-p2 # 2,
then 3gg € Ny such that gg- p1 = po. O
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Theorem 5.6. [GZ2/, Theorem 4.15 and Corollary 4.17] For every reductive group G and every
finitely generated group I', we have that

o0 = [Re(r)e) - | U Rp,(0f| = 3 [Ri, 0]
IcA IEQA/~W
and also
(Xa(0) = Ro(TIG) = e[ U Ry (OIG) = T (R, (1IN).
IcA IGQA/NW
If, moreover, the sequence
1— Ly=Zg(T;) — N;y=Ng(T7) — Wy =N;/L; — 1

splits, hence, Ny = Ly x Wy, then the decomposition simplifies to

[XeD]= > [X,@O)IWi] and e(Xe)= 3 e(X;,@D)Wr).
IGQA/NW IE2A/~W
Proof. We provide a sketch of the proof. We have that Rg(I') = Ujea ﬁ}l (T"), then show that
ﬁ}l (T") are G-invariant, orbitwisi-closed and locally-closed. By Theorem 5.5, we have [7/@}1 (T))G] =
[R7,(I')/N1]. Now, note that Ry (I') are not disjoint. However, if p € R} (T') is conjugated to
pe R*;(F) for I #I', then Lj is conjugated to Ly by w e W, and then I ~y I'.
For the second statement, notice that if the sequence splits, then

R1,(T) ) Ni=Rp,(T) J (Li »Wi) = (Ry,(T) J L) | Wi = X7 (T) ) Wr.

6 Motivic computations for ABCD Lie groups

In this final section we relate the parabolic stratification for the G-character variety, for certain
groups G of Dynkin type A, B, C and D. The reader con consult the details in [GZ24, Section 5].

6.1 Stratification for GL,-, PGL,- and SL,-, type A

This case recovers the results in [FNZ23], by re-interpreting them in terms of root data in Lie
theory.
Let us consider first the reductive group GL, whose Dynkin diagram is > e e of type
"o

A,,—1. In this case, simple roots are labelled as A ={1,...,n—1}.

We fix a basis (e, e9,...,e,) of C" and choose B upper triangular invertible matrices. Then,
the subsets I € A, ANT ={iy,i9,...,i5} are in bijection with standard parabolic subgroups P; of
the form

X
X

¥ %X ¥ ¥ %

¥ X ¥ ¥ X
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Parabolics are, in turn, stabilizers of the flag
OgVighhg-gV,eC"
where V; = (e1,...,e;;). In particular
e B corresponds to [ =@, A~T=A={1,2,...,n-1} and to the full flag 0 ¢ V} ¢ V5 ¢ --- &
Vi1 g C?
e GL, corresponds to I = A, ANI =g and to the trivial flag 0 ¢ C".

e Maximal parabolics P; correspond to to complements of single nodes I = Ax{i;} , ANT = {i;}
and to 1-step flags 0 ¢ V7 ¢ C".

Levi subgroups are L = [T51

721 GL),; corresponding to matrices of the form

[+ ]

*

* *

which are stabilizers of the graded object of the filtration corresponding to Py, this is C* =
EB;;’% V;i/Viz1, Aj =dimV;/V;_;. In particular:

e Ly =1g1, is the maximal torus.
e LA =GL, is the whole group.

Recall from Definition 3.27 partitions [k] = [1¥1---j%i.-.n*n] € P, and notice that these are in
bijection with subsets I/ ~y € 22/ ~y, under the action of the Weyl group (permuting blocks of
the same size). Observe that the I-normalizers are

Nr = Ngw,(Tr) = Ny = Ligg % iy

therefore, this completely recovers Theorem 3.31, isomorphisms (3.36) and Proposition 2.19 from
[FNZ23].
Let us describe the stratifications for the Langlands dual groups G = SL,, and “G = PGL,, of

type An-1, whose Dynkin diagram is also o9 oo .
n—aa —

The stratification for SL,, is

X, (D)= [ Xs[ﬂ (I
[k]ePy

where a representation p belongs to the [k]-stratum if

k;

-6

Pj.e € RZSLTL )
=1¢=1 [~]

<

where each p; € REL]- (T) is irreducible with [T, ,det(p;¢) = 1. Associated Levi subgroups are

L[SkL] = {(AM) eJ] GL?‘
j=1

[det(Aj,) = 1} c q Gij
i

j7é
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and each stratum is described as

