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Abstract

In this work, we show a method to efficiently solve the multiphase flow
through a porous media in the near wellbore region. The numerical dis-
cretisation is based on the IMplicit Pressure Explicit Saturation (IMPES)
approach.

While most of the works in the literature rely on Fully Implicit Methods
(FIM) to simulate the reservoir, this is not suited for the near wellbore re-
gion, where smaller computational and physical times are required, therefore
parametric models with history matching are used in this zone. However,
parametric models present several uncertainties that can affect the estima-
tion of the pressure drop. An accurate and fast simulation of that region is
therefore required.

Here, we propose a new and robust implementation of the IMPES scheme,
aiming to reduce the large computational cost of the (implicit) pressure sys-
tem of equations and increase the robustness and reliability of the scheme.
The method takes advantage of the short physical time steps between it-

erations, observed in the near wellbore region, to produce a new pressure
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field at the cost of a numerical explicit scheme. T'wo and three dimensional
numerical experiments are carried out to show the validity of the proposed
discretisation. We show that the cost of the method is reduced in a factor of
7 to 19 when compared to the classical IMPES.

Keywords: IMPES, near wellbore simulation, multiphase flow, porous

media

1. Introduction

Simulation of multiphase fluid flow in porous media is currently a topic of
interest in many areas such as hydrology and groundwater flow, oil and gas
reservoir simulation or waste management. Numerical reservoir simulators
are tools widely used by the oil industry and had become the main instrument
for evaluating recovery efficiency and economical viability of new oil-drilling.
While far-field reservoir areas are well-understood and fairly resolved with
current simulation tools, near wellbore regions are normally under-resolved
and become a source of inaccuracy in the resolution of the fluid physics in
this zone [1, 2]. The under-resolved physics is modelled by including several
empirical parameters, such as the well skin factor or the productivity index
[2]. However, the logarithmic pressure drop in the surrounding wellbore re-
gion, as well as the complex thermodynamic behaviour of oil often leads to
sudden variations in flow properties. These changes modify the production
rates in a determinant way and can be hardly predicted by parametric well-
bore models. Moreover, new techniques in oil drilling, including crosswise,
horizontal wellbores and enhanced oil recovery techniques, increase the un-

certainties associated to these models [3] making very difficult to accurately
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predict the recovery efficiencies in the mid and long terms. In order to reduce
these uncertainties, it is therefore crucial to accurately simulate this region
in the most efficient way.

In terms of numerical simulation, the Fully Implicit Method (FIM) [4,
5, 6, 7, 8,9, 10] and the IMplicit Pressure Explicit Saturation (IMPES)
method [11, 12, 13, 14, 15, 16, 17, 18] are the main strategies to solve the
system of partial differential equations arising from the discretisation of the
mathematical model of the multiphase flow in porous media.

The FIM is regularly used in the simulation of the large far-field reservoir
areas. Being unconditionally stable, it allows for selecting large time steps
which are able to solve years of operation of complete reservoirs with dozens
of producers and injectors in a few hours of computational time [19, 20].
However, when small time steps are required, e.g. to capture fast dynamic
behaviour or coupling with other solvers, FIM method is not as computa-
tional advantageous. In these scenarios, and despite its limitations, the IM-
PES method is normally preferred. IMPES is an operator splitting technique
[16] based on physics, which solves only the pressure equation implicitly, but
updates the saturation explicitly. The pressure equation in this approach is
formed by substituting the saturation constraint and Darcy’s law into the
sum of the mass conservation laws. The computational cost (time and mem-
ory) required by the IMPES method is smaller than the FIM at each time
step. This advantage is more pronounced for problems with a high number of
degrees of freedom and high velocity fluctuations, which induce shorter time
steps. The explicit treatment of the saturation equation results in a stability

limitation for the time step, especially for highly heterogeneous permeable
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media. It should be noticed that this drawback is not so important if there
is a physical constraint in the maximum time step, as it happens in the near
wellbore region.

However, the IMPES method is not widely used in industrial problems
due to the high computational cost of solving the implicit pressure equa-
tion, which roughly represents the 90 percent of the solver [14]. Therefore,
as already mentioned, modelling that region is the preferred option. To cir-
cumvent this problem, Chen, Huan and Li [13] have proposed an improved
IMPES method where the implicit pressure equation is only solved after the
variation in the saturation exceeds a certain threshold. The main drawback
of this method is a lack of accuracy resulting from updating the saturations
with incorrect pressure values, which eventually gives rise to nonphysical nu-
merical oscillations of the pressure. This idea has been further extended and

improved in the last years [14, 21, 18].