[[det(pje) =1 } 1Sty-

X (0 = X (D)5 = {(;w) [T, (0" |1
j7

j=1

The stratification for PGL,, is

Xpar, (D)= || 5dy (D)
[k]ePn

where a representation p belongs to the [k]-stratum if

n kj
p= (@ Pj,e) [C" e RZFSL"(F)

j=1¢=1

where each p;, € RaLj (") is irreducible. Associated Levi subgroups are

n ks .
Lfkc]}Ln = {(AM) €[] GL/}/(C

J=1

and each stratum is described as

Xﬁ@Ln(F) = X;F}SLn (F)//S[k] = ((ﬁ XéLj(F)kj) /C*) //S[k]-

Jj=1

Topological mirror symmetry conjectures that certain topological invariants should be equal, or
mirror in some sense, for geometrical objects constructed out of Langlands dual groups G and *G.
In particular, it is conjectured that the motives and e-polynomials of the character varieties Xg(T')
and X, (T') are equal. This has been proven to be true in some cases, [HT03] for SLa, PGL2 and
the fundamental group of a Riemann surface, [GWZ20] for SL,,, PGL,, and the fundamental group
of a Riemann surface, and [FNZ21] for SL,,, PGL,, and the free group. Other cases remain as an
open problem.

One of the applications of the stratification of the G-character variety into parabolic types is
that it is motivic, then checking mirror symmetry boils down to check it strata by strata.

Theorem 6.1. [FNZ21; GZ24] Topological mirror symmetry holds [Xsr, (I')] = [XpaL,, ()] (resp.

e(Xsr, (T)) = e(Xpcr, (1)) if and only if [X5) (1)) = [, (D)] (resp. e(x) (D)) = e(Xhe) (D))
holds strata by strata.

6.2 Sp,,, type C and SOy,,1, type B

Let us begin by considering G = Sp,,, whose Dynkin diagram is oo e of type C,,. Here,

n-n-1n
simple roots are A = {1,...,n} with n the unique long root.
We fix a basis (21, ...,%n, Y1, ..., yn) of C*" such that w is the standard symplectic form. Then,
subsets] € A, ANT = {iy,...,is} are in bijection with standard parabolic subgroups P; which are

stabilizers of the flag

OeVigeVigeVigVieVi g gVt eC™
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where Vj = (z1,... ,xij) for 1 < j < s are isotropic subspaces (under the symplectic form) and
le = (T1,...,Tn,Yi;+15---,Yn). There is a special maximal parabolic for I = A \ {n} yielding a
lagrangian (maximal isotropic) flag

0¢Vi=(x1,...,20) ¢ C2,
The action of the Weyl group W = Z3 % S, on 228 decomposes
22 =0, u0,
into two classes, depending on containing or not the long root n. Each class has these features:
e [eQ,={I:n¢l}, ANI={i1,...,is=n}

— Equivalence classes in Q,,/ ~y correspond to partitions [k] = [1¥1---j%i...nFn] e P,,.

— The flag contains the lagrangian subspace Vi, = (21,...,2,) = V..

Levi L) = L][H =1}, Gij is the stabilizer of splitting of flag V, c C*".
— W = (C'Q[k]l % S(x) and Npgp = Lg) @ W[y, then strata are

* k
XGL[,C]//(Z‘Q[ I S)-
e [eQ,={l:nel} A~NT={i1,...,is<n}

— Equivalence classes in £,/ ~y correspond to partitions I, 1] := [k]u{n}, [k] = [1F1...j
P, m < n.
— The flag does not contain the lagrangian subspace (z1,...,x,).

— Levi L, (31 = Ly, =TT} GL? X SPy(n-m) is the stabilizer of splitting of flag Vs c c.
— Wk = Z'Q[k]‘ xSy and Ny, (k] = Ly (1] ¥ Wi, 1], then strata are

* I[%]|
XGL[k]XSp2(TL—7n)//(Z2 e S[k])
From this, we can decompose motivically the Spy,,-character variety.

Theorem 6.2. [GZ2}] The parabolic stratification of the the Sps,-character variety of a group T’
yields the following decomposition of the e-polynomial:

n—-1
e(Xsp,, (1) = 3 e(Xan,, M@« S5))+ X X e(Xngpnsmn, .y ONZ % S0).
[k]ePn m=1[k]ePnm,

Now we reproduce the analogue for the group LG = S04q,,.1 whose Dynkin diagram ?—Qk 4;0:120
n-2-1n
of type B,. Here, simple roots are A = {1,...,n}, which n the unique short root.
Fix a basis (21,...,Tn, Y1, -, Yn, 2) of C2"*! for the quadratic form Q(v) = 1y1 +. ..+ Tpyn + 22
Then, subsets I € A, ANT = {iy,...,is} are in bijection with standard parabolic subgroups P; which
are stabilizers of the flag