In this work, we propose a novel methodology to improve the performance
of the IMPES method by reducing the computational cost of the pressure
equation solver. A combination of iterative solver, preconditioner, initial con-
dition and stopping criterion is proposed and analysed in multiple scenarios.
Although iterative solvers have been used to solve the IMPES problem before
[14], to the authors known no attention has been paid to the effect of the
preconditioner, the initial condition or the stopping criterion in the efficiency
and accuracy of the solution. From an industrial point of view, the iterative
solver strategy is only practical if it is not problem dependent and it does not

require parameter tuning. In this work, a non problem dependent iterative
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solver strategy is introduced. This strategy drastically reduces the computa-
tional cost of the pressure equation solver to the same order of magnitude of
the saturation solver, eventually giving rise to a total reduction of the com-
putational time in an order of magnitude while retaining enough accuracy in
the solution for most of the applications. The method developed is referred
here as iterative IMPES, while the IMPES using direct solver for pressure
equation will be denoted as conventional IMPES.

The present paper is organised as follows: First in Section 2 the math-
ematical model of the physical problem is introduced. Then in Section 3
numerical models are discussed. Special attention is paid to the iterative
solver for the pressure equation. In Section 4, five validation test cases are
detailed. These simulations are used to analyse the effect of the iterative
solver tolerance in both the solution and the efficiency. Lastly in Section 5,

overall conclusions for this work are drawn.

2. Mathematical model

The flow of two incompressible immiscible fluids through porous media
can be modelled by the saturation equation and the Darcy’s law for each

phase a. The saturation equation for the phase « is given by:

08,
QbW‘FV‘ua = (o, a = 1n,w, (1)

where the subscripts w and n denote the wetting and nonwetting phases. S,
u and ¢ are the saturation, velocity and volumetric flux of the phase o« and

¢ represents the porosity of the media. The velocity of each phase is given
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by the Darcy’s law:

koK
[a

Uq = — (Vpa - Pag) ) a =n,w, (2)

where k., i, p and p are the relative permeability, the viscosity, the pressure
and the density for the phase «. g is the gravity vector and K is the absolute
permeability tensor. In this work K is assumed to be diagonal and isotropic,
so K = kl where | is the identity matrix.

For two phase immiscible flows, the pressure of the two phases is related

through the capillary pressure:
Pe(Sw) = Pn = Pu- (3)
The saturations of the two phases are constrained by the relation:
Sw+ S, = 1. (4)

Relative permeabilities, k., and capillary pressure, p., are modelled using
semiempirical functions. For the relative permeability the modified Brooks-
Corey relation [22] is used. This model is based on the effective saturation,

which is defined as:
Sw - Sw,r
1- Sn,'r‘ - Sw,r’ (5>

where S, and S,, are the residual or irreducible (or connate for water

Serf =

phase) saturations. The expressions for the relative permeabilities are:

krn(seff) = krn,mam(l - Seff)nv
i ()
krw<seff) = krw,maz effr
where K,y mae and kpymer are the relative permeabilities for the only one

flowing phase limits. Exponents n and m are semi empirical parameters that

6
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depend on the nature of the porous media. Capillary pressure is modelled

using a relation that depends on absolute permeability:
B.
vk

where B, is a positive parameter related to the porous media and k is the

pe(Sw) = log(Sesr); (7)

absolute permeability [23].

For further simplification, we define the mobility of the phase « as:

Ao = km, a=n,w. (8)
[lo

An elliptic equation for the pressure is obtained by combining equations

(1), (2) and (4):

-V [K)‘w (pr - ng) + KX\, (an - png)} =q, (9)

where ¢ is the total source flux ¢ = ¢, + ¢».
Finally, introducing the capillary pressure equation (3) into (9) the prob-

lem can be reduced to a system in two primary variables S, and p,:

0Sy,
¢at +v'uw*Qw; (1())
VKA +2) Vo] = V- [K(Awpw + Anpn) gl + V- (KA, VD) — q.

(11)
The system (10) — (11) is fully coupled through Darcy velocity, u,,, that
depends on the pressure, and mobilities, \,, which are functions of the sat-

uration.

3. Numerical discretisation

In this work, the system of equations in (10) — (11) will be integrated
with an implicit explicit (IMEX) method where a splitting approach based

7
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on physics is used. This method, usually known in the literature as IMPES,
solves the pressure equation (11) implicitly and updates the saturation equa-
tion (10) explicitly. A second order finite difference scheme will be used for
the spatial discretisation of (10) — (11) while a Runge-Kutta 2 (RK2) method
will be used for the temporal evolution of (10).

The space is discretised by means of a second order finite difference ap-
proach on a cartesian staggered grid. Scalar properties such as pressure or
saturation are evaluated in cell centres, while vectorial magnitudes such as
velocities, pressure gradients or mobilities are evaluated in the midpoints be-
tween cell centres. In Figure 1, the complete stencil for the 2d case is shown.
It can be seen that x-components of vector magnitudes are evaluated at -
faces (white triangles), while y-components are evaluated at y-faces (black

triangles).

i-1,j ij i+1,]

ij-1

Figure 1: 2d 5-point stencil. White triangles mark x-faces, where x-component of vector
magnitudes are evaluated. Black triangles show y-faces where y-component of vector

magnitudes are evaluated.

Equations in system (10) — (11) are expressed in divergence form. To

numerically solve the system, we define the discretised divergence operator
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on a mesh point x; ; = (z;,¥:;), at a given time ¢" as follows:

F" o
V.F no_ i+1/2,5
( Jis (Tit15 — @io1,4)/2

where F™ are magnitudes evaluated on the faces, for example, F’

Fm F"

i—1/2,5 ij+1/2

n
Fi,jq/Q

(Yij+1 — Yij—1)/2

mn
i+1/2,5

(12)

COor-

responds to the x-component of the vectorial magnitude F evaluated on the

x-face between @; ; and x;41 ;. In order to apply the discretisation in (12) to

the system (10) — (11), the involved magnitudes must be computed at the

grid faces. The expressions for the computation on the face between x; ; and

x;11,; are detailed below, where j subscripts are dropped for clarity.

Absolute permeability tensor is assumed to be “uniform-diagonal” (i.e.,

only elements corresponding to pairwise equal indices are non-zero and con-

stant, K; ; = k; ;1). The evaluation of this magnitude on a face between two

points, also known as hydraulic conductivity, is computed using the harmonic

mearn:

Pressure gradients are computed in the faces using finite differences:

2kiki

i+1/2 = m

Vpnlivie =
Tit1 — T4
Pcli+1 — Peli
Vpelpys = Pl =Pk
i+1 — X

_ Prlivt — Pnli

)

(13)

(14)

Mobilities, that depend on the advected saturation, are computed using

a Total Variation Diminishing (TVD) upwind scheme:
>\a|i+1/2 = )\a|i — @ (Aa‘i -

>\a|i+1/2 = Xaliv1 — (Aa‘iﬂ -
Aali + Aalit1

Aaliviye =

2

Aali + Aaliv
2

)‘a|i + /\a|i+1
2

)

Jifu, >0

Jif ug <0

Jifu, =0

(15)
(16)

(17)
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where ¢ is the second order van Leer TVD limiter [24] based on the satura-
tion. Finally, velocities are computed using the variables previously evaluated

on the faces:

Uiz = —Awliviyz (Voalivi2 — Gopw — Voeliviy2) (18)

un’i—l—l/? = _)\n’i+1/2 (vpn|i+1/2 - g:cpn) ) (19)

where g, is the x-component of the gravity vector g.

Introducing discretisation (12)—(17) into (11), pressure equation is trans-
formed into a system of linear equations, with the non—wetting pressure val-
ues on each point as unknowns. The system can be expressed in matrix
form:

Ap, = b, (20)

where A is the system matrix, that contains the total transmissibilities be-
tween adjacent cells (LHS of equation (11)), py, is the vector with the values
of non-wetting pressure p,|;; in all the points of the domain, and b con-
tains the terms related to flux sources, gravity and capillary pressure (RHS

of equation (11)).

Saturation equation (10) is updated in time with a RK2 scheme. The
discretised algorithm, after introducing (18) in (10), is listed below:

10
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Data: Fluid and porous media properties.

initialization of S, u2;

w?

for n = 0 to Number of iterations do

Moy n n 1
Solve A"p! = b" and compute u], with (18)
Compute At with (23)
n+1/2
wit,j
noooy At n_ uﬁ;;i+1/2,j_ug;i—1/2,j + u?v;i,j+1/2_uﬁz;i,j—l/2
wiij T 29 \ wiig (Tit1,5—Ti-1,5)/2 (Wi, j+1—vi,j-1)/2
1/2 1/2 .
Solve A™H1/2pn /2 — p+1/2 and compute wpy/* with (18)
n+1 __
wit,j
+1/2 +1/2 +1/2 +1/2
S At n__ uz;i+1/27j7uzn'fl/2,j + uz);i,j+1/27uz;z‘,j71/2
w;,t,] ¢ Qw;i,;j (Tit1,j—Ti—1,5)/2 (Yi,j+1—¥i,5-1)/2
= 4 At
end