OgVigeVigaVieVieVh g gVt gC®!
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where V; = (z1,..., ;) for 1 < j < s are isotropic subspaces and le =15 Ty Yijr1s - o5 Yns 2)-

The action of the Weyl group W = Z5 x S,, on 22 decomposes
22 =0, u,

into another two classes, depending on containing or not the short root n. Each class has these
properties:
e [eQ,={I:n¢l}, ANI={iy,...,is=n}
— Equivalence classes in Q,,/ ~y correspond to partitions [k] = [1¥1---j%i...nfn] e P,,.
— The flag contains the maximal isotropic subspace Vi, = (z1,...,z,), with Vi = (y1,. .., yn, 2).

— Levi Ly = Ly, = [T} GL?j is the stabilizer of the splitting (acting trivially on (z) =
Vi Ve).

- Wi = ng]l » Sy and Ny = Ly @ Wiy, then strata are XéL[k]//(ngﬂ  Sik])-

e [eQ,={l:nel} A~NT={i,...,is<n}

— Equivalence classes in £,/ ~y correspond to partitions I, (] := [k]u{n}, [k] = [1F1..jkimPm] €
P, m < n.
— The flag does not contain the maximal isotropic subspace (x1,...,zy).

— Levi Ly, ) = Ly, = i GL? % SO2(-m)+1 is the stabilizer of the splitting.
k " k
— an[k] = Z'z[ ] xS[k] and Nn,[k] = Ln,[k] ><Wn7[k], then strata are XGL[HXSOML%)H//(Z‘Q[ I
S[k]).
Again, this allows to decompose motivically the SOs,,1-character variety.

Theorem 6.3. [GZ2}] The parabolic stratification of the the SOay1-character variety of a group
I" yields the following decomposition of the e-polynomial:
n—-1
* k * k
e (X503, (D) = Y e(Xry I 2S5 )+ X 3 e (X, w5050 DIZE 2 811))
[k]ePrn m=1[k]ePy,

By comparing the expressions in Theorems 6.2 and 6.3, we observe that topological mirror
symmetry holds for the Langlands dual groups G = Sp,,, and G = SOy, if and only if it holds
strata by strata. Notice that first summand is equal in both formulae, then equality holds if it does
for the second summand.

Corollary 6.4. [GZ2/] For the character varieties of the Langlands dual groups Spy,, and SOgp41,
topological mirror symmetry (i.e. equality of motives or e-polynomials) reduces to show it for

XéL[k]XSPQ(n—m)(F)//(ng]l % Siky) - and XéL[WSOun_mm(F)//(ng]l X Sky)s

where [k] € Py, and m=1,...,n—1.
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Note that decomposition in the stratification for G = Sp,,,- and L@ = S0y, 1-character varieties
involve strata for GL, and groups of the same Dynkin type as G and “G of lower or equal dimension.
This reduces the computation in a recursive way to lower invariants. Nevertheless, observe that we
still need to prove e (X§p2n (F)) =e (/"CS*O%H1 (F)) for irreducible representations.

To summarize the results in [GZ24] we can say that to compute the e-polynomial e (X5 (I")) we
need to compute the e-polynomial of the irreducible locus e (X5 (I")) and, then, use the polystable
stratification to reduce the computation of the lower strata to cores, yielding the e-polynomials
e (X EI )/ WI). There are two advantages in doing this: we gain recursion by leaving the compu-
tation in terms of previously known invariants, plus we substitute complicated infinite quotients in
cohomology by finite ones.

We end this subsection with a more concrete example for the Langlands dual groups Spg and
SO7.

Example 6.5. The Dynkin diagram of G = Spg is o2 of type Cs with simple roots labelled

as A = {1,2,3}, n being the unique long root. The basis that we fix is (21,22, 23, y1,¥y2,y3) of C°

I3 ) The full flag in this case is

with w is the standard symplectic form ( 3. 0
—13

0¢Vi=(21) g Vo= (x1,22) ¢ V3= (21, 22,23) = V5 &
‘/2l = <$1,$2,$3,y3> (-?E Vll = <$17$27$3ay2,?/3) (-?E (Cﬁ'

On the other hand, the Dynkin diagram of G = SOy is oo of type C3 with simple

roots labelled as A = {1,2,3}, n being the unique short root. The basis that now we fix is