Algorithm 1: IMPES algorithm
As can be seen, pressure equation (11) has to be solved twice each time

step. The system of linear equations resulting from the spatial discretisation
is solved using an iterative preconditioned Generalised Minimal RESidual
(GMRES) solver [25]. This strategy reduces drastically the computational
time required for the implicit part of the IMPES algorithm compared to
direct solvers. Iterative pressure solver is discussed in detail in Section 3.1.
Time step is computed using the stability criteria from [26, 27] and impos-
ing a maximum variation in saturation AS,,.. per time step. The stability

criteria for a two dimensional problem reads:

PAxrAy
20p, 32T + 41, (lgal + lay))’
where ¥ = A, /(A + Aw), Pl = dp./dS,, > T represents the total trans-

missibilities defined as: T = 2kAy/Ax + 2kAx /Ay, f! = df,/dS, is the
derivative of the fractional flow f, = A\yy/ (A + ) and ¢, = Ay(wy . +Us ),

Atcpr, = CFL - (21)

11
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Qy = Az (Uyp + Uyp).
The solution is stable and free of oscillations for CFL < 1 [27]. The

additional time step restriction is defined as:

AS’"’L(II¢

Vo (22)

AtASmaav -

Iteration time step is the minimum value among all the points in the

domain for both criteria:
At = min (AtCFL, AtASmaz> . (23)

A value for the maximum variation of saturation per iteration of AS,,.. =
0.1 is imposed to avoid instabilities in the firsts iterations. After that, the
CFL condition is more restrictive and it is enough to guarantee stability.

It should be mentioned that Algorithm 1 does not include any artificial
limit for the saturation, even for test cases with saturation injection of S, = 1
or S, = 1 and residual saturations S,, = S,, = 0. These artificial limita-
tions have been avoided as they usually result in errors in phase conservation
[10]. The discretisation used in this work conserves the volume of each phase,
which is crucial on long runs in reservoir simulation.

Finally, as far as the boundary conditions are concerned, no flow condition
is imposed on all boundary faces. Additionally, flux or pressure conditions

are introduced in well form using Peaceman model [2].

3.1. Iterative pressure solver

As it was stated in the previous section, the IMPES strategy for solv-
ing system (10) — (11) requires two resolutions of a sparse linear system of

equations (20), associated to the discretisation of the pressure, per iteration.

12
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The resolution of this system is the most computational expensive part of
Algorithm 1, so an efficient method to perform this operation is essential.
This system can be solved using direct methods, which are robust and com-
pute the solution of the system up to machine precision. However, they are
expensive from the point of view of computational time and present high
memory requirements. Iterative solvers, which approximate the solution of
the system starting from an initial guess in a iterative way, are the alternative
to direct ones. The iterative nature of these methods make them capable of
approximating the solution up to a prescribed tolerance. Iterative methods
are much less robust than direct ones and their efficiency relies on the initial
guess and the preconditioning that, in general, are problem dependent. For

a through review of iterative methods see [28].

The matrix of the pressure equation (20) is numerically non-symmetric
and typically ill conditioned, for these reasons, a preconditioned GMRES
method is used in this work for solving the pressure equation.

The iterative solver strategy is only practical if is not problem dependent
and requires no parameters tuning. In this section, the initial condition, the

preconditioner and the stopping criterion for the GMRES are detailed.

8.1.1. Initial guess

The explicit time step restriction imposed by the stability criteria is ex-
ploited to improve the performance of the GMRES method. In particular a
small time step means that the pressure variation between consecutive time
steps is also small, therefore a high-quality initial guess is available before-

hand. To further exploit this fact, the initial guess for the iterative solver is

13
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computed by linear extrapolation of the two previous pressure solutions.

3.1.2. Stopping criterion

The tolerance in pressure equation (20) can be used as stopping criterion
but its relationship with the error in saturation distribution is problem de-
pendent. Instead, the error in total velocity per time step is used as problem

independent control parameter,
DIV = max [V - (uw|i’j + un|i,j) + qui,j + qn|i,j] At. (24)

This tolerance can be computed with negligible cost every time step but
it is costly to compute at every GMRES iteration. To circumvent this short-
coming, the GMRES residual (norm of the last vector in the GMRES Arnoldi
iteration) is used. This parameter is problem dependent but shows the same
convergence behaviour as the error in total velocity as shown in Figure 2.
This tolerance, GMRES;,;, is set in the time step k + 1 from their value in
the previous time step, k, using the expression:

GMRESHH! = GMRESfolﬁ, (25)
tol

where 7 is the desired tolerance in divergence of total velocity.

As can be observed in Figure 2, the factor between the GMRES residual
and the error in total velocity divergence may also vary in the course of
a simulation however the proposed stopping criterion is able to track the
desired tolerance accurately.

Equation (24) is exactly zero if a direct solver is used for the pressure
equation. On the contrary, if it is not exactly zero, an error of order DIV

acts as a source term in Equation (10). Prescribing a tolerance of the same

14
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—— div error
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1=S v
0 100 200 300 400 0 200 400 600 800
#iter gmres #iter

Figure 2: Left: example of evolution of GMRES residual (gmres), error in divergence of
total velocity (divergence) and error in pressure equation (pressure) with the number of
GMRES iterations. Right: example of evolution of GMRES tolerance and error in total

velocity divergence using (25) for a target tolerance of 1078.

order of magnitude as the discretisation error, lead to solutions indistinguish-

able from the ones obtained with direct methods, but with a reduced cost.

3.1.3. Preconditioner

The preconditioner is a key aspect when dealing with iterative solvers. On
the one hand, advanced preconditioners such as ILUT or more sophisticated
such as algebraic multigrid show good performance reducing the number of
GMRES iterations but at high computational cost. On the other hand, other
preconditioners such as Jacobi or ILU(0) are less efficient accelerating GM-
RES convergence but their computation and application is cheaper. As a
result, each problem should be analysed in detail to get a proper balance
between iteration cost and number of iterations. It should be noticed that a
good initial guess plus a relaxed prescribed tolerance reduce the benefits of

an expensive preconditioner, as the solution might be converged with a small

15



O Joy 0w N

AT UGG UIUTUTOTUTE DB DD DEEDEDEWWWWWWWWWWWNRNNONRONRORONONNN R PP R R R
G WNRFP O WO -JO UL WNDEFPF OWOWJOUd WNREPOWOJIOHYUId WNREPOWOWOOJIOUU D WNDEFE OWOoWwJo) Ul d WwWwhE O w

282

283

284

285

286

287

288

289

201

292

203

294

number of iterations, even with a cheap one.

In Figure 3 the convergence of the GMRES is analysed. Three precondition-
ers are compared: ILU(0), ILUT(4) and ILUT(8). ILU(0) uses an incomplete
LU factorization with the same sparsity pattern as the matrix A. ILUT(p)
uses an incomplete LU factorization retaining only the p values with higher
magnitude on each row in L and U. As expected, more advanced precon-
ditioners achieve better convergence rates in term of number of iterations
but for moderate tolerances (10~7 in Figure 3), a cheap preconditioner such
as ILUO performs better from the point of view of simulation time. This
behaviour is similar in all the analysed cases. The importance of this result
will be emphasised in the following section, where it will be shown that mod-
erate tolerances (~ 107%) are adequate to obtain solutions accurate enough

in most of the scenarios.

10784 10-°1 AN T
A tol=10"7 e | tol=10"7
- Semsedy I
_ 1078 S T e\ _ 10784 \"“Sﬁ‘r-e/\
\ N \ \
E——
>10710 = > 10710 g ﬂg
e e - ILU(0) \
—- 1LU(0) “w _ ILUT(4) Y %3@
10-12 \.. 10 12 ] \
0 ILUT(4) ‘ e ILUT(8) :
s |LUT(8) e exact Y %B
10714 : 107 ‘ ‘ : ;
0 25 50 75 100 125 150 1073 1072 107t 10°
GMRES #iter GMRES time [s]

Figure 3: Convergence of error in divergence of total velocity function of the number of
GMRES iterations (left) and computational time (right). The impact of the preconditioner
is shown for ILU(0), ILUT(4) and ILUT(8). The tolerance of the previous time step is set
up to 1077, Computational time needed by the direct solver(exact) is shown on the right

plot. Markers are plotted every 25 iterations.
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4. Numerical experiments

In this section numerical experiments to validate and test the performance
of the developed discretisation technique for multiphase flow in porous media
are carried out. The impact of the tolerance, defined in Equation (24), in the
solution accuracy is analysed in a set of problems of interest, next the impact
of the tolerance in the computational time is presented. For this purpose, we

define the efficiency of the iterative solver strategy as:

Simulation time using direct solver
Simulation time using GMRES

efficiency = (26)

The solver is coded in Fortran and compiled with Intel Fortran Compiler
2016. The code is parallelised with OpenMP. Intel-MKL Pardiso is used for
the direct solver and an implementation based on Intel-MKL RCI FGMRES
interface is used for the iterative linear solver. Experiments have been carried

out on an workstation with a 4-core Intel(R) i7-4790 processor.