(1, 72,23, 2,91,Yy2,y3) of C7 with w being the quadratic form of expression @11 + Toys + 23y3 + 22,

in coordinates of the basis. The full flag in this case is
06 Vi=(x1) Vo= (x1,22) & V3 = (21, 20,23) ¢ V5 = (w1, 72,73, 2) &
Vy' = (z1,29,73,2,y3) € Vi* = (21,79, 73, 2,42, y3) € C".
For both cases, given a subset I € A, we remove the terms indexed by elements of I in each
full flag and obtain that P; is conjugated to the stabilizer of that reduced flag, and also that L;
is conjugated to the stabilized of the graded object of that flag. Let us see this for two particular

subsets 1.
First, suppose I = {2}. For G = Spg we obtain:

Py stabilizes 0¢ Vi ¢V3=Vi e VigeCl

Ly stabilizes V; @ V3/Vi @ V[V @ CO/V:

where note that L; contains the action of GL; on the first factor and GLy on the second factor,

and the action in the other two factors is the induced one a cause of the symplectic form, then
L I= GL1 X GLQ.
Now for “G = SO7 we obtain:

Py stabilizes 0¢VigVsg Vi e VigeC’

Lj stabilizes Vi@ V3/Vi @ Vgl/‘/i& @ Vll/VgL ® C7/V1L-
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Now note that L; contains again the action of GL; on the first factor and GLy on the second factor.
On the third factor V5" /V3@ the action is trivial, and in the remaining two factors the action is the
induced one a cause of the orthogonal form, then L; ~ GL; x GLo.

Then, using Theorems 5.6, 6.2 and 6.3, we can compute the e-polynomial of the strata as

e (X)) = e (e, x X1, /73) = e (X551 (D)

noticing that they are automatically equal because both the Levi L; and the finite group in the
quotient are isomorphic.
Now suppose I ={2,3}. For G = Spg we obtain:

Py stabilizes 0¢ Vi ¢ Vi ¢ (o

Lp stabilizes Vi@ Vi [V, @ Co/vit

Here L corresponds to the action of GL; on the first factor (inducing the same in the third factor)
and Sp, acts on the second factor, then L; ~ GL; x Sp,.
For LG = SO7 we obtain:
Py stabilizes 0¢ Vi g Vi gC’

Ly stabilizes Vi @ Vit/Vi @ C'/V.

Now L; contains the action of GL; on the first factor (inducing the same in the third factor) and
SOj5 acts on the second factor, then L; ~ GL1 x SOs.
Once more, using Theorems 5.6, 6.2 and 6.3, we can compute the e-polynomial of the strata as

e (X P D)) = e (X, % Xy, 170) & e (X, x Ko, [22) = e (Xeg > (D). (6.6)
Now we cannot assure that these polynomials are equal because the Levi subgroups GL; x Sp, and
GL; x SOj5 are not isomorphic (Sp, ~ Spin(4,C) is the universal cover 2: 1 of SOs).

In the spirit of Corollary 6.4 it can be checked that showing the topological mirror symmetry
conjecture in the form of the equality of e-polynomials e (Xsp, (I')) = e (Xs0,(T')) reduces to show
the equality (6.6) for the strata I = {2,3}, the equality for the strata I = {1,3} and the equality

e (Xs"p6 (F)) =e (X§O7(F)) for the irreducible representations. The only thing to prove for strata

{1,3} is the equality for character varieties of Spy ~ SLy and SO3 ~ PGLq, which is already proven
for T a surface group [HRO8] and a free group [FNZ21], the general I" case being open.

6.3 Stratification for SO,,, type D

n-1
We conclude by exploring the stratification for SOs, of Dynkin diagram > e n-2  and
n
type D,. Simple roots are A = {1,...,n}, with n — 1,n being the branching roots. This group is
Langlands self-dual, therefore the discussion about topological mirror symmetry does not apply in
this case.
Let us fix a basis (21,...,%n, Y1, - .,Yn) of C*" for the quadratic form Q(v) = z1y1 + -+ + Tpyn.In
this case there is no bijection between parabolic subgroups of SOs, and isotropic flags, then we

need to analyse this more carefully.
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The action of the Weyl group W = H,, x S,, on 22, where H,, = ker(eq,...,€,) €Zy > €1+ €p €
Z3), decomposes
A
22 =0l u?u?

into three classes, depending on containing or not the branching roots. Let us discuss the properties
for each class:

e [eQl={I:nel}, ANT={iy,...,is<n}

— Equivalence classes in 2}/ ~y correspond to partitions I [ = [k]u{n}, [k] = [1F1. R ] €