4.1. Test cases

In this section, four test cases are considered. These test cases have been
selected because they represent a wide spectrum of physical problems of
interest. In particular, special attention is paid to gravity, capillary pressure
and localised high flow velocity effects (both geometrically and permeability
induced).

Case 1 is extracted from the SPE10 dataset 1, where the effect of the
gravity can be measured [29]. Case 2 is a banded domain from [23] with

capillary pressure. Case 3 is a five-spot simulation on a filtered random

17
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domain. Case 4 is a 3d injection problem in a realistic permeability field.

Details of the cases are shown in Table 1.

Parameters Case 1 Case 2 Case 3 Case 4
Domain (m) 762 x 15.24 500 x 270 100 x 100 100 x 100 x 23
Resolution (points) 100 x 20 200 x 100 100 x 100 75 x 75 x 30
o) 0.2 0.2 0.2 0.0159 — 0.1872
k (md) 1073 - 10  1-100 1072 - 10®  0.12 — 3731.82
o (Pass) 1073 45-107* 1073 10~

i (Pass) 107° 1073 1072 107°

pw (kgm™3) 700 1000 1000 1000

pn (kg'm™) 1 750 750 100

n 5 2 2 2

m 5 2 2 2

B, (bar md'/?) 0 50 0 0

gravity (m-s~?) 9.81 0 0 9.81

Table 1: Parameters for validation cases

4.1.1. Case 1

This case is part of the SPE10 Comparative Solution Project. The dataset
1 consists of a 2d two phase (oil-gas) model with a simple 2d vertical section
geometry [29, 30]. Gas is injected from an injector located on the left of
the model and dead oil is produced from a well on the right of the model.
Relative permeability parameters and fluid properties are taken from [29] and
listed in Table 1. Residual saturation for gas phase is S,,, = 0.1 and for oil

Sw,r = 0.25. Initially, the media is fully saturated with oil. The permeability

18
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distribution for this case, shown in Figure 4, presents horizontal bands with
high permeability. These zones are associated with high flow velocities that
will impose small time steps to maintain stability. In the following section the
effect of these heterogeneities on the performance of the method is analysed.

The solution show a good agreement with the results shown in [29].

15

0 200 400 600

Figure 4: Case 1. Top: Absolute permeability field. Bottom: gas saturation distribution
with gravity effects. Solution after 3 years with uniform gas injection rate at 6.6 - 107

m/s on the left boundary.

In Figure 5 the impact of the solver tolerance in the saturation distribu-
tion is shown. It can be observed that a tolerance of 107 is enough to obtain
a valid approximation for most of the applications. Solver tolerance has also
an impact in the production history but as can be drawn form Figure 6 a
tolerance of 107° is enough to obtain a production curve similar to the one

obtained using the direct solver for the pressure equation.

4.1.2. Case 2

In this case [23] [10] we consider a 2d heterogeneous domain composed of

horizontal layers with alternate absolute permeability oriented along the main
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Figure 5: Error in gas saturation for case 1 with gravity effects for different tolerance

values.

flow direction. Wetting phase is injected uniformly across the left boundary
at a rate of 0.11 PVI/year. The domain is initially saturated with the non
wetting phase. Values for residual saturation are S, ,, = S,, = 0. Saturation
profile for the wetting phase, at a PVI=0.5, is shown in Figure 7. Important
flow features, such as wetting phase accumulation in permeability jump inter-
faces when permeability dependent capillary pressure is used, are accurately
captured.

In Figure 8 the impact of the tolerance in the saturation distribution is
shown. At high tolerances, ~ 107%, the error in saturation is of the same
order of saturation itself but the solution is stable and important features
as front positions are accurately solved. A tolerance of ~ 107 is enough to

obtain maximal error values of order 10~1.