P, m < n.
— Py is the stabilizer of the flag 0 ¢ Vi ¢+ ¢ V; ¢ ¢ Vo1 ¢ Voe VP g Vi ¢ g Ve C7,
where Vj = (z1,...,2;;) and Vi = (21, .., Tn, Yij+1,- -+, Yn)-

— Levi subgroup is Ly ) = 1% GL?J' x SOg(n-m) and strata are XéL[k]xSOQ(n_m)//(Hl[k]l x
S[x))-
e JeM={I:n¢ln-1el}, ANI={iy,...,is.1<n-1,i;=n}
— Equivalence classes in €/ ~w correspond to partitions Ip ) = [k] U {n -1}, [k] =
[1F1.. ki mbm] e P, m < n.
— Py is the stabilizer of the flag 0 ¢ Vi ¢ ¢ V; G- ¢ Vo1 G Vs =V, g VE ¢ g Ve C.
where Vj = (x1,...,2;,).

— Levi subgroup is Ly [x) =TT} GL? x GL;,_y, and strata are XéL[k]xGLn_m//(Hl[k]l % S[i1)-

o [c ={l:n-1 n NI ={11,...,is.1=n—-1,is=n
Ieq={I FLngl}, ANI={i1,..., : }
— Equivalence classes in €23 / ~yy correspond to partitions I 4] := [k], [k] = [1F1-+5%-
P, m<n—1.
— Py is the stabilizer of the flag 0¢ Vi ¢~ ¢V g ¢ Vi g V/ =V, g Vi, g g Vi gC™
where V; = (21,...,2;;) and Vi = (x1,..., 21, Yn)

— Levi subgroup is Lg 5] =TT GL? x GLy-y, and strata are XéL[k]xGLn_m//(HI[k]l % S[i1)-
As before, we can decompose motivically the SOq,-character variety.

Theorem 6.7. [GZ2/] The parabolic stratification of the the SOay,-character variety of a group T’
yields the following decomposition of the e-polynomial:

n-1
e (X505, (1) = 2 3 e Xngeyesoaomy (O Hipry = Siig) ) +
m=1[k]ePy,
n-1 n—2
> > e(XéL[k]xGLn_m(F)//(HI[k:]l >‘15[1~c]))+ > > e(XéL[k]xGLn_m(F)//(H[k]l >4S[k]))-
m=1[k]ePm m=1[k]ePn,
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Exercises

Exercise 1. Use the argument of FExample 1.10 to find two different mized Hodge structures in the
cotangent T Pic%g where Pic%g is the jacobian of a compact Riemann surface of genus g, and its

diffeomorphic variety (C*)29.

Exercise 2. Prove Proposition 2.10 (c.f. [HR0S8, Corollary 2.1.5]). Given a smooth connected
complex variety X of complex dimension d, the following equality holds between mized Hodge poly-
nomials
:U’C(X;taua U) = (t2uv)du (la 17 1) .
t u v
Exercise 3. Compute the mized Hodge, compactly supported mized Hodge, e- and Poincaré poly-
nomials of the maximal torus of the complex group GL,,.

Exercise 4. Compute the e-polynomial of the complex groups SL,, and PGL,,.

Exercise 5. Check that the number of points of C, C* and IP¢: over finite fields is actually computed
by the e-polynomial, i.e. the e-polynomial is a (the) counting polynomial for these varieties.

Exercise 6. List the number of elements of GLy,(Fy) for lower n and q, and check that it coincides
with the value of e(GLy;x)(q).

Exercise 7. Show that the inverse of the Adams operator defined on monomials as ¥(q't") =
imtnm

Y st S is the operator defined on monomials as ¥~ (q't") = ¥ ps1

p(m)g ™"
m

Exercise 8. Search for material in the literature to complete the details to get expressions (3.21)
and (3.22), towards the generating series of the number of irreducible representations of the free
group into GL,,.

Exercise 9. Use [Moz07, Lemma 5] and [MR15, Theorem 2.5] to prove the relationship in Remark
3.25,

5 An ()" = PExp ( 5 A;,T<q>t”) |

n>0 n>1

relating the generating series of irreducible representations to the generating series of all represen-
tations. Then we have the generating series for the coefficients Ay ,(q):

> Anr()t" = PExp ((1-¢) PLog(S(F(t)™))).

n>1
Exercise 10. Compute by(x) in 4.3 and compute e(Xgy, (Fy)) = A} ,.(z) in Proposition j.4.

Exercise 11. Compute e(X(y, (Fr)) = A} .(x) in Proposition /./.

Exercise 12. Compute e (Xg;j (FT)) (c.f. Proposition 4.7).
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