4.1.8. Case 3
This case is a five spot simulation on a 2d squared domain. Permeability

distribution has been computed with an in-house random porous media gen-
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Figure 6: Case 1. Impact of iterative solver tolerance on the gas-cut history in the producer

located on the right boundary of the domain
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(qui)y
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[m]

Figure 7: Case 2. Left: Absolute permeability distribution. Right: Wetting phase satura-
tion distribution after 0.5 PVI. Domain size of 500x270 mxm on a 200x 100 mesh.

erator. Wells are surrounded by permeable zones to avoid high unphysical
pressures. Water is injected from the four corners of the domain, which is ini-
tially saturated with oil. Values for residual saturation are S,,, = S,, = 0.1.
Flow is produced from a well in the centre of the domain. Permeability dis-
tribution is shown in Figure 9. Injection rate is fixed for each injector to 107°
m?/s.

This test case has been included because the radial flow configuration

is of high interest for oil industry and it is usually a challenge for explicit
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Figure 8: Error in saturation for case 2 for different tolerance values.

methods, as small time steps are required to maintain stability due to the
high velocity regions.

In this case, due to the viscosity ratio of the fluids involved, fingering
patterns are formed as can be observed in Figure 9. These structures, asso-
ciated to the unstable interface between the fluids, are very sensitive to high
tolerances as sown in Figure 10. For tolerances above 1075 fingering patterns
are not correctly captured and the flow configuration is wrongly predicted.
This effect can be also observed in the production curve in Figure 11 where
the production curves for tolerances 10~* and 10~° differ notably from the
exact solver curve. Again, as observed in the previous cases, a tolerance value

of 1079 is enough to produce a solution qualitatively similar to the solution
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Figure 9: Case 3. Left: Absolute permeability distribution. Right: Wetting phase distri-
bution at water breakthrough for the four injector wells. Domain size of 100x 100 mxm

with 100x100 mesh.

computed with the exact pressure solver. It should be mentioned that for
the entire range of tolerances analysed, no oscillations are observed in flux
production when CFL < 11is used. The appearance of oscillations is reported

in [13] when AS,,,, criterion is used for computing the time step.

4.1.4. Case 4

Here the developed technique for the efficient resolution of the IMPES
method in a problem of industrial scale. The results are obtained with a three
dimensional version of the scheme introduced in section 3. The objective
is twofold: first to show the validity of the scheme to solve a problem of
industrial scale and second to show the efficiency of the scheme for a real size
problem.

In particular, we simulate the near wellbore region of an injection well
situated at the center of a domain of 100mx100m. As far as the depth is

concerned, the injection zone is located at 4 — 14m while the total depth of
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Figure 10: Case 3. Impact of solver tolerance in the saturation distribution after a year

of injection.

the domain is 23 m. The porosity and permeability maps can be seen in
Figures 12-13. It should be noticed that the high permeability zone situated
at the bottom of the injection zone is behind the injection well. This fact
will have an important effect on the results.

Initially, the domain is fully saturated with the non wetting, lighter phase
while the wetting, heavier phase is injected through the well . The properties
of the domain and the fluid properties are detailed in Table 1. The residual
saturation of both phases is set to zero (S, = Sy = 0).

As far as the boundary conditions are concerned, the pressure at the

top of the reservoir and at the top of the well are set to 320 bar and 320.1
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Figure 11: Case 3. Impact of the solver tolerance on the production history.

bar respectively. The hydrostatic pressure is taken into account both at the
reservoir and at the well.

The saturation contour of the wetting phase after 10 days of simulation
can be seen in Figure 14. There is a strong effect of the gravity on the
distribution of saturation, as expected. It should be noticed that, although
no wetting phase is injected in the high permeability zone at the bottom of
the domain, it arrives there due to the gravity effects. The wetting phase
accumulates at this zone as it can not cross a non permeable wall located at
the bottom of the domain. Results shown in Figure 14 have been obtained
with the iterative IMPES method with a tolerance of 1076,

In Figure 15 an error plot is shown. The error is calculated in total flow
of wetting phase injected at day 10 and it is defined as the difference between
the one obtained with the classical IMPES and the iterative IMPES divided
by the classical IMPES.
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Figure 12: Permeability field in the near wellbore. The injection well is represented at the

center of the domain.

4.2. Iterative-IMPES efficiency

From the results in the test cases a tolerance in divergence of 107 is
enough to guarantee stability while a tolerance of 107% leads to solutions
indistinguishable from the ones obtained by using a direct solver.

The impact of the solver tolerance and the preconditioner for test cases is
shown in Figure 16. For fixed values of the solver tolerance higher than 107°,
it can be seen that GMRES-ILUT(8) does not offer an overall computational
time reduction due to its high computational cost. GMRES-ILUT(4) is ro-
bust and outperforms conventional IMPES by a factor up to 3 in all the
analysed scenarios. Both GMRES-ILUT(8) and GMRES-ILUT(4) present
an approximately constant relative efficiency with respect to the solver tol-
erance, as most of the computational cost is due to the computation of the

preconditioner, i.e., the effect of the number of iterations of the GMRES is
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Figure 13: Porosity field in the near wellbore. The injection well is represented at the

center of the domain.

small. On the contrary, GMRES-ILU(0) presents a highly variable relative
efficiency with respect to the solver tolerance. The computational cost of
constructing the preconditioner is small in this case and, as a result, the
relative effect of the number of iterations of the GMRES (directly linked to
the solver tolerance) is bigger. It should be noticed that GMRES-ILU(0),
in spite of showing variable performance, far outperforms the other tested
methods for solver tolerances higher than 10~7. Using the ILUO precondi-
tioner, efficiencies in the range of 3-12 for low tolerances (10~7) and 10-25
for moderate tolerances (107°) have been measured.

The advantage of using the proposed iterative solver strategy also grows
with the problem size as can be observed in Figure 17. This property in-

creases the suitability of the strategy for industrial size problems.
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Figure 14: Saturation distribution after 10 days of simulation.

4.2.1. Comparisons with alternative approaches

It has been shown that a solver tolerance value of DIV, = 1075 coupled
with a ILUO preconditioner results in a proper balance between accuracy and
performance for all the test cases. In Table 2 detailed timing data is listed.
It can be observed that for a tolerance of 1079, that yields accurate results in
all tested scenarios, the iterative IMPES strategy produces speed ups ranging
from 7 to 19 due to a drastic reduction in the pressure solver cost.

These results should be put into perspective by comparing them with
other techniques found in the literature to reduce the computational cost
for solving the system (10) — (11) with respect to the conventional IMPES
method.

The improved IMPES technique [13], solves the pressure equation every
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Figure 15: Impact of tolerance in the relative error of injected flow rate for case 4.

n time steps letting the error in total velocity divergence grow up to a tol-
erance, then the pressure field is updated. This strategy can obtain great
computational time reductions compared to conventional IMPES when high
tolerance values DIV, ~ 1072 ~ 1072 are used. With pressure and satura-
tion solver times for conventional IMPES shown in Table 2, a maximal speed
up of 40 can be obtained with this method. However, as detailed in Section
4.2 . a value for total velocity tolerance of ~ 107% is required to avoid un-
physical saturation distributions. With these tolerances, improved IMPES is
no longer efficient [14], while iterative IMPES still outperforms conventional

IMPES by a factor of up to 20 in the analysed cases.

5. Conclusions

A method to solve the multiphase flow through a porous media has been
introduced. The method is very efficient to solve problems where temporal

accuracy is required. The developed numerical scheme takes advantage of
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Figure 16: Relative efficiency of the iterative IMPES solver for the test cases with three
different preconditioners, ILUO, ILUT(4) and ILUT(8). Dashed lines show simulations

with wrong saturation distributions.

the time step restriction of the IMPES method to reduce the computational
cost of the implicit pressure solver by using an iterative linear solver. Fur-
thermore, the relation between the iterative linear solver tolerance and the
accuracy of the solution has been studied. The validity of the developed
strategy to improve the performance of the method without compromising
the accuracy of the solution has been shown for a wide range of complex
problems with wells, gravity and capillary effects.

An improvement in computational time of an order of magnitude with
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Figure 17: Scalability of the efficiency of the iterative solver strategy with the problem

size. Data extracted from the test cases using ILUO preconditioner.

respect to the conventional IMPES has been measured in a wide range of
simulations. This efficiency improvement is achieved while retaining high
temporal accuracy. This feature can be relevant in some applications of high

interest such as detailed near wellbore simulations or transient processes.
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Conventional IMPES Iterative IMPES

time (s) p(s) S (s)|time(s) p(s) S (s)| #lter speedup
Case 1 138 133 3.2 19 14 3.2 | 8426 7.2
Case 2 1074 1037 21 98 68 21 | 6337 11.0
Case 3 4424 4281 91 393 250 91 | 57663 11.2
Case 4 13800 - - 736 - - - 18.8

Table 2: Performance comparison between conventional and iterative IMPES ( DIV, =
107%). Time corresponds to the total simulation time, p corresponds to the time required
by the pressure equation solver and S by the saturation equation solver and mobilities

computation.
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